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ON INCLUSION PROBLEMS INVOLVING CAPUTO AND
HADAMARD FRACTIONAL DERIVATIVES

B. AHMAD, S. K. NTOUYAS" anp J. TARIBOON

ABSTRACT. In this paper, we study the existence of solutions to new inclusion prob-
lems involving both Caputo and Hadamard fractional derivatives, and separated
boundary conditions. We apply the modern tools of the fixed point theory to study
the cases when the multi-valued map (the right hand-side of the inclusions) takes
convex as well as non-convex values. Examples illustrating the abstract results are
also presented.

1. INTRODUCTION

Recently, a great interest there has been shown in the area of differential equations
and inclusions with non-integer order, since fractional order models are found to
be more informative and practical than the ones with integer-order. Fractional
order differential operators can describe the memory and hereditary properties of
systems and processes in view of their nonlocal characteristic. Many books and
monographs are devoted to the development of fractional calculus, for instance,
see [4, 18, 20, 23, 25, 27] and references therein. For applications of fractional
calculus in other fields such as science, engineering and technology, we refer the
reader to [10, 15, 20, 22]. Differential equations, and inclusions equipped with
various boundary conditions are widely investigated by many researchers; for de-
tails and development of the topic, for example, see the papers [1, 2, 3, 5, 13, 24]
and the references cited therein.

In a recent work [26], the authors studied the existence and uniqueness of
solutions for the boundary value problems:

(1) CDP (M D)(t) = f(t,x(1)), teJ:=la,b],
1
a1z(a) + ax (! D) (a) = 0, Bra(b) + B2( Diz)(b) = 0,
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and

2) HDUCDP)(t) = f(t,2(1)), ted,
2
arz(a) + ax(¢DPx)(a) = 0, Brz(b) + B2(¢ DPx)(b) = 0,

where © DP and ¥ D? are the Caputo and Hadamard fractional derivatives starting
at a point a > 0, of orders p and ¢, respectively, 0 < p,¢g <1, fJ xR - Risa
continuous function and «;, 8; € R, 1 =1, 2.

In the present paper, we cover the multi-valued case of the problems addressed
in [26]. In precise terms, we investigate the inclusion problems:

CpP(H Dig)(t) € F(t,x(t)), teJi=lab],
¥ a1z(a) + az( Diz)(a) = 0, Bix(b) + B DIz)(b) = 0,
and

HDa(CDPa)(t) € F(t, x(t)), teJ=lab],
W a12(a) + a(CDPz)(a) = 0, Bix(b) + B2(CDPz)(b) =0,

where F'J x R — P(R) is a multi-valued map (P(R) is the family of all nonempty
subsets of R) and all other constants are the same as in problems (1) and (2).

We derive the existence results for the inclusion boundary value problems (3)
and (4) with the aid of standard fixed point theorems for multi-valued maps. In
case of convex valued right-hand side of the inclusions, we use Leray-Schauder
nonlinear alternative for multi-valued maps. In the case when F' is not necessarily
convex valued, we apply nonlinear alternative of Leray-Schauder type for single-
valued maps together with the selection theorem due to Bressan and Colombo
for lower semi-continuous maps with decomposable values. Finally, in the case of
nonconvex valued right hand side of the inclusions, we apply a fixed point theorem
for multivalued contractions due to Covitz and Nadler.

The rest of this paper is organized as follows. In Section 2, we recall some def-
initions and preliminary results about multi-valued maps and fractional calculus,
related to our work. Section 3 contains the main results for the boundary value
problems (3) and (4). Illustrative examples are presented in Section 4.

2. PRELIMINARIES

In this section, we introduce notations and preliminary facts that are used through-
out this paper.

2.1. Fractional Calculus

Here, we recall the definitions of the Riemann-Liouville fractional primitive and
derivative [18], [25].
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Definition 2.1. For an at least n-times differentiable function g [a,00) — R,
the Caputo derivative of fractional order ¢ is defined

1 t
C n—q—1,(n) d — = +
D1 t_i/ t—s q g( s)ds, n—1<g<n, n q 1,

where [g] denotes the integer part of the real number q.

Definition 2.2. The Riemann-Liouville fractional integral of order g of a func-
tion g [a,00) — R is defined

RL 1q 1 ! g(s) s
1) = 55 |, gapdn 020

provided the integral exists.

Definition 2.3. For an at least n-times differentiable function g [a,00) — R,
the Caputo-type Hadamard derivative of fractional order g is defined

1 ¢ tyn—a-1 ds
A pa :7/ log - "g(s)— -1 = 1
g(t) =g /. ( ogs) 0"g(s) S n <g<n, n=][q+1,

where § = t%, log(-) = log,(-).

Definition 2.4. The Hadamard fractional integral of order ¢ is defined

Mrag(t) = ﬁ /at (log E)q_lg(s)ﬁ, q>0,

S S

provided the integral exists.

Lemma 2.5 ([18]). For q > 0, the general solution of the fractional differential
equation © Dlu(t) = 0 is given by

u(t) =co+cr(t—a)+...+cp1(t—a)"

where c; €R, i =0,1,2,...,n—1 (n=[g] + 1).

In view of Lemma 2.5, it follows that

RLIYC D) (t) = u(t) +co+cr(t —a) + ... +cn1(t —a)" !

for some ¢; €R,i=0,1,2,...,n—1, (n=[g] + 1).

Lemma 2.6 ([17]). Let u € AC}[a,b] or C}la,b], and q € C, where C§|a,b] =
{g[a,b] = C : 6" 1g(t) € AC|a,b]}. Then

HI9("Du(t) = u(t) — ) ewllog(t/a))”,

wherec; €R, i =0,1,2,...,n—1, (n=1[¢] +1).
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In order to define the solution of the boundary value problem (1), we consider
its linear variant
Cpr(H D) (t) = y(t), teJ,
®) arz(a) + azx( Di2)(a) = 0, Brx(b) + B2 (2 D9z)(b) = 0,
where y € C(J,R).
Lemma 2.7 ([26]). Let

(log(b/a))*
I'(g+1)
Then the unique solution to the separated boundary value problem of sequential
Caputo and Hadamard fractional differential equation (5) is given by the integral

equation

(6) Q= pras — oy (51 + 52) #0.

o 0 B ) e

+HpaBEy) (1), ted
Next, we consider the linear variant of problem (2)

Hpa(CDPz)(t) = 2(t), ted,
0 )

arz(a) + az(Y DPx)(a) = 0, B2 (b) + B2(€ DPx)(b) = 0,
where z € C(J,R).

Lemma 2.8. [26] Let

(9) V= frag — g (51% + 62) £ 0.

Then the unique solution of the separated boundary value problem of sequential
Caputo and Hadamard fractional differential equation (8) is given by

o) = o (“f(p_f)f) —ax) [B1 BEP(TI2)(0) + B3 10 (0)

+ REpp (T (1), tel

(10)

2.2. Multivalued Analysis

Let C'(J,R) denote the Banach space of continuous functions x from J into R with

the norm ||z|| = sup{|z(¢)| : t € J}. By L'(J,R), we denote the Banach space of

Lebesgue integrable functions yJ — R endowed with the norm ||y||;: = f; ly(t)|dt.
Let (X, - ||) be a Banach space. A multi-valued map F' X — P(X):

(i) is convex (closed) valued if F'(z) is convex (closed) for all z € X
(ii) is bounded on bounded sets if F(B) = |,z F(x) is bounded in X for all
bounded set B of X, i.e., sup,cp{sup{|y| : y € F(x)}} < oo,



ON INCLUSION PROBLEMS 173

(iii) is called upper semi-continuous (u.s.c for short) on X if for each zp € X
the set F'(x¢) is nonempty, closed subset of X, and for each open set U of
X containing F'(xg), there exists an open neighborhood V of xy such that
FOV) U,

(iv) is said to be completely continuous if F'(B) is relatively compact for every
bounded subset B of X,

(v) has a fixed point if there exists # € X such that z € F(x).

For each y € C(J,R), the set
Spy ={f € L'"(J,R): f(t) € F(t,y) for a.e. te J}

is known as the set of selections for the multi-valued map F.

In the following, by P,, we mean a set of all nonempty subsets of X which
have the property “p,” where “p” stands for bounded (b), closed (cl), convex (c),
compact (cp), etc. Thus Py(X) = {Y € P(X) : Y is closed}, Pp(X) ={Y €
P(X) : Y is bounded}, P.p(X) = {Y € P(X) : Y is compact}, and Pgpo(X) =
{Y € P(X) : Y is compact and convex}. Let the graph of G be defined by the
set Gr(G) = {(z,y) € X x Y,y € G(x)} and recall two useful results concerning

closed graphs and upper-semicontinuity.

Lemma 2.9 ([9, Proposition 1.2]). If G X — Py(Y) is u.s.c., then Gr(G) is
a closed subset of X XY, i.e., for every sequence {xy,}nen CX and {y,}nen C Y,
if T = Tu, Yn — Ys, and y, € G(z,) when n — oo, then y, € G(xy). Con-
versely, if G is completely continuous and has a closed graph, then it is upper
Semi-continuous.

Lemma 2.10 ([21]). Let X be a separable Banach space. Let F [0,T] x R —
Pep.c(X) be an L'-Carathéodory multivalued map and let © be a linear continuous
mapping from L*(J,X) to C(J, X). Then the operator

©0Sp C(J, X) = Pep,o(C(J, X)), = (©08p)(r) =O(SFay)
is a closed graph operator in C(J, X) x C(J, X).
For more details on multi-valued maps and the proof of the known results

cited in this section, we refer the interested reader to the books by Deimling [9],
Gorniewicz [12], and Hu and Papageorgiou [16].

3. EXISTENCE RESULTS

Before stating and proving our main existence results for problems (3) and (4), we
give the definition of its solution.

Definition 3.1. A function x € C(J,R) is said to be a solution of the problem
(3) [of the problem (4)] if there exists a function v € L*(J,R) with v(t) € F(t,z)
a.e. on J such that z satisfies the differential equation ©DP(H Dix)(t) = v(t)
[H D1(° DPz)(t) = v(t)] on J and the boundary conditions a1 x(a)+az(¥ Dix)(a) =
0, B12(b) + B2(T D1x)(b) = 0 [ar2(a) + az (¢ DPx)(a) = 0, Biz(b) + B2(C DPx)(b) =
0], respectively.
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Now, we set some notations for sequential Riemann-Liouville and Hadamard
fractional integrals of a function with two variables as

P00 = gy [ (%) 6= e

and

SO = o [ s (o)

where u € {t,b}. Also, we use these notations for single Riemann-Liouville and
Hadamard fractional integrals of orders p and ¢, respectively.
For computational convenience, we put

1 (og(b/a))
(11) Ql‘\m(' )
+ 1T IP (1)) (0),

q—1

Flre(r) s,

+ laal) 18] FTRED (1) (0) + |B2] REI(1)0)]

and

. 1 (b—a)P p(H 7q q
1 @ (o gy * leel) 1811 PFrr (1) 0) 1321 Mo ()0)]

+ BLIP(HT9(1))(b).

3.1. The Upper Semicontinuous case

Our first result, dealing with the convex-valued F, is based on Leray-Schauder
nonlinear alternative.

Lemma 3.2 (Nonlinear alternative for Kakutani maps [14]). Let E be a Banach
space, C' a closed convex subset of E, U an open subset of C', and 0 € U. Suppose
that F U — P..cy(C) is a upper semicontinuous compact map. Then either

(i) F has a fived point in U, or
(ii) there is u € OU and p € (0,1) with u € puF(u).

Definition 3.3. A multivalued map F'J xR — P(R) is said to be Carathéodory
if
(i) t — F(t,z) is measurable for each x € R, and
(ii)  +— F(t, ) is upper semicontinuous for almost all ¢ € J.
(iii) Further a Carathéodory function F is called L!-Carathéodory if for each
p > 0, there exists ¢, € L'(J,RT) such that ||F(t,z)|| = sup{|v] : v €
F(t,z)} < ¢,(t) for all z € R with [|z]| < p and for a.e. t € J.

Theorem 3.4. Assume that:

(H1) FJ xR = Pepe(R) is L'-Carathéodory

(Hg) there exists a continuous nondecreasing function ¢ [0,00) — (0,00) and a
function p € C(J,R") such that
|E(t, z)||p :=sup{|y| : y € F(t,x)} < p(t)Y(||x]|) for each (t,x) € J x R,
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(Hs) there exists a constant M > 0 such that
M

— >
Dy (M)]lpll
where 0y is given by (11).

L,

Then the boundary value problem (3) has at least one solution on J.

Proof. Firstly, we transform the problem (3) into a fixed point problem. Con-
sider the multi-valued map: N C(J,R) — P(C(J,R)) defined by

he C(JR):
N(z) = h(t) = é(al(lli)iy-i/-al}) - Oéz) {51 H pa(RL 1py) (b)
+

+ B REIPu(b) | + TIU(REIP)(2)

for v € Spz.

It is clear that fixed points of N are solutions of problem (3). So, we need to
show that the operator N satisfies all condition of Lemma 3.2. The proof is given
in several steps.

Step 1. N(x) is convex for each x € C(J,R).

Indeed, if hi, ho belong to N(z), then there exist vi,vs € Sp, such that for

each t € J, we have

M@@Jﬁﬁ?f”ﬂ&HmMme+mRW%mﬂ

+ "By (), i=1,2.
Let 0 < 6 < 1. Then, for each t € J, we have
[0h1 + (1 — 0)ha](2)

- gg(aloﬁifiﬁ?q“az)b%qu“”fpwvﬂs>+<1-—9ﬁa<@n<m

+ 82 TP (5) + (L= a9 + 1L B0 (5) + (1= O)ua(s)) (1)

Since F has convex values (Sp, is convex), therefore, Ohy + (1 — §)he € N(z).
Step 2. N(x) maps bounded sets (balls) into bounded sets in C(J,R).

For a positive number 7, let B, = {& € C(J,R) : ||z|| < r} be a bounded ball
in C(J,R). Then, for each h € N(z),z € B,, there exists v € Sp, such that

1/ (log(t/a))”
W*ﬁﬂ“?@?ﬁ
+ " 19(RETPy) (2).

—az) |81 P10 () + By PI7u(0)]

In view of (Hs), for each t € J, we have

)1 < s (1o L o) [130] 7122 o(s) ) 8+ 1] 7o)

+ (T u(s))(0)
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I'(g+1)
n Hﬂ(“f?(l»(b)}||p||w<||x||>

< ullpll¥(r),
which yields

< { g (ol SRl 1) 2"  0) 0+ ] (1))

171 < Qullpll(r).
Step 3. N(x) maps bounded sets into equicontinuous sets of C(J,R).

Let x be any element in B, and h € N(x). Then there exists a function v € Sg
such that for each t € J, we have

h(t) = 1(Q1W . ag) [ﬁl H 1a(RLTPy) (1) + By RLJPU(b)]

Q
+HIq(RLIpU)(t).
Let 7, 70 € J, 71 < T9. Then

[(72) = (7))

= |Q|r|?q|+1> (log(72/a))" — (tog(ra/a))?| {|8: " I*(** 7o) (0)

+ 152 RLI”(IUI)(b)} + [T () (r2) =TT (0)) () |

llpllv(r)]a] . Hoa RL 1
SW' log(ra/a))? — (tog(r /)| {61] #17(RE1P(1))(0)

+ 1B P (1)(b )} +lpll(r) [T 1412 (1)) (r2) = T T(FEIP(1)) (1))

The right hand of the above inequality tends to zero independently of = € B, as
T — T2.

As a consequence of Steps 1-3 together with Arzeld-Ascoli theorem, we conclude
that N C(J,R) — P(C(J,R)) is completely continuous.

Since N(z) is completely continuous, in order to prove that it is u.s.c., it is
enough to prove that it has a closed graph by Lemma 2.9, which is done in the
next step.

Step 4. N has a closed graph.

Let 2, = %y, hy, € N(2), and h, — h,. We need to show that h, € N(z.).

Now h,, € N(z,) implies that there exists v,, € Sr, such that for each ¢t € J,
q
1 ( ) (log(t/a))) az) |:61 qu(RLIpUn)(b) + Bo RLIpUn(b)}

n () = o\ I'(g+1

+ Ha(RE 1Py, ) (1).

Therefore, we must show that there exists v, € Sg,, such that for each t € J,

AL

+ Ha(REPy, ) (1).
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Consider the continuous linear operator © L'(J,R) — C(J,R) defined by
1 (log(t/a))? H rq(RL RL
O(0)(t) = & (a1 Lo — az) [B1 FIU(RE )b 1o (b)]
b= O()(1) = g (on N — ) [0 M1 B) + 2 BET0)
+ Ha(REPy) ().
Observe that ||hy, (t) —h«(t)|| — 0 as n — oo, and thus it follows by Lemma 2.10
that © o Sg, is a closed graph operator.
Moreover, we have
hn, € O(SFz,,)-
Since x,, — x,, Lemma 2.10 implies that

1) = g (en Tt — ) [0 ML) 0) 4 62 0]

(AL, ) 1
for some v, € Sp g,
Step 5. We show there exists an open set U C C(J,R) with x ¢ AN(z) for any
A€ (0,1) and all x € OU.
Let A € (0,1) and @ € AN(z). Then there exists v € L'(J,R) with v € Sp,
such that for t € J, we have
1 (log(t/a))?
) = A= (g L
x(t) )\Q<oz1 T(g+1)

+ A A 19(REPy) (2).

In view of (Hj), for each ¢t € J, we have

—az) |81 FIUE ) () + By PI7u(0)]

o(0) < 77 (Ionl AL + el [ 18] 17 (71u(5) 0

+ |82l FEIPo(s)|(0)] + T (RE I u(s) ) (2)

L (1 (os(b/a))? a(RL
< {m('o‘l'ﬂqm + fawal) [182] 71 PE I (1)) ()

18] Q0] + 11 0)0) ol lel)
= ullplv (e,

which can alternatively be written as

ol
Quv(zNlel =

In view of (H3), there exists M such that ||z|| # M. Let us set
U={zeC(J,R):|z|| < M}.

The operator NU — P(C(J, R)) is a compact multi-valued map, u.s.c. with convex
closed values. From the choice of U, there is no x € U such that z € AN(z) for
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some A € (0,1). Consequently, by the nonlinear alternative of Leray-Schauder
type (Lemma 3.2), we deduce that N has a fixed point « € U which is a solution
of the boundary value problem (3). This completes the proof. O

Corollary 3.5. Assume that (Hy), (Hs), and the following condition hold:
(H3)* There exists a constant M* > 0 such that
M* 1
REENI
where Q7 is given by (12).
Then the boundary value problem (4) has at least one solution on J.

3.2. The lower semicontinuous case

In this subsection, we study the case when F' is not necessarily convex valued by
applying the nonlinear alternative of Leray-Schauder type together with a selec-
tion theorem by Bressan and Colombo [6] for lower semi-continuous maps with
decomposable values.

Definition 3.6. Let A be a subset of I xR. A is £L® B measurable if A belongs
to the o-algebra generated by all sets of the form [J x D, where [J is Lebesgue
measurable in I and D is Borel measurable in R.

Definition 3.7. A subset A of L'(I,R) is decomposable if for all u,v € A
and measurable J C I, the function ux s + vxr—7 € A, where x 7 stands for the
characteristic function of J.

Lemma 3.8 ([6]). Let Y be a separable metric space and let NY — P(L*(I,R))
be a lower semi-continuous (l.s.c.) multivalued operator with nonempty closed and
decomposable values. Then N has a continuous selection, that is, there exists a
continuous function (single-valued) h'Y — L'(I,R) such that h(z) € N(z) for
everyxr €Y.

Theorem 3.9. Assume that (Hs), (H3), and the following condition hold:

(Hy) FJ xR — P(R) is a nonempty compact-valued multivalued map such that
(a) (t,z) — F(t,x) is L ® B measurable,
(b) ©— F(t,x) is lower semicontinuous for each t € J.

Then the boundary value problem (3) has at least one solution on J.

Proof. It follows from (Hs) and (Hy) that F is of Ls.c. type [11]. Then, by
Lemma 3.8, there exists a continuous function v C*(J,R) — L'(J,R) such that
v(z) € F(z) for all v € C(J, R), where FC(J xR) — P(L'(J,R)) is the Nemytskii
operator associated with F' defined by

F(v) ={w e L'(J,R) : w(t) € F(t,v(t)) for ae. t € J}.

Consider the problem

“DP(FD2)(t) = f(x(t)), tel,
(13)
a1z(a) + ao (' D) (a) = 0, Brz(b) + B2 D2)(b) = 0.
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Note that  is a solution to the boundary value problem (3) if z € C'(J,R) is a
solution of (13). In order to transform the problem (13) into a fixed point problem,
we define an operator N

Na(t) = g (on AL —aa) [0 111 (0(5)) )

+ B2 RLIpf(x(S))(b)] + I (EIP £ (a(s) (D).

It can easily shown that N is continuous and completely continuous. The remain-
ing part of the proof is similar to that of Theorem 3.4. So, we omit it. This
completes the proof. O

Corollary 3.10. Assume that (Hs),(Hs)*, and (Hy) hold. Then the boundary
value problem (4) has at least one solution on J.

3.3. The Lipschitz case

Here, we prove the existence of solutions for the boundary value problem (3)
with a nonconvex valued right hand side by applying a fixed point theorem for
multivalued map due to Covitz and Nadler [8].

Let (X, d) be a metric space induced from the normed space (X ||-||). Consider
HyP(X)xP(X)— RU{oo} given by

Hy(A, B) = max{supd(a, B),supd(A,b)},
a€A beB

where d(A,b) = inf,e 4 d(a;b) and d(a, B) = infpep d(a;b). Then (P a(X), Hy)
is a metric space (see [19]).

Definition 3.11. A multivalued operator N X — P (X) is called
(a) 0-Lipschitz if and only if there exists 6 > 0 such that
Hy(N(z), N(y)) < 0d(x,y) for each z,y € X,
(b) a contraction if and only if it is 6-Lipschitz with § < 1.
Lemma 3.12 ([8]). Let (X,d) be a complete metric space. If N X — Py (X)

is a contraction, then FizN # (.

Theorem 3.13. Assume that the following conditions hold:

(Hs) F'J xR = Pep(R) is such that F(-,z) J — Pep(R) is measurable for each
xR,

(Hg¢) Hu(F(t,x),F(t,%)) < m(t)|z — Z| for almost all t € J and z,T € R with
m € C(J,R") and d(0, F(t,0)) < m(t) for almost all t € J.

Then the boundary value problem (3) has at least one solution on J if
Mfm| <1,

where Qy is given by (11).
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Proof. We transform the boundary value problem (3) into a fixed point problem
by considering the operator N C(J,R) — P(C(J,R)) defined in the beginning of
the proof of Theorem 3.2. The proof will be complete once it is shown that the
operator N satisfies the assumptions of Lemma 3.12. This established in two steps.
Step I. N(x) is nonempty and closed for every v € Sp ;.

Since the set-valued map F(-,x(-)) is measurable by the measurable selection
theorem (e.g., [7, Theorem IIL.6]), it admits a measurable selection v J — R.
Moreover, by the assumption (Hg), we have

[o(®)] < m(t) +m(t)]z(t)],

i.e., v € L'(J,R), and hence F is integrably bounded. Therefore, Sg, # 0.

Next, we show that N(z) is closed for each x € C(J,R). Let {uy}n>0 € N(2)
be such that w, — u, (n = o0) in C(J,R). Then v € C(J,R) and there exists
Vp, € SF g, such that for each ¢t € J,

up(t) = 1(0[1(11?%:1(?1&1)))(1 _ az) [51 Hpa(RL 2y ) (b) + B REIP0,(b)

+ HI9RE Py (1),

As F has compact values, we pass onto a subsequence (if necessary) to obtain
that v, converges to v in L*(J,R). Thus v € Sg, and for each t € J, we have

1 (a (log(t/a))?
o\"' T(g+1)

+ 9L [Py) (1),

un(t) = o(t) = o) [B1 LU IO)(6) + By PEIT0(b)|

Hence u € N(z).
Step II. There exists 0 < 0 <1 (0 = Qq|lm]|) such that

Hy(N(z),N(z)) < 0|l — T for each z,z € C(J,R).

Let 2,Z € C(J,R) and hy € N(z). Then there exists vy (t) € F(¢,z(t)) such that,
for each t € J

1/ (log(t/a))?
() = ﬁ(alm -

+ HT9(RE Py (1).
By (Hg), we have
Ha(E(t,2), F(t,7)) < m(t)]z(t) - z(t)].
So, there exists w(t) € F(t,Z(t)) such that
lv1(¢) — w| < m(t)|z(t) — Z(t)|, teld
Define U J — P(R) by
U(t) = {w € R [vi(t) — w| < m(t)]x(t) — Z(t)|}-

ag) [ﬁl H1a(RE TPy ) (B) + B #2170y (b)
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Since the multivalued operator U(t) N F(t,Z(t)) is measurable ([7, Proposition

IT1.4]), there exists a function vy(t) which is a measurable selection for U. So

va(t) € F(t,z(t)) and for each t € J, we have |v1(t) — v2(t)| < m(t)|x(t) — Z(t)].
For each t € J, let us define

ha(t) = é(w% = a) [B1 T EI0) (8) + B R IPua(b)

4+ HT9(RE Py (1).
In consequence, we get

(log(b/a))*

1
|h1(t) — ha(t)] S@(ml' L(g+1)

+ laal) 18] FI1(RE P ug(s) = w1 (5)]) (B)
+1B2] 1P ua(s) = vi()|(B)] + P IR I ua(s) — vi(s)]) (D)

L a (log(b/a))? o Hyq(RL 1p
< { g (LR 4 el ) [1n] 272 a0

15l )] + 110 Himle - 3

Hence
71 = hall < Qamllf|]x — Z|.
Analogously, interchanging the roles of x and T, we obtain

Ha(N(z), N(z)) < Q[ml[[|z — ]

Since N is a contraction, it follows by Lemma 3.12 that N has a fixed point x
which is a solution of (3). This completes the proof. O

Corollary 3.14. Assume that (Hs) and (Hg) are satisfied. Then the boundary
value problem (4) has at least one solution on J, provided that QF||m| < 1, where
Q75 is given by (12).

4. EXAMPLES

Example 4.1. Consider the following Caputo and Hadamard fractional differ-
ential inclusion with separated boundary conditions
1 8}
3730

L) 2em )0 b H0m )
Here p=1/2,¢=2/3,a=1/3,b=238/3, a1 = 3/4, ag = 2/5, 1 =1/6, and

B2 = 5/7. Using the given values, we find that |Q| ~ 0.6946321201, %L 1'/2(1)(8/3)
~ 1.723627649, 7 12/3 (RLT1/2(1)) (8/3) ~ 1.908401883, and Q; ~ 5.819227275.

" Cp/? (HD2/3x) € F(t,z(t)), te {
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(i) Consider the multivalued map F'[1/3,8/3] x R — P(R) given by

2

2
e 1 |z[® o i
15 F(t = 2/
(15) @ = F(tz) {2(25+t2)’17+3t<2(1+|:r|)+1+|f”‘+2)}

Clearly the multivalued map F satisfies condition (H;) and that

1 1 1
Pl < gy (3024 bl + 5 ) = ple)s(al

which yields ||p]| = 1/18 and ¥(||z]|) = (1/2)|z||*> + ||=|| + (1/2). Therefore,
the condition (Hs) is fulfilled. By direct computation, there exists a constant
M € (0.254319013, 3.932069367) satisfying condition (Hs). Hence all assumptions
of Theorem 3.4 hold and hence the problem (14) with F' given by (15) has at least
one solution on [1/3,8/3].

(ii) Let the multivalued map F'[1/3,8/3] x R — P(R) be defined by

1 2% + 2|z 1
(16) x%F(t,x){O,S_’_lzt( ] )*40]'
Choosing m(t) = 2/(8 + 12t), we find that Hy(F(¢t,z), F(t,y)) < m(t)lx — y|
and d(0, F(t,0)) = 1/40 < m(t) for almost all ¢ € [1/3,8/3]. In addition we get
|lm|| = 1/6 which leads to Q|lm| =~ 0.9698712125 < 1. By the conclusion of
Theorem 3.13, the problem (14) with F given by (16), has at least one solution
on [1/3,8/3].
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