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COFIBRATIONS IN THE CATEGORY
OF NONCOMMUTATIVE CW COMPLEXES

V. MILANI, S. M. H. MANSOURBEIGI AnD A.-A. REZAEI

ABSTRACT. Cofibration in the category of noncommutative CW complexes is de-
fined. The C*-algebraic counterparts of topological mapping Cylinder and mapping
cone are presented as examples of noncommutative CW complex cofibres. As a
generalization, the concepts of noncommutative mapping cylindrical and conical
telescope are introduced to provide more examples of noncommutative CW com-
plex cofibres. Their properties and K-theoretic behavior are also studied in detail.
It is seen that they carry the properties similar to the topological properties of their
CW complex counterparts.

1. INTRODUCTION

The category of C*-algebras and *-homorphisms can be interpreted as the noncom-
mutative counterpart of the category of topological spaces and continuous maps
[1, 2, 8]. Its origin goes back to the Gelfand duality. The results of the paper [7]
known as the Gelfand-Naimark theorem provide a duality between the topology
of locally compact spaces and the algebraic structure of commutative C*-algebras.
The duality creates a dictionary between the two categories. Topological construc-
tions such as cofibrations, mapping cylinder and mapping cone are translated into
their C*-algebraic counterparts [12, 13]. In the absence of commutativity, the
dictionary may still contain noncommutative CW complexes (NCCW complexes)
as the C*-algebraic version of the topological CW complexes defined in [6]. The
noncommutativity comes from the fact that noncommutative CW complexes are
algebras of matrix-valued continuous functions. In [11], we studied some of the
geometric properties of noncommutative CW complexes. In this paper, we are
motivated by noncommutative constructions through NCCW complex examples
and study their topological properties. In this regard the paper is organized as
follows.

Section 2 is a review of basic tools: extensions, pullbacks, NCCW complexes
and their primary properties. Section 3 is devoted to the study of cofibrations
and cofibres in the category of NCCW complexes. In this section we explain the
C*-algebraic counterparts of the topological mapping cylinder and mapping cone.

Received July 8, 2014.

2010 Mathematics Subject Classification. Primary 46Lxx, 57Txx, 57Q05, 57Q12.

Key words and phrases. C*-algebra; Cofibration; Cofibre; CW complex; K-group; mapping
cone(cylinder); mapping conical(cylindrical) telescope; noncommutative CW complexes.



30 V. MILANI, S. M. H. MANSOURBEIGI AND A.-A. REZAEI

We apply the pull back point of view of Pedersen [12] to the class of NCCW
complexes. We show that the C*-algebraic mapping cylinder and mapping cone
defined in [13] are obtained through the pull back constructions and are examples
of NCCW complexes. We also calculate their dimensions. Our approach is different
from that of Diep in [3, 4, 5] who defined the noncommutative mapping cylinder
and cone in a different way as NCCW complexes. The key concept of this section
is the construction of examples for NCCW complex cofibrations and cofibres. In
Section 4, we generalize the concepts of the previous section to provide more
examples of NCCW complex cofibres and introduce noncommutative mapping
cylindrical and conical telescope. Their properties and K-theoretic behavior are
also studied in detail. We will see that they carry the properties similar to the
topological properties of their CW complex counterparts.

All throughout the paper Clg 1s the category of C*-algebras and *-homomorph-
isms as morphisms. The kernel of a morphism ¢: A — B in this category is the
embedding ker¢ — A. We also use Pedersen abbreviation [12] “NCCW com-
plexes” for noncommutative CW complexes. The category of topological spaces
and continuous maps is denoted by Top.

2. BACKGROUND

The notion of NCCW complexes was first introduced by Pedersen et al [6]. They
are in fact the C*-algebraic counterpart of topological CW complexes. We discuss
the category of noncommutatice CW complexes from [6] and refer to [9] for details
on topological CW complexes. First we review basic tools of pullbacks from [10,
12].

Notation. The following notations are used throughout this paper.
I=[0,1], I*=][0,1]", I§ =(0,1)™

For a C*-algebra A and a compact space X, XA = C(X — A) is the C*-algebra of
continuous functions on X with values in A, and if X is locally compact, Co(X —

A) is the C*-algebra of continuous functions on X vanishing at infinity. Also we
denote C(X — C) by C(X) and

IA=C(I— A), MA=cCcI" — A)
I A =Co(I§ — A), S"A=C(S8" = A).
Here I" 1 ]IgJrl is identified with the unit sphere S™.

(All the above sets together with the usual pointwise operations, and supremum
norm are C*-algebras).

Definition 2.1. For a C*-algebra A and for ¢t € I | the morphism
ev(t): TA — A, ev(t)f := f(t)
is called the evaluation map.

Definition 2.2 ([8]). Two morphisms «,3: A — B are said to be homotopic
if there exists a morphism H: A — IB called homotopy such that ev(1)H = «
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and ev(0)H = 8. A is a retraction of B if there are morphisms i: A — B and
r: B — A such that ri = id4 and ir is homotopic to the idg. The C*-algebra A
is contractible if its identity map id 4 is homotopic to the zero map.

Definition 2.3 ([10, 12]). Let A and C be two C*-algebras. An extension for
A with respect to C' is a C*-algebra B together with two morphisms « and § for
which the following sequence is exact

0—ABL 0.

Definition 2.4 ([10, 12]). A pull-back for the C*-algebra C' via morphisms
ar: A1 — C and as: As — C is the C*-subalgebra PB of A; & A, defined by
PB = {a1 Days € A ® Ay : a1(a1) = Oég(ag)}.
From now on the pull-back decomposition, notation PB := A; @ As is used all
C

throughout this paper.

Remark 2.5. Since oy and s are continuous maps, PB is closed in A1 & A,
and so it is a C*-subalgebra.

Remark 2.6. It follows from the definition that the pull-back satisfies the fol-
lowing universality properties:
e It commutes the following diagram

PB —2 4 A,

“l l“

A1 L C
(m and 9 are projections onto the first and second coordinates).
e For any C*-algebra D and any two C*-morphisms d;: D — A; and dz: D — A,
satisfying the following commutative diagram

DLAQ

o | e

4, 25 C
there exists a unique C*-morphism A: D — PB which commutes the diagram
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Definition 2.7 ([6]). The noncommutative CW complezes are defined by in-
duction on their dimension as follows.
A NCCW complex of dimension zero is defined to be a finite linear dimensional
C*-algebra Ay corresponding to the decomposition Ag = @, M, of finite di-
mensional matrix algebras.
In dimension n, a NCCW complex is defined as a sequence of C*-algebras
{4y, A1,... A}, where each Aj is obtained inductively from the previous one
by the following pullback construction

0 —— IFFy Ay —— Ay —— 0

| e e

0 — IkF, kE, —2 SF1F, — 0.

In the above diagram, the rows are extensions, F} is some C*-algebra of finite
dimension, d — the boundary map — is the restriction morphism, oy, the connecting
morphism can be any morphism, and finally, pr and 7 are projections onto the
first and second factors in the pullback decomposition

Ay =I§F, @ Ar-r
Sk—lpk

Ezample 2.8. C(I) is a 1-dimensional NCCW complex. To see this, let F; = C,
Ay = Ca®C and A; = C(I), then we have I} Fy = Co((0,1)), '} = C(I), and
SOF, = C @ C. The pullback construction diagram becomes

0 —— Co((0,1)) ol —— CeC —— 0

H [ l

0 — Co((0,1) —— C(I) —2— CHT — 0.

where C(I) is identified with
c={feo(Aepecle(Cal): f(0)=Af(1)=p}
=CcMmEPcCaoc).
CoC

For each f € C(I) and X\, u € C,

n(f @ () = Ao p

p(fe(Aep)=f

of = f(0)& f(1).

Now the sequence {Ag = C® C,4; = C(I)} makes C(I) into a 1-dimensional
NCCW complex. In a similar way we can see that both Cy((0,1]) and Cy((0,1))

are 1-dimensional NCCW complexes. We go back to this construction from a
different point of view in the following sections.
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Remark 2.9 ([12]). Tt follows from the definition of NCCW complexes that for
each n-dimensional NCCW complex A,,, a decreasing family of closed ideals, called
canonical ideals, corresponds

A, =)o D---DI,1 :)In;éO,

where I,, = I} F,, and for each k > 1, I};/I;41 = H’ng. Moreover, for each 0 < k <
n—1, A, /Ip4+1 is a k-dimensional NCCW complex.

Ezample 2.10. For the NCCW complex of C(I), the canonical ideals are
C(l)y=1Iy > I, =I{F, = Cy((0,1)).

The noncommutative analog of simplicial maps between CW complexes are
defined as follows.

Definition 2.11 ([6]). A simplicial morphism from the n-dimensional NCCW
complex A,, into the m-dimensional NCCW complex B,, is a mapping a: A,, — By,

satisfying the following two conditions:

o If
A, =LyoL>---D>I, 1D1,#0

Bm:J()Djlj"'DJm_lij#O

are the sequences of canonical ideals for A, and B,,, then a(l;) C Jy for all k.
Particularly a(f) = 0 for k > m.
e For 0 S k § n, if Ik/-[kfl = ]IISFk, Jk/Jk,1 = ]IISG']C and dki H}SFk — HgGk is
the homomorphism induced by «, then there exist a morphism ¢y, : F, — Gy, and
a homeomorphism i of I¥ such that @y = i ® ok, where i} : Co(If) — Co(IF) is
induced by is,. Here I%F}, is identified with Co(IF) ® F}, and the same for IGy.

The category of NCCW complexes and simplicial morphisms is denoted by
C”LCCU}‘

Remark 2.12. Some facts on simplicial morphisms are stated here. For more

details on the proof, see [12].
1. The kernel and the image of a simplicial morphism are NCCW complexes.

2. The pullback of a NCCW complex C via simplicial morphisms «a: A,, — C
and §: B, — C is a NCCW complex of dimension max{n,m}.

3. If A, and B,, are NCCW complexes of dimensions n,m, respectively, then
their tensor product A, ® B,, is a NCCW complex of dimension n + m.
Moreover, for each k < n, [ < m, the quotient morphism

An®Bm_>Ak®Bl

onto the tensor product of subcomplexes is a simplicial morphism.
3. COFIBRATIONS IN THE CATEGORY NCCW COMPLEXES

In this section, we review the concept of cofibration in the category C;lg from
[13, 14] and modify it to define cofibrations on the category Cpecy. We see how
the C*-algebraic mapping cylinder and mapping cone defined in [13] are obtained
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through the pull back constructions of [12] and study their relation with cofibra-
tions and cofibres in the category Cpce -

The notion of cofibration in the category Cj,, is the C*-algebraic translation of
the concept of fibration for the category Top. It is defined in the following way.

Definition 3.1 ([13, 14]). A morphism f: A — B in the category Cy), is called
a cofibration if it satisfies the following property.

Given a C*-algebra D, a homotopy g: D — IB and a morphism gg: D — A
lifting g at zero, i.e., fgo(x) = g(x)(0), then there exists a homotopy h: D — IA
lifting g, i.e., h(z)(0) = go(x) and f(h(z)(t)) = g(x)(t) for z € D, t € L.

Remark 3.2. A cofibration is surjective [14].

Definition 3.3. A cofibration in the category of NCCW complexes Cycer 1S @
cofibration in the category Cj), which is also simplicial. The kernel of a cofibration
is called a cofiber.

Proposition 3.4. For each NCCW complex A of dimension n, 1A is a NCCW
complez of dimension n+ 1. Moreover, the evaluation map ev(1l): IA — A defined
by f — f(1) is a simplicial morphism and a cofibration (the same is true for ev(to)
for each ty € I).

Proof. 1A can be identified with the tensor product C(I)® A. So it is a NCCW
complex of dimension n+1. A is embedded in A and we can regard A as a NCCW
subcomplex of TA. ev(1) (and also ev(ty) for each tg € ), is a quotient morphism,
and so by the property §3 of remark 2.12, it is simplicial morphism.

To show that it is a cofibration, let D be a C*-algebra and G: D — IA be a
homotopy with a lift go: D — 1A at zero, i.e., (ev(1)go)(d) = G(d)(0) for d € D.
Define the homotopy H: D — I(TA) by

H(d)(t) = fi

ford € D and t € I. Let go(d) = f, then f(1) = G(d)(0). f; must be defined so

that
ev(1)(H(d)(?) =G(d)(t) = fi(1) =G(d)()

H(d)(0) = go(d) = fo=1.

Set .
G(d)(t — 2s) 0<s<
fils) = ’
t f<2 - 25) Los<t
2t 2 =" ="
Now set fi(s) = fi(1 —s).
In the same way we can see ev(tg) is a cofibration. O

Ezample 3.5. Cy((0,1]) is a cofiber. To see this, we notice that C is a zero di-
mensional NCCW complex with the only nonzero ideal C. Now by Proposition 3.4,
C(I) =1IC is a 1=dimensional NCCW complex. Moreover, the evaluation map

ev(0): C(I) — C, f— £(0),
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is a simplicial cofibration. Its kernel is Cy((0,1]) which is the cofiber of this
cofibration. Also from property §; of remark 2.12, Cy((0, 1]) is a NCCW complex.
Its dimension is one, because it is not of finite linear dimension(and so it is not a
0-dimensional NCCW complex). Co([0, 1)) being identical to Cy((0,1]) is a NCCW
complex of dimension one. In a similar way, Co((0,1)) is the kernel of the simplicial
morphism

B: CO((Ov 1]) — C, f'—>f(1)

and so it is a 1-dimensional NCCW complex cofiber.

Definition 3.6 ([13]). For a morphism a: A — B in the category Cj,, the
noncommutative mapping cylinder is defined by

Cylla) ={adfe AdIB: f(1) = ala)}.
Proposition 3.7. For an arbitrary morphism o: A — B between C*-algebras,

the induced morphism p: Cyl(a) — B defined by p(a, f) = f(0) for (a,f) €
Cyl(a), is a cofibration in the category Cy,.

Proof. See [13]. O

Proposition 3.8. If A, and B,, are NCCW complezes of dimensions n,m,
respectively, and if a: A, — By, is a simplicial morphism, then Cyl(«) is a NCCW
complex of dimension max{n,m + 1}.

Proof. Cyl(a) satisfies the following pullback diagram

Cyl(a) —2— 1B,,

WlJ/ lev(l)

A, —%— B,
where 71 and 7o are projections onto the first and second coordinates.
IB,, is a NCCW complex of dimension m + 1, ev(1) and « are simplicial mor-
phisms in the pullback diagram for Cyl(«). Now it follows from Remark 2.12 that
Cyl(a) is a NCCW complex of dimension max{n, m + 1}. O

Definition 3.9 ([9, 13]). For a C*-algebra A, the noncommutative cone over
A, C'A, and the noncommutative suspension of A, SA, respectively, are defined by
CA:={f €l4; f(0) =0}
SA = {f €14; £(0) = f(1) = 0}.
Remark 3.10. It follows that:
e SACCACIA.
e (A is contractible.

e SA is contractible only if A is contractible.
See[15] for details.

Proposition 3.11. For every NCCW complex A of dimension n, the cone C A
and the suspension SA are NCCW complexes of dimension n + 1.
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Proof. This follows from Example 3.5, property §3 of Remark 2.12, and the
following identifications

CA=Cy((0,1])) = A) =~ Co((0,1]) ® A
SA=Cy((0,1)) = A) ~ Cp((0,1)) ® A.
d
Definition 3.12 ([13]). For a morphism a: A — B, the noncommutative map-
ping cone of a is defined by
Cone(a) :={ad fe AdCB: f(1) = ala)}.
Proposition 3.13. If a: A, = B, is a morphism between NCCW complexes
of dimension n and m, then Cone(a) is a cofiber in the category Cpeew. Moreover,

if a is a simplicial morphism, then Cone(a) is a NCCW complex of dimension
max{n, m + 1}.

Proof. By Propositions 3.7 and 3.8, the morphism p: Cyl(o) — B,, induced
by « is a cofibration with Cone(«) as its kernel. So Cone(w) is a cofiber for this
cofibration. Also Cone(a) satisfies the following pullback diagram

Cone(a) —2— CB,,

ml lev(l)

A, —2— Bpn.
where 71 and 7o are projections onto the first and second coordinates.
Since C'B,,, is a NCCW complex of dimension m + 1, ev(1) and « are simplicial
morphisms in the pullback diagram for Cone(a), it follows from Remark 2.12 that
Cone(a) is a NCCW complex of dimension max{n,m + 1}. O

Remark 3.14. Since CB C 1B, so for any *-morphism «, we have the inclusion
Cone(a) C Cyl(a). Also for the zero morphism 0: A — B, we have

Cone(0)={a®fe A CB: f(1)=0} =AdCy((0,1) > b)=AdSB
Cyl(0)={a® fe ADIB: f(1)=0} = A® Cy([0,1) = B) ~ A® CB.
Proposition 3.15. For the morphism a: A — B between C*-algebras, A is a
retraction of Cyl(a).

Proof. Let m: Cyl(a) — A be given by w(a @ f) := a and n: A — Cyl(«) by
n(a) := a®a(a), where a(a) denotes the constant map ¢ — «(a). Then won =id4.
Now let the homotopy ¥: Cyl(a) — ICyl(a) be defined by

Y(a® f): I — Cyl(a), t—a® fi,
where fi: T — B is defined as fi(s) = f((1 — s)t + s) for each s € I. Then we can

see that
P(a® f)(0) =a® f = idgyi(a)(a® f)

Plae f)(1) =as f(1) =a®ala) =nomn(ad f)),
and so n o7 and idgy)(o) are homotopic. O
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4. NONCOMMUTATIVE MAPPING CYLINDRICAL AND CONICAL TELESCOPE

In this part we generalize the notions of noncommutative mapping cylinder and
noncommutative mapping cone. Conditions for the existence of their NCCW com-
plex structure are specified. It is seen that they provide examples of NCCW
complex cofibers. Their topological properties are studied in detail.

Definition 4.1. For a sequence of length n of C*-algebras

[e51 Qg QAn—1 Qp
Al A2 e An An+1 )

the NC mapping cylindrical telescope is defined by
T, ={a® fo®  ®fnr1 €A DIA - OlA 1

feri(l) =aroag_10---oai(a),k=1,2,...,n}.
Since each ay, is continuous, T}, is a closed subalgebra of the C*-algebra A; &

[As & --- ®1A,,41, and hence is itself a C*-algebra. Also we note that for n = 1,
T1 = Cyl(al)

Proposition 4.2. For each n > 2, T,,_1 is a retraction of T,.

Proof. The proof is done by induction on n. For n = 1, let By: T} — Aj
be defined by fBa(a @ f2) = ag o ai(a). Then fs is a C*-morphism and from
Proposition 3.15, T} is a retraction of Cyl(f2). But Cyl(82) = T3, since

Cyl(B2) ={(a® f2) ® f3 € 1 1Az : B2(a @ f2) = f3(1)}
— {a @ f2 @ f3 c A1 @ ]IAQ EB]IAg, N fg(l) = Oél(a),f3(1) = (¥ © al(a)}
=Ty

Now by induction, if we define 8,,: T,—1 — Anq1 by Bpn(a ® fo® - & f,) =
Qp 0 Qp_10---0ay(a), we see that T;,_1 is a retraction of T,,. O

Corollary 4.3. For the sequence of Definition 4.1, A1 is a retraction of T,,.

Proof. From the Proposition 4.2, T, retracts to T3 = Cyl(a;) and since by
Proposition 3.15, Cyl(ay) retracts to Ay, so A; is a retraction of T),. O

Corollary 4.4. For the sequence of Definition 4.1, Ko(A1) = Ko(Ty) =+ =
Ko(Ty).

Proposition 4.5. For the sequence of Definition 4.1, if iy © Qp—1 © -+ 0
A, = 0 for some k < m <n, then

n+1

T, ~ m,l@( @ CAZ-).

i=m-+1
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Proof.
T,={00f @  ®fa1 €A BIAG - OlAy :
Jeri(l) =agoagq10---oai(a), k=1,2,...,n}
:{a@fz@"'@fn.HGAl@HA2@~~EB]IAn+1:
fre1(l) =agoag_10---oai(a), 1 <k<m, fry1(1) =0, m <k <m}
ZTm_l@CAm+1@"‘@CAn+1.
O

QAn—1

Corollary 4.6. For the exact sequence Ay~ Ay 22 ... 5 A, 2% A0
of length n, T, ~ T,,_1 ® CA,41 and in particular,

T, ~ Cyl(ay) ® (%50/&).
i=3

Qn—1

Proposition 4.7. If A, —— A, —= A, 2 Angy s

a sequence of simplicial morphisms between NCCW complexes of dimensions
mi,ma,...,Muyp1 then T, is a NCCW complex of dimension max{mi,1 + maq,
1—|—m3,...,1—|—mn+1}.

Proof. Since ay: Ay — As is a simplicial morphism, by Proposition 3.8, T} =
Cyl(ay) is a NCCW complex of dimension max{m,1 + mo}. Let B3: T} — A3
be the *-morphisms of Proposition 4.2. Since a1 and as are simplicial morphisms,
then so is B2, and Ty = Cyl(fs) is a NCCW complex of dimension max{max{m;,
14+ mo}, 14+ m3} = max{mi,1+ ma, 1+ ms}. Inductively, the morphism

6n:Tn—1—>An+la a@fZ@"'@fnHanoan—lo"'oal(a)
is simplicial, and so T,, = Cyl(3,) is a NCCW complex of dimension max{m;,

1+m2,1+m3,...,1+mn+1}. D

Qn,

Definition 4.8. Let A; 2% A, 22 ... 2228 4 %m0 4 be a sequence of
morphisms between C*-algebras. The NC mapping conical telescope is defined as
T.C={a® fo® D frn1 €A1 DCA D - DCA, 41 :

fer1(1) =agoag_10---oai(a),k=1,2,...,n}.
As in the case Ty, for n = 1, T1C' = Cone(ay).
Proposition 4.9. For the sequence of Definition 4.1, if oy, © Q10 -+ 0
Qm—k, =0 for some k <m < n, then

n+1
T,C =T, 1C & ( D SAi).

1=m-+1
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Proof.
T,C0={a®fo® D fay1 €A BCAID - ®CApy1
fre1(l) =agoag_10---oaifa), k=1,2,...,n}
={a® 0  Bfup1 €EABCAG- - BCAL 1 :
Jer1(l) =agoag_10---oai(a), 1<k <m, frpi(l) =0, m <k <m}
=T 1C®SAni1®- & SAu1.
]

Corollary 4.10. If the sequence of definition 4.1 is exact, then T,,C =T,,_1 &
SAni1, and in particular,

T,,C = Cone(ay) & (%5 SAi).
1=3

Proposition 4.11. For each sequence of length n > 1, there is an exact se-
quence

0—SA, 11 —T,C—T,1—0

Proof. Let i: SA,+1 — T,C be the inclusion morphism f+— 05 0&®--- & f
and 7: T,,C — T,,_1C be the projection a ® fo ®--- & fr1—ad® fod - D fn,

then kerm = i(SAn41). O
Proposition 4.12. For each sequence of length n, there exists an exact sequence
n+1
0—>T,LC—>Tn—>@Ak—>O.
k=2

n+1
Proof. Let i: T,C — T, be the obvious inclusion and p: T,, — @ Ax be
=2

k
defined by p(a ® fo & - ® fnt1) i= f2(0) B - ® fr41(0). Then kerp =T,C. O
Proposition 4.13. Let
(4.1) A 4, 2

Qn—1

Qn
An An+ 1

be an arbitrary sequence of length n of C*-algebras, then:
e All the morphisms

pj:Tn = Aj, pi(ad fo® & fr1) = f5(0)
for j=2,....,n+1 are cofibrations.
e The morphism p: T,, = Aa @ -+ ® Apy1 defined by
pa® fo® @ fur1) = (f2(0) 8- & frr1(0))

s a cofibration.
o T,C is a cofiber of the cofibration p.
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Proof. Fix j. Let a homotopy G: D — IA; and a lift go: D — Tj,, of G at zero
be given. So p;go(d) = G(d)(0) for d € D. Write go(d) = (a @ fo®, ..., B fnt1) S0
that for k=1,2,...,n,

Jry1(l) =agoag_q0---0ay(a).
From the lifting property of go, f;(0) = G(d)(0). Let the lift H: D — IT,, for G,
be defined by
H(d)(t) = (a ) k27t@, ey @kn-i-l,t)'
To fulfil the homotopy lifting properties H must satisfy
e p;i(H(d)(t)) =G(d)(t) ford € D and t €I, i.e., k;+(0) = G(d)(1).
o H(d)(0) =go(d), ie., kio=fifori=2,...,n+1.
To complete the definition of the homotopy H, for i =2,...,n+ 1, set

G(d)(t — 2s) 0<s< t
2

ie(s) = 2% —t '
f"(2—t) gsssl

for s € IL.
So p;s are cofibrations. This completes the first part of the proposition.
For the second part as in part one, let

G:D—=I(Ar @ D Apt1)
be a homotopy with go: D — T;, as its lift at zero. Define the homotopy
H: D — 1T, H(d)(t) =(aB kot D B knt1,t)
where
go(d)=(a& f2® @ fat1)
and for k=1,2,...,n,
fur1(1) = agoag_10---om(a)

Let G(d)(t) = (g2t ® -+ @ gnt1,4). Fori =2,...,n+ 1, define

¢
git(t —2s) 0<s< =
; 2
Fie(s) = 95—t t
- Peg<n.
f’(2—t) g ==

Then H satisfies the properties of the homotopy lift for G.
The third part of the proposition follows from the fact that the mapping conical
telescope T;,C is the kernel of the cofibtation p. So it is a cofiber by definition. O

The following proposition studies the K-theoretic behaviour of mapping cylin-
drical and conical telescope. For more details on K-theory and C*-algebras, we
refer to [15].
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Proposition 4.14. For each sequence of length n, there exists a cyclic six term
exact Sequence,

=2

1 l

@ Ki(4;) +«—— Ki(T,) +— Ki(T,,0).

n+1 n+1 n+1
Proof. Since T,,C'is anideal in T}, T, /T,,C = € A;, KO( é Ai) = @ Ko(4))
i=2 i=2 i=2

n+1 n+1
and K1 ( @ A;) = @ K1(4;), the exactness of the six term sequence follows from
i=2 i=2

15, 9.3.2]. O

An—1

Proposition 4.15. If Ay =% Ay, 22 ... 2L A, 2 A, is a sequence of

simplicial morphisms between NCCW complexes of dimensions my,mao, ..., Myi1,
then T,,C is a NCCW complex of dimension max{my, 1+ma, 1+ms, ..., 1+myi1}.

Proof. Since ay: A1 — As is a simpicial morphism, by Proposition 3.13 , T1C =
Cone(ay) is a NCCW complex of dimension max{my,1+mso}. Let 2: T1C — A3
be defined as 5(a® f2) = asoaq(a). Since ay and aw are simplicial morphisms, then
so is f2, and ToC' = Cone(f2) is a NCCW complex of dimension max{max{m,
14+ mo}, 14+ m3} = max{mi,1+ ma, 1+ ms}. Inductively, the morphism

Bn:Tnflc_>An+17 a@f2®"'@fnHanoanflo"'oal(a)

is simplicial, and so T,,C = Cone(,,) is a NCCW complex of dimension max{mj,
1—|—m2,1—|—m3,...,1—|—mn+1}. |:|
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