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SOME COMMON FIXED POINT RESULTS
IN PARTIAL b,(s)-METRIC SPACES

H. AYDI, D. BAJOVIC anp Z. D. MITROVIC

ABSTRACT. In this paper, we give a proof for some common fixed point theorems
in framework of partial b, (s)-metric spaces. As corollaries of our result, we get
numerous results in other classes of metric spaces.

1. INTRODUCTION

Bakhtin [12] and Czerwik [16] (see also [7, 8]) introduced b-metric spaces, modi-
fying the triangle inequality to the following form

(1) d(z, z) < sld(z,y) + d(y, 2)],

where s > 1 is a fixed real number. On the other hand, Branciari [14] substituted
the triangle inequality by a polygonal inequality of the form

(2) d(x, z) < d(z,y1) + d(y1, y2) + -+ + d(yw, 2)

for arbitrary x, z and for all distinct points y1,ys, ..., Yy, each of them different
from z and z (in particular, for v = 2, the inequality (2) is called rectangular).
Further, a lot of fixed point results for single and multi-valued mappings were
obtained in both kinds of spaces by various authors see ([4, 5, 6, 9, 10, 11, 13,
15, 18, 22, 24, 25, 33, 35]).

George et al. [20], as well as Roshan et al. [32], independently introduced
b-rectangular metric spaces by combining inequalities (1) and (2) (in the case v =
2). Mitrovié and Radenovié¢ [28] defined the concept of b, (s)-metric spaces for
arbitrary positive integer v (see the definition in the next section), thus generalizing
all the mentioned types of spaces. They obtained some fixed point results in this
new framework. It should be noted that these spaces might not be Hausdorff, that
a by, (s)-metric need not be continuous and that a convergent sequence might not
be a Cauchy one. Finally, Abdullahi and Kumam [1] defined partial b, (s)-metric
spaces and some fixed point results have been established.
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In this paper, we give a proof for some common fixed point theorems in frame-
work of partial b, (s)-metric spaces. We use contractive conditions involving ra-
tional expressions of Khan type, as well as of Dass-Gupta type, to obtain some
common fixed point results in the framework of partial b, (s)-metric spaces. Thus,
we obtain generalizations of several known fixed point results from the literature.

2. PARTIAL by (S)-METRIC SPACES

Definition 2.1 ([1]). Let X be a non-empty set, s > 1 be a real number,
v € N, and let pp, be a function from X x X into [0,00). Then (X,pp,) is said
to be a partial b, (s)-metric space if for all z,y,z € X and for all distinct points
Y1, Y2, - -, Yy € X, each of them different from = and z, the following hold:
(Pbvl) & =y if and only if py, (z,2) = ps, (2,y) = pb, (¥, ),
(Pbv2) pp, (2, 2) < pp,(2,9),
(Pbv3) po, (z,y) = pb, (¥, 7),
(Pbvd) py, (2, 2) < slpp, (2, y1) + Db, (Y1, ¥2) + -+ po, (Yo, 2)] = 22 Do, (Y25 i)

i=1

The notions of a convergent sequence, a Cauchy sequence and the completeness
of a partial b,(s)-metric space are introduced in the same way as in standard
metric spaces (see also [34]).

We make use of the following lemmas obtained in [1].

Lemma 2.2. Let (X,pp,) be a partial b,(s)-metric space, T: X — X, and let
{z,} be a sequence in X defined by xo € X and x,+1 = T, such that ©, # Tpy1,
(n > 0). Suppose that X € [0,1) is such that

Poo (1, %n) < Apb, (my 5 1) for all n € N,
Then x,, # T for all distinct n,m € N.

Lemma 2.3. Let (X,pp,) be a partial b,(s)-metric space and let {x,} be a
sequence in X such that x, (n > 0) are all different. Suppose that A € [0,1) and
c1,co are real nonnegative numbers such that

Db, (Tm, Tn) < Ap, (Timn—1,Tn—1) + 1 A" + 2 A" for allm,n € N.

Then {xy} is a Cauchy sequence.

3. A COMMON FIXED POINT THEOREM OF JUNGCK TYPE
IN PARTIAL b, ($)-METRIC SPACES

Theorem 3.1. Let T and I be commuting mappings of a complete partial
by (s)-metric space (X, pp,) into itself satisfying the inequality
(3) Dy, (Tl', Ty) < )\pbU (Il‘, Iy)

for all x,y € X, where 0 < A\ < 1. If the range of I contains the range of T and if
I is continuous, then T and I have a unique common fixed point.
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Proof. Let o € X be arbitrary. Then Txy and Iz are well defined. Since
Tz € I(X), there is any x1 € X such that Iz = Txg. In general, if z,, is chosen,
then we choose a point z,1 in X such that Iz, 41 = Tx,. We show that {Iz,}
is a Cauchy sequence. From (3), we have

Db, Ty Tn) = po, (Txm—1,Txn—1) < App, (TTpm—1, [Tpn_1).
So,
(4) Db, T, Txn) < App, ({Xm—1,1Tn_1) for all m,n € N.
Now, we have the following two cases.

Case 1. 1If Iz, = Ix,41 for some n > 0, then Tz, = Iz, = w. We show that w
is a unique common fixed point of 7" and I. Indeed, first

Tw=TIx, =1Tx, = [w.
Let pp, (w, Tw) > 0. In this , we have
o, (W, Tw) = pp, (T, Tw) < App, (I2y, Iw) = App, (w, [w)
= \pp, (W, Tw) < pp, (w, Tw),

a contradiction. Since the condition (3) implies that Tz, = Iz, = w is a unique
common fixed point of T" and I, the proof of Case 1 is completed.

Case 2. If Iz, # Ixp4q for all n > 0, from Lemma 2.2 and the inequality (4), we
obtain [x, # Iz, for all n > 0,k > 1. Thus, from Lemma 2.3, we obtain that

{Iz,} is a Cauchy sequence in X.
By completeness of I(X), there exists u € X such that

lim Iz, = lim Tx,_1 = u.
n—oo n—oo

Now, since I is continuous, (3) implies that both I and T are continuous. Since T’
and I commute, we obtain

Tu=1I( li_>m Tz,) = lim ITz, = li_>m TIz, =T(lim Iz,)="Tu.

n—oo n—oo

Let v=ITu=Tu. Weget Tv=TIu=ITu= Iv.
If Tu # T, from (3), we obtain

o, (Tu, Tv) < App, (Tu, Tv) = App, (Tu, Tv) < pp, (Tu, Tv),

a contradiction. So we have T'u = T'w, and finally, we obtain Tv = [v = v, i.e., v
is a common fixed point for 7" and I. Condition (3) implies that v is the unique
common fixed point. O

In case v = 2 we obtain the following corollaries.

Corollary 3.2 ([29, Theorem 2.1]). Let T and I be commuting mappings of a
complete rectangular b-metric space (X,d, s) into itself satisfying the inequality

d(Tz, Ty) < Md(Iz,Ty)

forall z,y € X, where 0 < A < 1. If the range of I contains the range of T and if
I is continuous, then T and I have a unique common fixed point.
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Corollary 3.3 (|27, Theorem 2.1]). Let (X,d) be a complete rectangular b-

metric space with coefficient s > 1 and T: X — X be a mapping satisfying
d(Tz,Ty) < Ad(z,y)

for all z,y € X, where A € [0,1). Then T has a unique fized point.

Also from Theorem 3.1, we obtain the result of Aleksi¢ et al. [3].

Corollary 3.4 ([3, Theorem 2.1]). Let T and I be commuting mappings of a
complete b, (s)-metric space (X,d, s) into itself satisfying the inequality

d(Tx, Ty) < Md(Iz, Ty)

for all z,y € X, where 0 < A < 1. If the range of I contains the range of T and if
I is continuous, then T and I have a unique common fixed point.

4. A COMMON FIXED POINT THEOREM OF KHAN TYPE
IN PARTIAL b, (s)-METRIC SPACES

Rational expressions in contractive conditions were firstly used by Dass and Gupta
[17], Khan [26] (corrected by Fisher [19]), and Jaggi [21]. Later on, there have
been a lot of papers using several variants of such conditions in various contexts
(see, e.g., [2, 30, 31, 32]).

Let (X, pp, ) be a partial b, (s)-metric space and I,T: X — X be two mappings.
We introduce the following function k: X x X — [0,1] by

py, ({2, Ty) .
v if max Iz, Ty),pp,(Iy, Tx 0,
kyy = < max{py, (Iz,Ty),pp, Iy, Tx)} oo, ( y),ov, Ly, Tx)} #

1/2 if max{py, Iz, Ty),ps, Ty, Tx)} =0.

Theorem 4.1. Let T and I be two commuting mappings of a complete partial
by (s)-metric space (X, py,) into itself, satisfying the inequality
() (T2, Ty) < Amax{py, (I, 1Y), kaypy, (12, Tx) + kyapy, (1y, Ty)}

for all z,y € X, where X\ € [0,1). If the range of I contains the range of T and if
I is continuous, then T and I have a unique common fixed point.

Proof. Let ¢ € X be arbitrary. Define a sequence {z,} by Iz,+1 = Tz, for
all n > 0. If for some n, Iz, = Ix,1, then Iz, is a fixed point of T, so there is
nothing to prove. From now on, suppose that z,, # x,41 for all n > 0. From the
condition (5), we obtain

(6)

We distinguish two cases:
1. py, (@n—1,Zn+1) # 0. In this case, we obtain

Db, (xn-i—l) mn) S A max{pbv (an, xn—l)y

ki Do, (Tns Tng1) + Kap iz, Db, (Tn—1,Tn) }-

Do, (Ina mn)
max{pbv (xru xn)apbu (xnfh anrl)} ’

kxnxn—l -
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$0, kz,z,_, = 0. Now, from (6), we have

(7) Do, (anrlaxn) < )\pbv (xnvxnfl)

for all n € N.
2. For some n, pp, (Tn—1,Zns+1) = 0, we have that k, . , = % It follows from
(6), that
1 1
P, (Tng1, ) < Amax {py, (Tp, Tn-1), 2P (Tns Tnia) + 5o, (Tn-1,2n)}.

From the above inequality, we get

(8) v, (Tnt1,Tn) < A, (Tny Tno1) OF Py, (Tpy1,Tn) < Doy, (T Tro1)-

2—A
Since max{\, 525} = A, we conclude that (8) holds for all n € N. Then from
Lemma 2.2, we obtain

Ty F T for all distinct n,m € N.
We note that from the conditions (7) and (8), it follows
9) P, (Tnt1,2n) < A'pp, (21, 70)
for all n € N. Let m,n € N be such that m # n — 1 and m # n + 1. Then
max{pp, (Tn, Tm+1), Pb, (Tm, Tnt1)} # 0, therefore,

Db (-Tna merl)
10 Koo = v <1
( ) max{pbv (Ina -Tm—&-l)a Dy, (xma $n+1)}

and
(11) kzmmn = Pb. (xmawnJrl) <L
max{pp, (Tn, Tm+1), Po, (Tms Tnt1)}
Let m,n € N be such that |m —n| # 1 (if |[m —n| = 1, (9) is used). Then from
(5), (9), (10), and (11), we obtain
o, (T, ) < Amax{py, (Tm—1,Tn-1), Kzpy 12016, (Tm—1, Tm)
+ kmn—lrm—lpbu (In—lv In)}

< Amax{pp, (Tm—1, Tn—1), \™ ', (20, x1) + N ' pp, (0, 21)}

<Ay, (Tm—1,Tn—1) + (A" + X")ps, (w0, 71).
Now, from Lemma 2.3, (by putting ¢; = ¢2 = pp, (20, 1)), we obtain that {z,}
is a Cauchy sequence in X. By the completeness of (X, py, ), there exists * € X
such that

lim z, = z*.
n—roo

We prove that z* is the unique fixed point of T.
Namely, for any n € N, we have
Db, (l'*, TJ?*) S S[Z)bv (x*a xn-i—l) + Db, (xn—i-l: xn-‘r?) + Db, (xn-‘rQa xn-i-?)) +...
+ va (xn+v—2’ In+v—1) + pbv (xn+v—1a In-H)) + va ($n+va T-T*)]

Let us consider the following two cases:
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1. liminf py, (2., T2*) = 0. In this case, there exists a subsequence {x,, }r>0
n— o0 -

of {x,,} having the property that limy_, . pp, (n,, T2*) = 0. Then

Po, (", Tx™) < 8[pp, (€%, Tnp—vt1) + Doy (Tng—vt1s Tng—vt2) + - - -
+ Dby (Tng—2: Tnp—1) + Dby (Tng—1: Tny) + Do, (T, Tx™)].

Since limg_y00 Pb, (2%, Tny—v+1) = 0 and limy_ 00 o, (Tny+i Tng+i+1) = 0, from the
above inequality, we get pp, (T'z*,2*) =0, i.e., Tz* = z*.
2. liminfd(x,,Tz*) = ¢ > 0. Then there exists a subsequence {x,, }x>0 of
n—roo -
{z,} having the property that limy_, o d(2y,,T2*) = ¢ and z,, # Tz* for all
k € N. We have
Py, (.1‘*, TJJ*) < S[pb'u (.’E*, xnk7U+2) =+ Do, (xnk7v+2’ xnk*U“FB) +...
+ Db, (‘rnk—ly Ink) + Db, (xnk 3 xnk-&-l) + Db, (-rnk-&-la TJ?*)]

From (5), we obtain
P, (Tnyt1, Tx") = Amax{py, (Tn,, °), bz, Db, (Tngs Tpt1) H ke, o, (27, Ta™).
Since

k — pbv (xnk ) TLE*)
et max{py, (@, , T2%), o, (0%, @0, +1) }

—1 ask— oo,

and
Py, (LE*, z"k+1)
max{pbv (1’*, xnkJrl)v Db, (xnk ) T{L‘*)}
we have pp, (z*, Tx*) = 0, and so Tz* = z*.
In order to prove uniqueness, let y* be another fixed point of T'. Then from (5),

kx*xnk = —0 ask— oo,

o, (2%, y") = pp, (Tz", Ty")
< Amax{py, (2", y"), keey=po, (27, T2") + ky=o-po, (", Ty") }
< A, (2", y") <pe, (2",y"),
which is a contradiction. Therefore, we must have pp, (2*,y*)=0, i.e.,, z*=y*. O
Example 1. Consider X = {0,1,2,3}. Take the partial b, (s)-metric py, : X X
X — [0,00) as
ifxr=y=0,2,
ifz,y€{0,1},x #y,
ifx,ye{1,2},z £y,
otherwise.

Do, ($7 y) =

= owes N O

Clearly, (X, pp,) is a complete partial b, (s)-metric space (with v =2 and s = %)
Let T,1: X — X be defined by

T0=10=T1=11=T2=0, T3=12=2, and I3=1.
Choose A = % It is easy to show that
Db, (T.’L', Ty) S )\pbv (II, Iy)
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for all x,y € X, that is, (3) holds. All hypotheses of Theorem 3.1 are satisfied, so
T and I have a unique common fixed point, which is u = 0.

Example 2. Let X = [0,00). Consider the partial b, (s)-metric given by

o, (z,y) = max{z,y} + |z — y|*.

It is obvious that (X, pp,) is a complete partial b, (s)-metric space (v = 1 and
s = 2). Choose Tx = 3z and Iz = 5z. Take A = 2. Clearly, (3) is satisfied for

5-

all z,y € X. Also all hypotheses of Theorem 3.1 hold and u = 0 is the unique
common fixed point of T and I.

Remark 4.2. 1. It is clear that Theorems 3.1 and 4.1 generalize Banach
contraction principle in b, (s)-metric spaces (see [28, Theorem 2.1]).
2. Also, Theorem 4.1 generalizes the result of Piri et al. (see [31, Theorem 2.1]).

REFERENCES

1. Abdullahi M. S. and Kumam P., Partial by (s)-metric spaces and fized point theorems, J.
Fixed Point Theory Appl. 20(3) (2018), 113.

2. Ahmad J., Arshad M. and Vetro C., On a theorem of Khan in a generalized metric space,
International Journal of Analysis 2013 (2013), Art. ID 852727.

3. Aleksié¢ S., Mitrovié¢ Z. D. and Radenovi¢ S., A fized point theorem of Jungck in by (s)-metric
spaces, Period. Math. Hungar. 77(2) (2018), 224-231.

4. Alghamdi M. A., Chen C.-M. and Karapinar E., A generalized weaker (alpha-phi-varphi)-
contractive mappings and related fized point results in complete generalized metric spaces,
Abstr. Appl. Anal. (2014) (2014), Art. ID 985080.

5. Alharbi N., Aydi H., Felhi A., Ozel C. and Sahmim S., a-contractive mappings on rectangular
b-metric spaces and an application to integral equations, J. Math. Anal. 9(3) (2018), 47-60.

6. Asadi M., Karapinar E. and Kumar A., a — ¥ -Geraghty contractions on generalized metric
spaces, J. Inequal. Appl. 2014 (2014), Art. ID 423.

7. Aydi H., Karapinar E., Bota M. F. and Mitrovi¢ S., A fized point theorem for set-valued
quasi-contractions in b-metric spaces, Fixed Point Theory Appl. 2012 (2012), Art. ID 88.

8. Aydi H., Bota M. F., Karapinar E. and Moradi S., A common fixed point for weak phi-
contractions on b-metric spaces, Fixed Point Theory 13(2) (2012), 337-346.

9. Aydi H., Karapinar E. and Samet B., Fized points for generalized («,)-contractions on
generalized metric spaces, J. Inequal. Appl. 2014 (2014), Art. ID 229.

10. Aydi H., Karapinar E. and Zhang D., A note on generalized admissible-Meir-Keeler-
contractions in the context of generalized metric spaces, Results Math. 71 (2017), 73-92.

11. Aydi H., Tas N., Ozgur N. Y. and Mlaiki N., Fized-discs in rectangular metric spaces,
Symmetry 11(2) (2019), Art. ID 294.

12. Bakhtin I. A., The contraction mapping principle in quasimetric spaces, Funct. Anal.
Ulianowsk Gos. Ped. Inst. 30 (1989), 26-37.

13. Berzig M., Karapinar E. and Roldan A., Some fized point theorems in Branciari metric
spaces, Math. Slovaca 67 (2017), 1189-1202.

14. Branciari A., A fized point theorem of Banach-Caccioppoli type on a class of generalized
metric spaces, Publ. Math. Debrecen 57 (2000), 31-37.

15. Chen C-M., Karapinar E. and Lin 1.-J.; Periodic points of weaker Meir-Keeler contractive
mappings on generalized quasi-metric spaces, Abstr. Appl. Anal. (2014), Art. ID 490450.

16. Czerwik S., Contraction mappings in b-metric spaces, Acta Math. Inform. Univ. Ostrav. 1
(1993), 5-11.



160 H. AYDI, D. BAJOVIC AnD Z. D. MITROVIC

17. Dass B. K. and Gupta S., An extension of Banach contracion principle through rational
expression, Indian J. Pure Appl. Math. 6 (1975), 1455-1458.

18. Erhan I. M., Karapinar E. and Sekulié¢ T., Fized points of (¢, $) contractions on rectangular
metric spaces, Fixed Point Theory Appl. 2012 (2012), Art. ID 138.

19. Fisher B., A note on a theorem of Khan, Rend. Ist. Mat. Univ. Trieste 10 (1978), 1-4.

20. George R., Radenovi¢ S., Reshma K. P. and Shukla S., Rectangular b-metric space and
contraction principles, J. Nonlinear Sci. Appl. 8 (2015), 1005-1013.

21. Jaggi D. S., Some unique fized point theorems, Indian J. Pure Appl. Math. 8 (1977), 223-230.

22. Jleli M., Karapinar E. and Samet B., Further gemeralizations of the Banach contraction
principle, J. Inequal. Appl. 2014 (2014), Art. ID 439.

23. Jovanovi¢ M., Kadelburg Z. and Radenovié¢ S., Common fized point results in metric-type
spaces, Fixed Point Theory Appl. 2010 (2010), Art. ID 978121.

24. Karapinar E., Some fized points results on Branciari metric spaces via implicit functions,
Carpathian J. Math. 31 (2015), 339-348.

25. Karapinar E., Aydi H. and Samet B., Fized points for generalized (o, 1))-contractions on
generalized metric spaces, J. Inequal. Appl. 2014 (2014), Art. ID 229.

26. Khan M. S., A fized point theorem for metric spaces, Rend. Inst. Math. Univ. Trieste 8
(1976), 69-72.

27. Mitrovi¢ Z. D., On an open problem in rectangular b-metric space, J. Anal. 25, (2017),
135-137.

28. Mitrovi¢ Z. D. and Radenovié S., The Banach and Reich contractions in by (s)-metric spaces,
J. Fixed Point Theory Appl. 19 (2017), 3087-3095.

29. Mitrovi¢ Z. D. and Radenovié¢ S., A common fized point theorem of Jungck in rectangular
b-metric spaces, Acta Math. Hungar. 153 (2017), 401-407.

30. Mustafa Z., Karapinar E. and Aydi H., A discussion on generalized almost contractions via
rational expressions in partially ordered metric spaces, J. Ineq. Appl. 2014 (2014), Art. ID
219.

31. Piri H., Rahrovi S. and Kumam P., Khan type fixed point theorems in a generalized metric
space, J. Math. Computer Sci. 16 (2016), 211-217.

32. Roshan J. R., Parvaneh V., Kadelburg Z. and Hussain N., New fized point results in b-
rectangular metric spaces, Nonlinear Analysis: Modelling and Control 21(5) (2016), 614—
634.

33. Shatanawi W., Al-Rawashdeh A.,; Aydi H. and Nashine H. K., On a fized point for gener-
alized contractions in generalized metric spaces, Abstr. Appl. Anal. 2012 (2012), Art. Id.
246085.

34. Shukla S., Partial b-metric spaces and fized point theorems, Mediterr. J. Math. 11(2) (2014),
703-711.

35. Souyah N., Aydi H., Abdeljawad T. and Mlaiki N., Best prozimity point theorems on rect-
angular metric spaces endowed with a graph, Axioms 8(1) (2019), Art. ID 17.

H. Aydi, Université de Sousse, Institut Supérieur d’Informatique et des Techniques de Commu-
nication, H. Sousse 4000, Tunisia,
e-mail: hassen.aydi@isima.rnu.tn

D. Bajovi¢, University of Banja Luka, Faculty of Electrical Engineering, Patre 5, 78000 Banja
Luka, Bosnia and Herzegovina,
e-mail: dusan.bajovic@etf.unibl.org

Z. D. Mitrovi¢, University of Banja Luka, Faculty of Electrical Engineering, Patre 5, 78000 Banja
Luka, Bosnia and Herzegovina,

e-mail: zoran.mitrovic@etf.unibl.org



