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A RESULT ON FUNCTIONAL EQUATIONS IN SEMIPRIME
RINGS AND STANDARD OPERATOR ALGEBRAS

N. U. REHMAN anxp T. BANO

ABSTRACT. Let X be a real or complex Banach space, £(X) be the algebra of all
bounded linear operators of X into itself and A(X) C £(X) be a standard oper-
ator algebra. Suppose there exist linear mappings D, G: A(X) — L(X) satisfying
the relations 2D(A™) = D(A” 1A + A" 1G(A) + G(A)A™ ! + AG(A™ 1) and
2G(A™) = G(A™ DA + A" 1D(A) + D(A)A™~1 + AD(A™~1) for all A € A(X).
Then there exists a fixed B € £(X) such that D(A) = G(A) = [A, B] holds for all
A€ A(X).

1. INTRODUCTION

Throughout, R represents an associative ring with center Z(R). As usual, we write
[x,y] for zy —yx. Given an integer n > 2, a ring R is said to be n-torsion free if for
x € R, nxz = 0 implies = 0. Recall that a ring R is prime if for a,b € R, aRb = (0)
implies @ = 0 or b = 0, and is semiprime in case aRa = (0) implies a = 0. Let A be
an algebra over the real or complex field and let B be a subalgebra of A. A linear
mapping D: B — A is called a linear derivation in case D(zy) = D(z)y + 2D(y)
holds for all pairs x,y € B. In case we have a ring R, an additive mapping
D: R — R is called a derivation if D(zy) = D(z)y + xD(y) holds for all pairs
2,y € R and is called a Jordan derivation in case D(2?) = D(z)x + zD(x) is
fulfilled for all x € R. A derivation D is inner in case there exists such a € R
that D(z) = [z, a] holds for all z € R. Every derivation is a Jordan derivation,
but the converse is in general not true. A classical result of Herstein [6] asserts
that any Jordan derivation on a 2-torsion free prime ring is a derivation. A brief
proof of Herstein’s result can be found in [1]. Cusack [5] generalized Herstein’s
result to 2-torsion free semiprime rings (see also [2] for an alternative proof). An
additive mapping D: R — R, where R is an arbitrary ring, is called a Jordan
triple derivation in case D(zyx) = D(x)yx + xD(y)x + xyD(x) holds for all pairs
z,y € R.

Let X be a real or complex Banach space and let £(X) and F(X) denote
the algebra of all bounded linear operators on X and the ideal of all finite rank
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operators in £(X), respectively. An algebra A(X) C £(X) is said to be a standard
if F(X) C A(X). Let us point out that any standard operator algebra is prime,
which is a consequence of a Hahn-Banach theorem.

M. Bresar [3] proved the following result.

Theorem A. Let R be a 2-torsion free semiprime ring and D: R — R be a
Jordan triple derivation. In this case D is a derivation.

One can easily prove that any Jordan derivation D on an arbitrary 2-torsion
free ring R is Jordan triple derivation, which means that Theorem A generalizes
Cusack’s generalization of Herstein’s theorem we have mentioned above.

Motivated by Theorem A, Vukman [14] recently conjectured that in case there
exists an additive mapping D: R — R, where R is a 2-torsion free semiprime ring
satisfying the relation

(1) 2D(zyx) = D(zy)x + xyD(x) + D(z)yx + xD(yx)

for all z,y € R, then D is derivation. Note that in case a ring has an identity
element, the proof of Vukman’s conjecture is immediate. In this case substituting
y = e in the relation (1), where e stands for an identity element, gives that D is
a Jordan derivation, and then it follows from Cusack’s generalization of Herstein
theorem that D is a derivation. The substitution y = 22 in relations (1) gives

(2) 2D(z") = D(z" a4+ 2" ' D(x) + D(x)2" ' + D (2" 1).
Recently, Sirovnik [8] obtained the following result which is related to functional
equation (2).

Theorem B. Let X be a real or complex Banach space and A(X) be a standard
operator algebra on X. Suppose there exists linear mapping D: A(X) — L(X)
satisfying the relation

2D(A") = D(A" DA+ A" 1D(A) + D(A)A" ! + AD(A™Y)
>

for all A € A(X) and a fized integer n 2. In this case D is of the form
D(A) = [A,B] for all A € A(X) and a fivzed B € L(X), such that D is a linear

derivation.

In the present paper, we prove the result related to the functional identity
given above on operator algebra and semiprime ring. More precisely we prove the
following theorem.

Theorem 1. Let X be a real or complex Banach space, let A(X) be a standard
operator algebra on X. Suppose there exist linear mappings D,G: A(X) — L(X)
satisfying the relations

2D(A™) = D(A" HA+ A"'G(A) + G(A)A™ ™ + AG(A™Y),
2G(A™) = G(A" YA+ A" 'D(A) + D(A)A™ 1 + AD(A™ 1)

for all A € A(X), where n > 2 is a fized integer. Then there exists a fixed
B € L(X) such that D(A) = G(A) = [A, B] holds for all A € A(X).
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Proof. We have

(3) 2D(A™) = D(A™ 1A+ A" 1G(A) + G(A) A" + AG(A™ ),
(4) 2G(A™) = G(A" 1) A + A" LD(A) + D(A) A" + AD(A™ 1)

for all A € A(X), where n > 2 is a fixed integer. Subtracting the above two
relations, we obtain

(5)  2T(A™) =T(A" HA - A" T(A) - T(A)A™ ! — AT (A1),

where T = D — G. First we restrict 7" on F(X). Let A be from F(X) and
P € F(X) be a projection with AP = PA = A. Then from the relation (5), we
obtain

(6) T(P) + PT(P) = 0.
Multiplying the relation (6) by P from both side, we obtain
(7) PT(P)P = 0.
Multiplying the relation (6) by P from left, we get
(8) PT(P)=0.
Multiplying the relation (6) by P from right and using (7), we get
(9) T(P)P = 0.
Putting (A + P) for A in (5), we get
n n—1
23 (1)T(A'PY) = ( (! )T(A"—l—ipi)) (A+P)

=0 =0

n—1

- <Z (”;I)A”“Pi) T(A+P)
i=0 o
—T(A+P)<i_0( A P)

n—1

— (A4 P) < St )T(Anlipf)> .

=0

We rearrange the above relation in sense of collecting together terms involving
equal number of factors of P, we obtain

n—1
> fi(A,P) =0,
=1
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where f;(A, P) stands for
Fi(A,P) = (")T(A™ P — (") (T(An—l—ipi)A — (A" pi)T(4)
— T(A)(A"I TP — AT(A"PY)) = (1)) (T (A" PP
— (A" PYT(P) — T(P)(A" i PY) — PT(AH*Z‘PZ‘)).

Replacing A by A+ 2P, A+ 3P,..., A+ (n — 1)P in turn in the equation (5)
and expressing the resulting system of n — 1 homogeneous equations of variables
fi(A,P),i=1,2,...,n — 1, we see that the coefficient matrix of the system is a
van der Monde matrix

2 22 PAC

N1 (n—1? ... (n—1y!

Since the determinant of matrix is different from zero, it follows immediately that
the system has only a trivial solution. In particular

fae1(A,P) = 2(,")T(A4) = (27}) (T(P)A = PT(A) = T(A)P — AT(P))

n—2

~ (273)(T(A)P = AT(P) = T(P)A - PT(A)) = 0.

Using the relations (8) and (9) in above expression, we obtain

(10) 2nT(A) = (n—2)T(A)P —nPT(A).

Multiplying the relation (10) by P from both sides, we get

(11) PT(A)P = 0.

Right multiplication of (10) by P gives (using (11))

(12) T(A)P = 0.

Left multiplication of (10) by P gives (using (11))

(13) PT(A) = 0.

Using relations (12) and (13) in the relation (10), we obtain
T(A)=0

for all A € F(X). From the relation (10) one can conclude that D maps F(X)
into itself. We therefore have a linear mapping 7', which maps F(X) into itself and
vanishes for all A € F(X). It remains to prove that T(A) = 0 for all A € A(X) as
well. For this purpose we introduce T3 : A(X) — £(X) by T1(A) = 0 and consider
a mapping Ty = T —T7. The mapping Tj is obviously linear satisfying the relation
(5) and vanishes on F(X). It is our aim to prove that T vanishes on A(X) as
well. Let A € A(X), P be a one-dimensional projection and let us introduce
SeAX)by S=A+ PAP — (AP + PA). Obviously, since S — A € F(X), we
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have Tp(S) = To(A). Besides, SP = PS = 0. Therefore by the relation (5), we

have
To(S" )8 = 8" Ty(S) — To(S)S™ ™! = STo(S™ 1)

= 2T,(S™)
= 2To(S"™ + P) =2To((S + P)")
=To((S+P)"" (S +P)—(S+P)" 'Ty(S + P)
—To(S+ P)(S+ P)" ' —(S+P)To((S+ P)" 1)
= To(S" NS+ Tp(S" )P — S"1Ty(S) — PTo(S)
—Tp(S)S™ 1 — Ty(S)P — STy(S™ 1) — PT(S™71).
From the above relation, it follows that
To(S™ 1) P — PTo(S) — To(S)P — PTo(S™ 1) = 0.
Since Tp(S) = To(A), we can rewrite the above relation as
(14) To(A" )P — PTy(A) — To(A)P — PTy(A™ 1) = 0.
This implies
(15) PTy(A) + To(A)P = To(A" )P — PTo(A™1).
Putting 2A for A in the relation (14), we obtain
(16) 2" Ty (A" 1)P — 2PTy(A) — 2To(A)P — 2" PT, (A1) = 0.
This implies
(17) 2(PTo(A) + To(A)P) = 2" H(To (A" 1) P — PTo(A™ ).
Comparing (15) and (17), and using (15), we obtain
(PTo(A) + To(A)P) = (2771 = 1)(PTo(A) + To(A)P).
That implies

(18) PTy(A) + To(A)P = 0.
Multiplying above relation by P from both sides, we obtain
PTy(A)P = 0.

Right multiplication by P in the relation (18) gives PTo(A)P+To(A)P = 0, which
is reduced by the above relation to
To(A)P =0.

Since P is an arbitrary one-dimensional projection, it follows from the above rela-
tion that TH(A) = 0 for all A € A(X), which was our intention to prove. Therefore,
we have D = G. This ascertainment enables us to combine (3) and (4) into one
relation, which is

2D(A™) = D(A" YA+ A" 'D(A) + D(A)A" ™t + AD(A™Y),

Now using Theorem B, we can conclude that D(A) = G(A) = [A,B] for all A €
A(X) and a fixed B € £(X), which means that D and G are linear derivations. [
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We proceed with the following purely algebraic conjecture.

Conjecture 2. Let n > 2 be a fized interger and R be a semiprime ring with
suitable torsion restrictions. Suppose there exist additive mappings D,G: R — R
satisfying the relations

2D(z") = D(z" N + 2" G(z) + G(x)z" + 2G (2" Y),
2G(z") = G(z" Yz + 2" ' D(x) + D(2)z" " + xD(z" ).
then D and G are derivations and D = G.

Theorem 3. Let R be (n — 1)!-torsion free semiprime unital ring and D, G:
R — R be two additive mappings satisfying the relations

2D(z™) = D(z" N + 2" 'G(x) + G(x)z" + 2G (2" 1),
2G(2") = G(z" Yo + 2" 'D(x) + D(x)z" ' + 2D(z" 1)

for all x € R, where n > 2 is a fixed integer. Then D and G are derivations and
D=aG.

Proof. We have
(19) 2D(z") = D(z" Yz + 2" G(x) + G(x)z" ! + 2G ("),
(20) 2G(2™) = G(z" Nz + 2" 'D(z) + D(x)z" " + xD(z" )

for all x € R, where n > 2 is a fixed integer. Subtracting the two relations of
equation, we obtain

(21) 2T (2™) = T(z" Vo — 2" T (z) — T(x)a™ ' 4+ 2T (™),

where T'= D —G. We will denote the identity element of the ring R by e. Putting
e for z in the above relation gives

(22) T(e) = 0.

Let y be any element of center Z(R). Putting = + y for « in the relation (21), we
get

23 (7 = (X 7))
- <Z (") )T )
(R )
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Using (21) and rearranging the above relation in sense of collecting terms involving
equal number of factors of y together, we obtain

n—1
Z fz (SU, y) = 07
i=1
where f;(z,y) stands for the expression of terms involving ¢ factors of y, that is
fila.y) = (DTE" ) = (7)) (T ) — @y )T (@)
= T(@) (@) = T ) = (1) (T )y
— (@Y )T () — T(y) (" 'y") = yT (")),
Replacing = by = 4+ 2y, 4+ 3y,..., £ + (n — 1)y in turn in the relation (21) and
expressing the resulting system of n — 1 homogeneous equations of the variables

filz,y), i =1,2,...,n — 1, we see that the coefficient matrix of the system is a
Vandermonde matrix

2 22 PAC

n-1 (m-1% ... (n-1)"!
Since the determinant of this matrix is different from zero, it follows immediately

that the system has only a trivial solution. In particular, putting the identity
element e for y, we obtain

Foa(ze) = 2(,")T() — (") (T(e)x +eT(z) + T(x)e + wT(e))

n—1

n—2

- (”71) (T(x)e +aT(e)+T(e)x + eT(x)) = 0.
Using (22) in the above relation, it reduces to
2nT(x) = 2T (x) — 2(n — 1)T(z).

That implies 4(n — 1)T'(z) = 0. Using torsion restriction, we get T'(z) = 0 for
all x € R, which was our intention to prove. Therefore, we have D = G. This
ascertainment enables us to combine (19) and (20) into one relation, which is

2D(2™) = D(z" Ha + 2" D(x) + D(x)2" ' +2D(z" ).

Using ([8], Theorem 2) we conclude that D and G are derivations and D = G.
That completes the proof of the theorem. O
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