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TILING EDGE-COLOURED GRAPHS WITH FEW
MONOCHROMATIC BOUNDED-DEGREE GRAPHS

J. CORSTEN anp W. MENDONCA

ABSTRACT. We prove that for all integers A,r > 2, there is a constant C =
C(A,r) > 0 such that the following is true for every sequence F = {Fi, F»,...}
of graphs with v(Fy,) = n and A(F,) < A for every n € N. In every r-edge-
coloured K, there is a collection of at most C' monochromatic copies from F whose
vertex-sets partition V(K ). This makes progress on a conjecture of Grinshpun and
Séarkozy.

1. INTRODUCTION AND MAIN RESULTS

A conjecture of Lehel states that the vertices of any 2-edge-coloured complete
graph can be partitioned into two monochromatic cycles of different colours. Here,
single vertices and edges are considered cycles. This conjecture first appeared
in [2], where it was also proved for some special types of colourings of K,,. Luczak,
Ro6dl and Szemerédi [12] proved Lehel’s conjecture for all sufficiently large n using
the regularity method. In [1], Allen gave an alternative proof, which gave a better
bound on n. Finally, Bessy and Thomassé [3] proved Lehel’s conjecture for all
integers n > 1.

Moving on to more colours, Erdés, Gyarfas and Pyber [6] proved the following
theorem.

Theorem 1 (Erd8s-Gyérfds—Pyber, 1991). The wvertices of every r-edge-
coloured complete graph on n vertices can be partitioned into O(r? logr) monochro-
matic cycles.

It was further conjectured in [6] that r cycles should always suffice in The-
orem 1. The currently best-known upper bound is due to Gyarfds, Ruszinké,
Sérkozy and Szemerédi [9], who showed that O(rlogr) cycles suffice. The conjec-
ture was refuted however by Pokrovskiy [13], who showed that, for every r > 3,
there exist infinitely many r-coloured complete graphs which cannot be vertex-
partitioned into r monochromatic cycles. Pokrovskiy conjectured though that in
every r-coloured complete graph one can find r vertex-disjoint monochromatic cy-
cles which cover all but at most ¢, vertices for some ¢, > 1 only depending on r
(in his counterexample ¢, = 1 is possible).
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In this paper, we study similar problems in which we are given a family of
graphs F and an edge-coloured complete graph K, and our goal is to partition
V(K,) into monochromatic copies of graphs from F. All families of graphs F we
consider here are of the form F = {Fy, F5,...}, where F; is a graph on ¢ vertices
for every ¢ € N (note that the family of cycles is of this form since we consider
vertices and edges to be cycles). We call such a family a sequence of graphs. An
F-tiling T of a graph G is a collection of vertex-disjoint copies of graphs from F
in G with V(G) = Upes V(T). If G is coloured, we say that 7 is monochromatic
if every T € T is monochromatic (but not necessarily in the same colour). Let
7-(F,n) be the minimum ¢ € N such that for every r-edge-coloured K, there is
a monochromatic F-tiling of size at most t. We call 7,.(F) = sup,,cy 7 (F, 1) the
tiling number of F.

Using this notation, the above results of Pokrovskiy and of Gyarfas, Ruszinkd,
Sérkozy and Szemerédi imply that r+1 < 7,.(C) < O(rlogr), where C is the family
of cycles. Note that, in general, it is not clear at all that 7,.(F) is finite and it is
a natural question to ask for which families this is the case.

The study of such tiling problems for more general families of graphs was initi-
ated by Grinshpun and Sarkozy [8] who proved the following result. The mazimum
degree A(F) of a sequence of graphs F is given by maxper A(F), where A(F) is
the maximum degree of F.

Theorem 2 (Grinshpun—Sarkozy [8], 2016). Let F be a sequence of graphs of
mazximum degree A. Then, we have

7_2(]:> < 2O(Alog A).
In particular, 72(F) is finite whenever A(F) is finite.

Grinshpun and Sérkozy also proved that o (F) < 20(2) for every sequence of
bipartite graphs F of maximum degree A and showed that this is best possible
up to the implicit constant (using a result of Graham, Rédl and Ruciriski [7]).
Sérkozy [14] further proved that Theorem 2 can be improved a lot for the special
case of powers of cycles (the k-th power of a graph H is the graph obtained from
H by adding an edge between any two vertices of distance at most k).

For more than two colours less is known. Answering a question of Elekes,
Soukup, Soukup and Szentmikléssy [5], Bustamante, Frankl, Pokrovskiy, Skokan
and the first author [4] proved that 7,.(C*)) < oo for all r,k € N, where C*) is
the family of k-th powers of cycles. Grinshpun and Sarkézy [8] conjectured that
the same should be true for all families of graphs of bounded degree (with a much
stronger bound).

Conjecture 1 (Grinshpun—Sarkozy [8], 2016). For every r € N, there is some
C, € N so that for every sequence F of graphs of maximum degree A, we have
ACT
T(F) <2877,

Note that it is still open to decide whether 7,.(F) is finite for such families. We
show that this is the case and make progress towards Conjecture 1.
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Theorem 3. For all integers r, A > 2 and all families of graphs F of mazimum

5
degree A, we have 7,.(F) < 77 In particular, T (F) < 0o whenever A(F) < oo.

1.1. Graphs with linear Ramsey number

Given a sequence of graphs F, it follows from the pigeon-hole principle that every r-
edge-coloured K,, contains a monochromatic copy from F of size at least n/7, (F).
Finding the largest such copy is closely related to Ramsey numbers. The r-colour
Ramsey number R,.(G) of a graph G is the smallest integer N such that every
r-coloured Ky contains a monochromatic copy of G. We say that F = {F}, F»,...}
has linear Ramsey number if R,.(F,,) = O(n). If F is increasing, i.e. F; C F;t+1
for every i € N, then F has linear Ramsey number if and only if there is some
¢ > 0 such that every r-edge-coloured K, contains a monochromatic copy from F
of size at least c¢n (the only if part is always true). Hence, having linear Ramsey
number is a necessary condition for having finite tiling number in this case. We
make the following conjecture.

Conjecture 2. Every sequence of graphs F with linear r-colour Ramsey num-
ber has finite r-colour tiling number.

Conjecture 2 is probably very difficult. A recent breakthrough result of Lee [11]
asserts that graphs with bounded degeneracy have linear Ramsey number. It would
be of great interest to prove Conjecture 2 for these graphs.

Graphs with linear Ramsey number are well studied and we can use the results
from this area to obtain lower bounds on the tiling number: It was proved by
Graham, Rodl and Ruciniski [7] that there exists a sequence of bipartite graphs
F ={F, Fy,...} with Ro(F,) > 29(A)p Grinshpun and Sarkézy observed that
it is easy to make this sequence increasing, thereby showing that 7o(F) > 20(A)
as well.

2. PROOF OVERVIEW

We will use the absorption method introduced by Erdés, Gyarfas and Pyber in [6].
This method has become a standard tool and has been applied to many problems
in the area. We will briefly sketch the proof of Theorem 1 in order to introduce
the method and then explain how we need to adapt it for our problem. For sake
of clarity, we will not make an effort to calculate the exact constants and use the
following standard O-notation. Given two functions f,g : N — N and a constant
C > 0, we say that f = Oc¢(g) if there is a constant C' = C’(C) > 0 so that
f(n) < C' - g(n) for all but finitley many n € N. We say that f = Qc¢(g) if
g = Oc¢(f). For example, Theorem 1 implies that 7,.(C) = O,(1).

Proof Sketch of Theorem 1. We start by defining absorbers for the family of
cycles, which will play a central role in the proof.

Definition 1. A pair (H, A) of a graph H and a set A C V(H) is called an
absorber if H[V(H) ~ X] contains a Hamilton cycle for every X C A.
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Fix r,n € N and an r-edge-coloured K, now. The first part of the proof is
finding a large monochromatic absorber.

Lemma 1. There is a monochromatic absorber (H, A) with |A| > Q.(n).

Then, we greedily cover most of the vertices by repeatedly taking out the largest
monochromatic cycle.

Lemma 2. There is a collection of O, (1) vertex-disjoint monochromatic cycles
in V(K,)\V(H), covering all but (| A|) vertices, where € > 0 is a small constant
depending on 7.

The key part of the proof is to deal with the set R of leftover vertices. This is
done using the following Absorption Lemma.

Lemma 3 (Absorption Lemma for cycles). Let Vi,V be sets with |Vi] < e |V3]
and let G be an r-coloured complete bipartite graph with parts V1,Vs. Then, there
is a collection of O, (1) vertex-disjoint monochromatic cycles in G covering V1.

In order to finish the proof, we apply the Absorption Lemma to the complete
bipartite graph induced by V3 = R and V5, = A and denote by X the set of vertices
in A which are covered in this process. Finally, using the property of the absorber
H, we find a monochromatic cycle whose vertex-set is V(H) \ X. O

In order to prove Theorem 3, we will follow the basic strategy explained above.
We will use so called “super-regular pairs” as absorbers, combined with the blow-
up lemma [10] which guarantees a similar property as in Definition 1. The process
of adapting Lemma 1 and Lemma 2 to our problem is done in a similar way as
in [8] and therefore we will not discuss this here.

The main difficulty of the proof is the following absorption lemma. For simplic-
ity we will describe it only for families of bipartite graphs.

Lemma 4 (Absorption Lemma for graphs of bounded degree). Fiz integers
A,r > 2 and a sequence of bipartite graphs F with A(F) < A. Let Vi,V be
disjoint sets with |Vi| < |Va| and let G be the graph obtained from K(Vi,Vs)
(the complete bipartite graph with parts Vi and Va) by replacing Vi with a clique.
Suppose that G is edge-coloured with r colours. Then, there is a collection of
O r(1) vertez-disjoint monochromatic copies from F in G which cover V;.

The proof of Lemma 4 proceeds by induction on r. In order to apply the
induction hypothesis, we will prove a stronger statement which does not require
the host graph to be complete but instead that deg(v, Va) > §|Vz| for all v € V3.
The basic steps of the proof can be summarised as follows.

(i) Find a monochromatic, say red, absorber with vertices U; UUs, where U; C V;
fori=1,2.

(ii) Greedily cover most of Vi \ Uy and let R C V; be the set of leftover vertices.

(iii) Partition R = Ry U Rs U R3 in such a way that the vertices in R; have many

red neighbours in Us, the vertices in R have many non-red neighbours in Us,

and the vertices in R3 don’t have many neighbours in Us. The vertices in Ry
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can then be included in the absorber and the vertices in R can be dealt with
by induction. Since, the vertices in R3 don’t have many neighbours in Us, we
will have deg(v, Vo) > (6+9") |V2 \ Us| for some small constant 6" = ' (A, r).
We iterate this process now on the graph induced on R3 U V5 \ Us. Since
deg(v, V2) cannot be larger than |Va|, this process will end after Oa (1)
iterations.

Proving Theorem 3 for families of bipartite graphs using Lemma 4 is straight-
forward. However, for families of non-bipartite graphs, things get more compli-
cated. Clearly, we cannot hope for an absorption lemma like Lemma 3 as the
host graph is bipartite and thus all its subgraphs are. Instead, we will work in a
multi-partite graph. We then prove a variation of Lemma 4 in which G has A+ 1
parts and we require that every vertex in V; is in many monochromatic cliques
with one vertex in each part. However, when applying this absorption lemma, we
can’t guarantee that this property holds (consider, for example, a three-partite
graph in which the edges between V; and V5 are blue and all other edges are red).
We will overcome this problem by iteratively applying the absorption lemma and
prove that, after Oa (1) iterations, all vertices are covered. This idea was recently
introduced in [4].

Acknowledgment. This project began during the ‘Rio Workshop on Ex-
tremal and Structural Combinatorics” held at IMPA, Rio de Janeiro, Brazil in
January 2018. We thank the organisers of the workshop and IMPA for the stimu-
lating working environment.

REFERENCES

1. Allen P., Covering two-edge-coloured complete graphs with two disjoint monochromatic cy-
cles, Combin. Probab. Comput. 17 (2008), 471-486.

2. Ayel J., Sur l’existence de deux cycles supplémentaires unicolores, disjoints et de couleurs
différentes dans un graphe complet bicolore, Theses, Université Joseph-Fourier - Grenoble I,
May 1979.

3. Bessy S. and Thomassé S., Partitioning a graph into a cycle and an anticycle, a proof of
Lehel’s conjecture, J. Combin. Theory Ser. B 100 (2010), 176-180.

4. Bustamante S., Corsten J., Frankl N., Pokrovskiy A. and Skokan J., Partitioning hypergraphs
into few monochromatic tight cycles, arXiv:1903.04471.

5. Elekes M., Soukup D. T., Soukup L. and Szentmikléssy Z., Decompositions of edge-colored
infinite complete graphs into monochromatic paths, Discrete Math. 340 (2017), 2053-2069.

6. Erdés P., Gyarfas A. and Pyber L., Vertex coverings by monochromatic cycles and trees, J.
Combin. Theory Ser. B 51 (1991), 90-95.

7. Graham R. L., Rédl V. and Rucinski A., On graphs with linear Ramsey numbers, J. Graph
Theory 35 (2000), 176-192.

8. Grinshpun A. and Sarkozy G. N., Monochromatic bounded degree subgraph partitions, Dis-
crete Math. 339 (2016), 46-53.

9. Gyarfas A., Ruszinké M., Sarkozy G. N. and Szemerédi E., An improved bound for the
monochromatic cycle partition number, J. Combin. Theory Ser. B 96 (2006), 855-873.

10. Komléds J., Sarkézy G. N. and Szemerédi E., Blow-up lemma, Combinatorica 17 (1997),
109-123.
11. Lee C., Ramsey numbers of degenerate graphs, Ann. of Math. (2) 185 (2017), 791-829.



566 J. CORSTEN axp W. MENDONCA

12. Luczak T., Rodl V. and Szemerédi E., Partitioning two-coloured complete graphs into two
monochromatic cycles, Combin. Probab. Comput. 7 (1998), 423-436.

13. Pokrovskiy A., Partitioning edge-coloured complete graphs into monochromatic cycles and
paths, J. Combin. Theory Ser. B 106 (2014), 70-97.

14. Sarkozy G. N., Monochromatic cycle power partitions, Discrete Math. 340 (2017), 72-80.

J. Corsten, Houghton St, London, UK,
e-mail: j.corsten@lse.ac.uk

W. Mendonga, Estrada Dona Castorina, Brazil,

e-mail: walner@impa.br



