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ON ¢ —|A,d|rx SUMMABILITY OF ORTHOGONAL SERIES

XH. Z. KRASNIQI

ABSTRACT. We prove two theorems on ¢ — | A, §|;, summability of orthogonal series.
In addition, several known and new results are deduced as corollaries of the main
results.

1. INTRODUCTION

Let Y0, a, be a given infinite series with its partial sums s, (C, ) the Cesaro
matrix with index a. If 0% denotes the nth term of the (C,a)—transform of
s:={sn}, then Flett [3] define absolute summability of order k& > 1 as follows. A
series > °  a, is said to be summable |C, a, k > 1 if,

00
(1) > wF o2 — 08y F < oc.
n=1

Let {p,} be a sequence of positive numbers such that
n
Pn:ZpU%oo as n — 0o, (P_i=p_;=0,i>1).
v=0

The sequence-to-sequence transformation

1 n
=15
n Pn Uzop’t)s'l)

defines the sequence {t,, } of the Riesz means of the sequence {s, }, generated by the
sequence of the coefficients {p,} (see [4]), where the sequence {s,} is a sequence
of partial sums of Y ay.

The series Y ay is said to be summable |R, p,|x, k > 1, if (see [2])

oo
(2) an71|tn—tn_1|k < o0.
n=1
Let A := (any) be a normal matrix, i.e., a lower triangular matrix of non-

zero diagonal entries. Then A defines the sequence-to-sequence transformation,

Received December 12, 2018; revised March 13, 2019.
2010 Mathematics Subject Classification. Primary 42C15, 40F05, 40D15.
Key words and phrases. Orthogonal series; absolute summability; non-increasing sequence.



162 Xu. Z. KRASNIQI
mapping the sequence s := {s,} to As := {A,(s)}, where
An(s) ::Zam,sv, n=20,1,2,...
v=0

The infinite series ) ° ;a, is said to be absolutely summable |A|, (|4, d]k),
k>1,8>0,if (see [3])

ink71|AAn(s)|k (inékJrklAAn(s”k)

n=1 n=1

converges, where
AA,(s) = An(s) — Ap_1(s),

and, we write
o0
Sanelde (€]A,d),
n=0

respectively.
Let {¢,,(x)} be an orthonormal system defined in the interval (a,b). We assume
that f(x) belongs to L?(a,b) and

(3) f(x) ~ Z cntbn (),
n=0

where ¢, = f: f@)p(x)dx, (n=10,1,2,...).
Let p, be a sequence of positive numbers such that

n
Pn:Epu—mx) as n — o0o.
v=0

The sequence-to-sequence transformation

1 n
t, = F an—vsv
™ v=0

defines the sequence {#,} of the Norlund means of the sequence {s,}, generated
by the sequence of the coefficients {p,}, where the sequence {s,} is a sequence of
partial sums of > a,.
The series Y a, is said to be summable |N,p,|x, k > 1, if

oo

> (P fpn)* T i — TaalF < oo

n=1
Among others, Y. Okuyama [6] concerning the |N,p, |, 1 < k < 2, summability
of orthogonal series (3) proved the following two theorems.

Theorem 1.1. Let 1 < k < 2 and {\,} be a positive sequence. If {p,} is a
positive sequence and the series
oo n
Pn 2 (Pn Pn—j>2 2 2}2
- Do | — = — Moles
ZPnP,’f_l{jz_; "I\pn Pa—j sleil

n=0
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converges, then the orthogonal series
oo
n=0

is summable |N, p, |k almost everywhere.

For the second one, first of all he write

oo 2 2
. . NEpnPn_i Py Pu_i\2
WO = 1 3 (P Pyt

Theorem 1.2. Let 1 < k < 2 and {2(n)} be a positive sequence such that

{Q(n)/n} is a non-increasing sequence and the series Y .. ﬁ(n) converges. If

{pn} is a positive non-increasing sequence and the seriesy .. | || 2%~ (n)w® (n)
converges, then the orthogonal series Y .~ cyn(x) is N, pp|i summable almost
everywhere.

Theorem 1.1 includes a result of Singh [10] which is an extension, for trigono-
metric series due to Pati [9], Ul’yvanov [11], and Wang [12], until Theorem 1.2
generalizes a theorem of Okuyama [7].

Given a normal matrix A := (a,,), we associate two lower semi matrices A :=
(Gno) and A := () as follows:

n
Ay = g i n,t=20,1,2,...

i=v
and
&00 = Qoo = Q00, &n'u = Gno _anfl,zn n= 1727-~-
It may be noted that A and A are the well-known matrices of series-to-sequence
and series-to-series transformations, respectively.

We have generalized Theorems 1.1-1.2 proving the following (since, if we take
Apy = %;, 0 =0, then |A, 0| summability is the same as |R, p,|r summability).

Theorem 1.3 ([5]). If for 1 < k < 2, the series

o0 n 5
Z [n2(6+11/k) Z | |2)\?|Cj |2]

n=1 §=0

e

converges, then the orthogonal series
oo

(4) Z AnCntn ()
n=0

is |4, 8|k summable almost everywhere.

Theorem 1.4 ([5]). Let 1 < k <2 and {Q2(n)} be a positive sequence such that
{Q(n)/n} is a non-increasing sequence and the series Y .. #(n) converges. If
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the following series >~ e [2Q7 1 (n)w®) (A, 8;n) converges, then the orthogonal
series > oo o Catbn () € |A, 8|x almost everywhere, where w*) (A, 5;n) is defined by

1 o0
(k) CAY 20041) |5 |2
w\ (A4, 7) = = nE n |an,j|°

=Jj
Let (¢n,) be a sequence of positive real numbers. The infinite series > - a, is
said to be summable ¢ — |A, |k, kK > 1, 6 > 0, if (see [8])

DA AL (s)[* < oo,
n=1

and in brief, we write

o0
> an € o — A,k
n=0
The main purpose of the present paper is to generalize further Theorems 1.3-1.4
for ¢ — |A, 8] summability of the orthogonal series (3), where 1 < k <2, > 0.
Due to B. Levi (see, for example [1]), the following lemma is often used in the
theory of functions. It will help us to prove main results.

Lemma 1.5. If h,(t) € L(U) are non-negative functions and

Z/ B (t)dt < o0,
n=1 U
then the series

> halt)

n=1

converges (absolutely) almost everywhere on U to a function h(t) € L(U).

Throughout this paper, K denotes a positive constant that it may depend only
on k, and be different in different relations.

2. MAIN RESULTS

We prove the following two theorems.

Theorem 2.1. If for 1 < k < 2, the series

o0 n %
Z |:w72L(5+11/k) Z |&n,j|2)\?|cj|2]
n=1 j=0

converges, then the orthogonal series
o0

(5) S Acntbn (@)
n=0

is o — | A, d|r summable almost everywhere.
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Proof. For the matrix transform A,,(s)(z) of the partial sums of the orthogonal
. (o)
series Y " o Ancn¥n (), we have

x) = Z oSy (x) = Z . Z Ajei(x)
v=0 v=0 7=0
=D N ()Y e = Y GnjAicithy (@)
Jj=0 v=j j=0

where Z;’:O Ajcj;(x) is the partial sum of order v of the series (5). Hence

AA,(s Z Ajeji(x Z An—1,jA; ¢ (x)
7=0 Jj=

n—1

= G AnCa¥n () + Y (@nj — Gn1,5) Ajej105(x)
=0
n—1 n

= &nn)\ncnwn(m) + a ;J)‘ C]’(/}J Z CJ’L!JJ
=0 =0

Using Holder’s inequality with p = % > 1 and orthogonality to the latter equality,
we have that

/ IAA(s)(2)|Fdz < (b—a)' "% (/ | An( (s)(x)|2dx>§
([ o)

[Z g

A}
Thus, the series

5
(6) Z<p6k+k 1/ |AA kd$<KZ§05k+k 1|:Z| TLJ| )\2|CJ|2:|

n=1 7=0
converges by the assumption. According to the Lemma of Beppo-Lévi, the proof
of the theorem ends. O

If, we put
(%) ; 1o 20648) ) o
(7) o (A757.7) = 2_q ngn |a‘n,j| ’
L)O]"c n=j
then the following theorem holds true.

Theorem 2.2. Let 1 < k < 2 and {Q(n)} be a positive sequence such that
{Q(n)/¢n} is a non-increasing sequence and the series y - ﬁ(n) converges. If
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the following series Y ., len|2Q7 1 (n)®®) (A, §;n) com)erges then the orthogonal
series oo o cnthn () € o—|A, ), almost everywhere, where ®*) (A, ;n) is defined
by (7).

2

Proof. Using (6) and applying Holder’s inequality with p = 5% > 1, we get
that

Z(pék—i-k 1/ |AA kdx
<k e[y an,jm@
n=1 =0

[ee] 1 5
=K W[(@nﬁ(”)) 2(5+1 ”’”ZI@ J| lc; ] }
n=1 n
<K(Zw(n))> [Z(QD”Q(H)) 2(6+1 ) Z|an]| |CJ|2]
n=1 n=1
) ) 9 2-1 £
w0 Qn _ A
< K{Z|C]|QZ( n ( )) (pi(JJrl 1/k)|an7j|2}
j=1 n=j ¥n
S o ((2(J) e -2 2(6+1 1/k) 2 :
<K el : an |
j=1 ©i n=
[e'e] Q( ) %71 [e'e] E
<K . 2( J > 2(5+1/k: 2}
{Ser (2 > A

—K{Z|C 20t -1(j)a®) (4, 53)}2,

which is finite by virtue of the hypothesis of the theorem, and this completes the
proof of the theorem. O

Remark. If, we take ¥,, = n, then Theorems 1.3-1.4 are implied as immediate
consequences of the the main results.

Remark. Let us show that Theorem 1.1 is included in Theorem 2.1. Namely,
for apn,, = p”P*“7

Un,j = Onj — Qp-1,j

721971 i

n—1

anflfi

nl
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1
= PP, . ((Pn _pn)Pnfj - Pn(Pnfj - pnfj))
= = pnfj'
PnPn—l Pn Pn—j
Whence, putting this equality to Theorem 2.1, for § = 0 and ¢,, = 5 n we imme-

diately obtain Theorem 1.1.
The following corollaries follow also from the main results (§ = 0, ¥, = n).

Corollary 2.3 ([5]). If for 1 <k < 2, the series

bl

o n 5
3 {n2(11/k) 3 I&n,j|2A§|cj|2}
n=1 =0

converges, then the orthogonal series

n=0

s |A|x summable almost everywhere.

Corollary 2.4 ([5]). Let1 <k <2 and {Q2(n)} be a positive sequence such that
{Q(n)/n} is a non-increasing sequence and the series Y .., ﬁ(n) converges. If

the following series Y -, \cn|29%_1(n)w(k)(A;n) converges, then the orthogonal
series Yoo o cnthn(z) € |Alx almost everywhere, where

w® (A;n) = 1 > nlan, 1.
=J

jE-t

Also, taking § = 0, ¥, = n, and k = 1 in our main results, we obtain the
following corollary

Corollary 2.5 ([5]). If the series

o) n %
> (X lensailei)
n=1 \j=0

converges, then the orthogonal series Y .~ AnCpthy(z) is |A| summable almost
everywhere.

Corollary 2.6 ([5]). Let {Q(n)} be a positive sequence such that {Q(n)/n} is
a mon-increasing sequence and the series

— 1

n=1

converges. If the following series

D leaPQn)w(4;n)
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converges, then the orthogonal series > cathn(x) € |A] almost everywhere,
where w(A;n) is defined by

o0
w(A;f) =371 nPlanl*
=j

Remark. Finally, it should be also noted that our main results, as special cases,
contain the results on |C, 1|, |C, 1|, |C,al, |C, a|k, |H,p|, |H,plk, |N,pnl, N, pnlk
IN, D, qnl, and |N, p,, ¢, |k summabilities of orthogonal series (1 < k£ <2, § > 0).
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