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KOROVKIN TYPE APPROXIMATION THEOREM
ON AN INFINITE INTERVAL IN AZ-STATISTICAL SENSE

S. DUTTA aNnDp R. GHOSH

ABSTRACT. In this paper, we consider the notion of AZ-statistical convergence for
real sequences and establish a Korovkin type approximation theorem for positive
linear operators on UC«[0, o), the Banach space of all real valued uniform contin-
uous functions on [0, 00) with the property that limg— o0 f(z) exists finitely for any
f € UC[0,00). We then construct an example which shows that our new result is
stronger than its classical version. In the section 3, we extend the Korovkin type
approximation theorem for positive linear operators on UCx ([0, 00) X [0, 00)).

1. INTRODUCTION AND BACKGROUND

Throughout the paper N denotes the set of all positive integers. Approximation
theory has important applications in the theory of polynomial approximation in
various areas of functional analysis. For a sequence {L, },en of positive linear
operators on C(X), the space of real valued continuous functions on a compact
subset X of real numbers, Korovkin [12] first established the necessary and suf-
ficient conditions for the uniform convergence of {L,(f)}nen to a function f by
using the test functions e; = 1, ez = z, e3 = 2 [1]. The study of the Korovkin
type approximation theory has a long history and is a well-established area of re-
search. Erkug and Duman [9] studied a Korovkin type approximation theorem via
A-statistical convergence in the space H,,(I?), where I? = [0,00) x [0, o0), which
was extended for double sequences of positive linear operators of two variables
in A-statistical sense by Demirci and Dirik in [5]. Further it was extended for
double sequences of positive linear operators of two variables in AZ-statistical and
AZ-summability sense by Dutta and Das [7, 8].

Our primary interest, in this paper, is to obtain a general Korovkin type approx-
imation theorem for positive linear operators on the space UC, (D), the Banach
space of all real valued uniform continuous functions on D := [0,00) with the
property that lim,_, ., f(x) exists and is finite, endowed with the supremum norm
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I £« = sup,ep |f(z)] for f € UCL(D), using the concept of A -statistical con-
vergence for real sequences and test functions 1,e~%,e~2%. We also construct an
example which shows that our new result is stronger than its classical version.
In the section 3, we extend the Korovkin type approximation theorem for double
sequence of positive linear operators on UC, ([0, 00) x [0, 00)).

The concept of convergence of a sequence of real numbers was extended to
statistical convergence by Fast [10]. Further investigations started in this area
after the pioneering works of Salat [19] and Fridy [11]. A family Z C 2V of
subsets of a nonempty set Y is said to be an ideal in Y if:

(i) A,B €T implies AUB € T,

(i) A € Z, B C A implies B € Z, while an admissible ideal Z of Y further

satisfies {z} € T for each z € Y.

If 7 is a non-trivial proper ideal in Y (i.e., Y ¢ Z,Z # {0}), then the family of
sets F(Z) = {M CY : thereexists A€ Z: M =Y ~ A} is a filter in Y. Tt is
called the filter associated with the ideal Z. The notion of Z-convergence of real
sequences was introduced by Kostyrko et al. [14] as a generalization of statistical
convergence using the notion of ideals. On the other hand, statistical convergence
was generalized to A-statistical convergence by Kolk ([13]). Later a lot of works
have been done on matrix summability and A-statistical convergence (see [3, 4,
13]). In particular, in [20] and [21], the two above mentioned approaches were
unified and the very general notion of AZ-statistical convergence was introduced
and studied.

Recall that a real double sequence {@.n }m nen is said to be convergent to L in
Pringsheim’s sense if for every € > 0, there exists N(¢) € N such that |z, —L| < e
for all m,n > N(g), and denoted by Lllmn Tmn = L ([17]). A double sequence is

called bounded if there exists a positive number M such that |2,,,| < M for all
(m,n) € Nx N. A real double sequence {Zn }m nen is statistically convergent to
L if for every € > 0, lim; ngj’"gkam”fuzg}l =0 ([15, 16]).

A non-trivial ideal Z of N x N is called strongly admissible if {i} x N and
N x {i} belong to Z for each i € N. It is evident that a strongly admissible ideal
is admissible also. Let Zyp = {A C N x N : there is m(A) € N such that i,j >
m(A) = (i,5) ¢ A}. Then Z is a non-trivial strongly admissible ideal [2].
Let A = (ajkmn) be a four dimensional summability matrix. For a given double
sequence {ZTmn }m,nen, the A-transform of z, denoted by Az := ((Az),x), is given
by

(Ax)jk = Z AjkmnTmn
(m,n)eN?

provided the double series converges in Pringsheim sense for every (j,k) € N2.
In 1926, Robison [18] presented a four dimensional analog of the regularity by
considering an additional assumption of boundedness. This assumption was made
because a convergent double sequence is not necessarily bounded.

Recall that a four dimensional matrix A = (ajkmn) is said to be RH-regular
if it maps every bounded convergent double sequence into a convergent double
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sequence with the same limit. The Robison-Hamilton conditions state that a four
dimensional matrix A = (@jkmn) is RH-regular if and only if:

(i) li'r]? ajkmn = 0 for each (m,n) € N2,
Js

(ii) 1}11? Z @ikemn = 1,
(

m,n)€EN?
(iii) limz |@jkmn| = 0 for each n € N,
4.k
meN
(iv) limZ|ajkmn| = 0 for each m € N,
j.k
neN
(v) Z |@jkmn| is convergent for each (j,k) € N?,
(m,n)€EN?
(vi) there exist finite positive integers My and Ny such that Z |ajkmn| < Mo

m,n>Ng
holds for every (j,k) € N2

Let A = (ajkmn) be a nonnegative RH-regular summability matrix and let
K C N2. Then the A-density of K is given by

2 .
(m,n)eK
provided the limit exists. A real double sequence & = {Zypn fm nen is said to be

A-statistically convergent to a number L if for every € > 0,

51(42){(771,’(1) € N? |xmn _L‘ > 5} = 0.

2. A KOROVKIN TYPE APPROXIMATION THEOREM

Throughout the section, Z denotes the non-trivial admissible ideal in N. If L is a
positive linear operator, then L(f) > 0 for any positive function f, and we denote
the value of L(f) at x by L(f;x). Recall the following definition.

Definition 2.1 ([20, 21]). Let A = (anx) be a non-negative regular matrix.
For an ideal Z of N, a sequence {z,, },en is said to be AZ-statistically convergent
to L if for any € > 0 and § > 0,

{nEN: Z ankzé}el’,

kEK (g)

where K(g) = {k € N: |z — L| > ¢}. In this case, we write AZ-st-lim x,, = L.

We now establish the following Korovkin type approximation theorem for pos-
itive linear operators on UC,[0,c0), the Banach space of all real valued uniform
continuous functions on [0, c0), with the property that lim, o, f(z) exists finitely
for any f € UC.[0,00), endowed with the supremum norm || f||. = sup,¢p |f(2)]
for f € UCL(D).
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Theorem 2.2. Let {L,} be a sequence of positive linear operators from
UC.[0,00) into itself, and let A = (a;n) be a non-negative regular summability
matriz. Then for all f € UC.]0,00),

Afst-lim || L, (f) = fll« =0
if and only if the following statements hold
AT -st-lim || L, (e7*) —e7* ||, = 0, k=0,1,2.
Proof. Since the necessity is clear, it is enough to proof sufficiency. Our objec-

tive is to show that given € > 0, there exist constants Cy, C1, Cs (depending on
€ > 0) such that

1Ea(f) = fll. < €+ Coll Lufe™) — 7.
+ C1||[Ln(e™) —e ™ || + Co|| Ln (1) — 1
If this is done, then our hypothesis implies that for ¢ > 0, § > 0,
{neN: Z np > 0} €T,

pEP(e)

* .

where

Ple) ={peN:|L,(f) = fll« = e}
Let f € UC.[0,00). Then there is a constant M such that | f(z) |< M for
each z € [0,00). Let € be an arbitrary positive number. By hypothesis, we may
find § := §(e) > 0 such that for every t,x € [0,00), | e ' —e™® |< § implies
| f(t) — f(x) |< e. Further note that | f(¢) — f(z) |< 2M for all ¢,z € [0, 0).

Also if | e™* —e™* |> 4, then
2M , _ Cw
()~ f@) 1< (et =)

Then for all ¢,z € [0, c0),
oM, .
| f() = f(2) [<et 5 (e —e™™)%

Consequently, for n € N, using the linearity and the positivity of the operators
L,, we get

\Ln(f(8);2) = f(@)] < La(] f(8) = f(@)[;2) + [f(2)] [Ln(1;2) — 1]

IV et — e + |7 (@) [n(Li2) — 1]

52
2M
<e+(e+ M)|L,(1;2) — 1| + ?Ln((eit _ei$)2;x)

< L,(e+

oM, .

Set (e M)Ln(liz) = 1] + 5 |e 2| | Ly (1) — 1
oM . AM _ .
+?|Ln(e op) —e? |—|—?|e | |Ln(e b 2) —e ™,

where [e™** | < 1 for all t € [0,00) and k € N.
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Now taking supremum over z € [0, 00), we have
[Ln(f) = fll« < &+ K{||Ln(1) - 1|
FLn(e™) = e [l + [|Ln(e™) — e 727 |3,

where K = max{e+ M + 26—]‘2/[, 25—]\{[, 46—]\24}. For a given r > 0, choose € > 0 such that
€ < r, let us define the following sets:

D={neN:|L,(f)— fll. >},
Dy ={neN: L) - 1) > S5,

_ _ r—e
Dzz{neN:HLn(e el > T }

D:{ N:|L, *2t—*2w*>r_€}.
s={neN: L) e . > T

It follows from (1) that D C Dy U Dy U D3. Therefore, for each n € N, we may

write
Zanpg Z App + Z Qnp + Z QAnp

peD peEDy pEDy pED3
which implies that for any o > 0 and p € D,

(1)

{neN:ZanPZO}QQ{nEN: Z(LM,Z%}.

peED i= pED;

From hypotheses {n € N: 37 1, anp, > §} € Z for i = 1,2,3, we get

i=1 pED;
Hence
{nEN: Zanp>a}€I
peD
and this completes the proof. O

Remark. We now exhibit a sequence of positive linear operators {L,} s.t.
AZ-st-lim,, || L, (f) — f|l« = 0 but st -lim, || L.(f) — f|l+« # 0.

Let Z be a non-trivial admissible ideal of N. Choose an infinite subset C =
{p1 <p2 <p3<...}fromZ~\ Z,. Let {ug}ren be given by

1 if k is even,
U =
0 if k is odd.

Let A = (an) be given by
1 if n=p;, k=2p; for some i € N,
ank, =41 ifn#p, foranyi, k=2n+1,
0  otherwise.
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Now for 0 < e <1, K(e) = {k € N: |uy — 0| > £} is the set of all even integers.
Observe that

Z " 1 if n=p; for some i € N,
nk = . .
koK () 0 if n# p; for any i € N.

Thus for any § > 0, {n eN: ZkeK(s)ank > 6} = C € T which shows that {u }ren

is AZ-statistically convergent to 0 though z is not A-statistically convergent.
We now consider the following Baskakov operators B,, UC,[0, 00) — UC.[0, o)
defined by

Buf(x)=3" (" - ; * k)xk(l )R <i) .
k=0
Thus
B,(l,z) =1,

ByeT" ) =142 — ze W),
Bu(e ™ z) = (1+x — xe*%)*",

where z € [0, 00).
Let us define Ly, (f,z) = (1 4+ un)Bn(f, x) for any f € UC,[0,00). Then

AT-st-lim | Lo (f;) — fill =0,  i=0,1,2.
n
From previous theorem,
AT-st-lim || L, (f) — f|l« = 0.

But as sta-lim, u, # 0, so sta-lim, ||L,(f) — f|l« # 0.

3. A KOROVKIN TYPE APPROXIMATION THEOREM FOR A SEQUENCE OF
POSITIVE LINEAR OPERATORS OF TWO VARIABLES

Throughout the section, Z denotes the non-trivial strongly admissible ideal in
N x N. Recall the following definitions.

Definition 3.1 ([7]). A real double sequence {Zmn}mnen is said to be
To-statistically convergent to L if for each € > 0 and § > 0,

1
{(j,k) e N?: g gn Sk fomn — L] 2 <} 25} €.

Definition 3.2 ([7]). Let A = (ajkmn) be a non-negative RH-regular summa-
bility matrix. Then a real double sequence {®n, }m. nen is said to be A%—statistically
convergent to a number L if for every € > 0 and 6 > 0,

{Gmew: 3 apmmzdfer

(m,n)eKs(e)
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where Ks(¢) = {(m,n) € N*: |z, — L| > €}.
In this case, we write A%—st—lim Ton = L.

It should be noted that if we take A = C'(1,1), the double Cesdro matrix defined
as follows
,ik form < j,n <k,
Qjkmn = J .
0  otherwise.

then AZ-statistical convergence coincides with the notion of Z,-statistical conver-
gence. Again if we replace the matrix A by the identity matrix for four dimensional
matrices and Z = T, then AZ-statistical convergence reduces to the Pringsheim
convergence for double sequences. For the ideal Z = Z,, AZ-statistical convergence
implies A-statistical convergence for double sequences.

Now we establish the Korovkin type approximation theorem for a double se-
quence of positive linear operators on UC, (][0, 00) X [0,00)), the Banach space of
all real valued uniformly continuous functions defined on D := [0,00) X [0, o)
with the property that lim g ) (s0,00) f(2,y) exists finitely for any f € UC.(D),
endowed with the supremum norm || f|[. = sup, y)ep |f(z,y)| for f € UCL(D), in
AZ-statistical sense.

Theorem 3.3. Let {Lyn}mnen be a sequence of positive linear operators on
UC, ([0,00) x [0,00)), the Banach space of all real valued uniform continuous func-
tions defined on [0, 00) x [0, 00) with the property that 1im , ) (s,00) f(,y) exists
finitely for any f € UC, ([0,00) x [0,00)), and let A = (ajkmn) be a non-negative
RH-regular summability matriz. Then for any f € UC, ([0,00) x [0, 0)),

AZ-st-lim || Ly (f) = fll« = 0

is satisfied if the following holds
(2) AZ-stlim || Lo (fi) = fil s =0,  i=0,1,2,3.

where fo =1, fi=e"", fa=eY, fy=e"* e,

Proof. Assume that (2) holds. Let f € UC. ([0,00) x [0,00)). Our objective is
to show that for given £ > 0, there exist constants Cy, C;, Ca, Cs (depending on
€ > 0) such that

||Lmnf - fH* <e+ C3||Lmnf3 - f3||* + CQHLman - fQH*
+ Cl||Lmnf1 - fl”* + CO”LmnfO - fOH*
If this is done, then our hypothesis implies that for any € > 0, § > 0,
{Gmen: > auumzdjer,
(m,n)€K>(e)

where Kz (e) = {(m,n) € N> : |Lynf — fll« > €}
To this end, start by observing that for each (u,v) € ([0,00) X [0,00)), the
function 0 < gy, € UC, ([0,00) x [0,00)) defined by

Guo(s,) = (7" —e™)? + ((e™" —=(e7")?



138 S. DUTTA anp R. GHOSH

satisfies gup = (e7%)%2+(e7¥)? —2e % e " —2e Ve ¥ +(e %)%+ (e~ ?)?. Since each
L., is a positive operator, L,,,g.., is a positive function. In particular, we have
for each (u,v) € ([0, 00) x [0,00)),

0 < LinGuv (u,v)
= [Lun((e7)" + ()" = 2e7 e —2e eV 4 ()" + (%) 5u,0)
= (L) 4+ () 1) = () — ()]
— 267 [Lyn (€% u,0) — €] = 26 [Lynm (€%, 0) — =]
+{(e)" + ()"} Ewnfo — fol
[Lmnfs = f3ll« + 27" [[Linnf1 — fill« + 27" [[Linnfa — foll«
{7+ )"} 1Lmnfo = fol-

Let f € UC,([0,00) x [0,00)). Then there exists a constant M such that
|f(z,y)| < M for each (z,y) € ([0,00) x [0,00)). Let £ > 0 be arbitrary. Then by
the uniform continuity of f on ([0,00) x [0,00)), there exists a 6 = §(g) > 0 such
that if |[e™ —e™™| < d and |e”¥ —e™ V| < 4, then

2M —x —Uu 2 - —v 2
|f(z,y) — flu,v)]| <E—&—6—2 {(e —e ")+ (e¥—e") }
for all (z,y), (u,v) € [0,00) x[0,00). Since each L,y is positive and linear it follows
that

IA

2M
_ELmnfO - ?Lmnguv S Lmnf - f(uav)LmnfO
2M
S €Lmnf0 + ?Lmnguv
Therefore,
|Lmn(f7 U/U) - f(ua U)Lmn(fo;uyv” S E+e [Lmn(an U7U) - fo(u,’l})]
2M
+ ?Lmnguv
2M
S €+ EHLmnfO - fOH* + ?Lmnguv

In particular, note that
[ Lo (f5 0, 0) = f(u, 0)| < L (f5 4, 0) = f (1, 0) Linn (fo; 6, )
+ 1f (u, 0)| [ Lo (fos u, 0) = fo(u, v)]|
< e (M 4 )| Lo fo — ol + o L
which implies
[Lmnf — fllx <€+ Csl|Linnfs — f3lls + Col Linn f2 — foll«
+ CillLyn f1 = fill« + Col| Limn fo — foll+
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where there exist A and B such that Cy = [28 {(e7*)? + (e B)?} + M +¢], C, =
451‘2/[ e 4, Cy = 4M e B and O3 = 2521, ie.,

[ Lmnf = fll+ < e+ cZuLmnﬁ — fill,  i=0,1,2,3,

i=0
where C' = HlaX{Cv()7 01, 027 03}
For a given v > 0, choose € > 0 such that ¢ < . Now let
U={(m,n): [ Lonf = fll« =7}
and

9 .
Ui ={(mn) s [Lunfi = fil. > L} i=0.1,2:3.

It follows that U C U?:o U; and consequently for all (j, k) € N?,

3
g Ajkmn < g § Ajkmn s

(m,n)eU =0 (m,n)eU;

which implies that for any o > 0 and (m n) e U,

o
k) e N2 > }C {k 2, _mn>,}.
{( Za]k >0 7U(‘7 )eN Z @jemn = 3
(m,n)eU =0 (m,n)eU;

Therefore, from hypothesis, {(j, k) € N2 : Z(m,n)EU jkmn > O'} € 7, and this
completes the proof of the theorem. O

Remark. We now show that our theorem is stronger than the A-statistical
version [6] (and so the classical version). Let Z be a non-trivial strongly admissible
ideal of N x N. Choose an infinite subset C' = {(p;, ¢;) : @ € N} from Z \ Z,, where
T4 denotes the set of all subsets of N x N with natural density zero, such that
pi g foralli,py <py<...and g1 <q2<...

Let {tUmn }m,nen be given by

{1 m,n are even,
Umn =

0, otherwise.
Let A = (ajkmn) be given by
1 ifj=mp; k=q;, m=2p;, n=2q,; for some i € N,

jkmn = § 1 if (4,k) # (pi,q;) for any i,m =25+ 1, n =2k + 1,
0, otherwise.

Now for 0 < € < 1, Ka(e) = {(m,n) € Nx N : |up, — 0| > ¢} = {(m,n) :
m,n are even}. Observe that

Z 1 if j =p;, k=q; for some i € N,
@ _
0, i (5.k) # (pi ) for any i € N.

(m,n)eKa(e)
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Thus for any § > 0,
{(j,k)eNxN: 3 ajkmnza}zc*ez
(m,n)EK2(e)

which shows that {umn }m.nen is AZ-statistically convergent to 0. Evidently this
sequence is not A-statistically convergent to 0.

Let £ = [0,00) x [0,00). We consider the following Baskakov operators
Bn UCL(K) = UCL(K) defined by

= SEAA) (1)L
j=0 k=0

X (1L4+2)"" (14 y) " Faly,

Now we consider the double sequence {Lyup}m ne n of positive linear operators
defined by Lmn(f; x, y) = (1 + Umn)an(f; xz, y)
Then observe that

Linn(fo;2,y) = (1 + umn) fo(=, y),

Lon(f1;7,9) = (1+umn)(1+m—xe_%)im,

)

Linn(f352,9) = (1 4+ umn) [(1 +z —xe_i)im + (1 +y—ye_i>n} ,

Then
(3) AL-st-lim || Lo (f;) = fill« =0,  i=0,1,2,3.

3=

Lmn(fQ;x7y) = (1 + umn)(l +y—ye

Therefore, by previous theorem, for any f € UC,(K),
AF-st-lim | Ly (F) — 1. = 0.

But since {wmn }m,nen is not usual convergent and not A-statistical convergent,
so we can say that the classical version and A-statistical version of the previous
theorem do not work for the operator defined above.

4. CONCLUSION

We conclude this article by pointing out some important features of this study.
The result that we have encountered, for a sequence {L, }nen of positive linear
operators on UC,[0,00), established the necessary and sufficient conditions for
the AZ-statistically convergence of {L, (f)}nen to a function f by using the test
functions fo = 1, fi = e %, fo = e 2%, The same type result (Theorem 3.3) is
also established for a sequence of positive linear operators of two variables by using
the test functions fo =1, fi =e™%, fo=e7Y, fo = e 2% +e~2¥. The examples in
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Section 2 and Section 3 show that our new results are stronger than its A-statistical
version ([6, Theorem 2.2]) and consequently stronger than its classical version.
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