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SPREADING LINEAR TRIPLE SYSTEMS
AND EXPANDER TRIPLE SYSTEMS

Z. L. NAGY aND Z. L. BLAZSIK

ABSTRACT. The existence of Steiner triple systems STS(n) of order n containing no
nontrivial subsystem is well known for every admissible n. We generalize this result
in two ways. First we define the expander property of 3-uniform hypergraphs and
show the existence of Steiner triple systems which are almost perfect expanders.

Next we define the strong and weak spreading property of linear hypergraphs,
and determine the minimum size of a linear triple system with these properties, up
to a small constant factor. A linear triple system on a vertex set V' has the spreading,
or respectively weakly spreading property if any sufficiently large subset V/ C V
contains a pair of vertices with which a vertex of V \. V' forms a triple of the system.
Here the condition on V' refers to |V’| > 4 or V' is the support of more than one
triples, respectively. This property is strongly connected to the connectivity of the
structure the so-called influence maximisation. We also discuss how the results are
related to Erdds’ conjecture on locally sparse STSs, subsquare-free Latin-squares
and possible applications in finite geometry.

1. INTRODUCTION

A Steiner triple system S of order n (briefly STS(n)) consists of an n-element set
V and a collection of triples (or blocks) of V', such that every pair of distinct points
in V is contained in a unique block. It is well known that there exists a STS(n) if
and only if n = 1,3 (mod 6) [12], these values are called admissible. Steiner triple
systems correspond to triangle decompositions of the complete graph G = K,,.
In the context of triangle decompositions of a graph G, an edge will always refer
to a pair of vertices which is contained in one triple of a certain triple system,
E(G) denotes the edge set of G, while |S| is the number of triples in the system,
which obviously equals 1| E(G)] in the case of triple systems obtained from triangle
decompositions of a graph G.

A nontrivial Steiner subsystem of S is a STS(n') induced by a proper subset
of V, with n’ > 3. Speaking about a subsystem, we always suppose that it is of
order greater than 3. Similarly, we call a subset V/ C V of the underlying set of a
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triple system F nontrivial if it has size at least 3 and it is not a triple of the triple
system.

This paper is devoted to the study of two main features of certain linear triples
systems, also called linear 3-graphs. The first property is the expander property
while the second is the so-called spreading property.

In 1973, Erdés formulated the following conjecture.

Conjecture 1.1 (Erd6s, [8]). For every k > 2 there exists a threshold ny such
that for all admissible n > ny, there exists a Steiner triple system of order n
with the following property: every ¢ + 2 vertices induce less than ¢ triples of S for
2<t<k.

This conjecture is still open, although recently Glock, Kithn, Lo and Osthus

[11] and independently Bohman and Warnke [3] proved its asymptotic version.
In other words, this conjecture asserts the existence of arbitrarily sparse Steiner
triple systems.
One should note here that it is also a question whether typical Steiner triple
systems are sparse in a very robust sense, namely that they do not contain Steiner
subsystems. Indeed, this is equivalent to avoid a set of ¢ < n vertices inducing
quadratically many, #(4) triples. The first result in this direction was due to
Doyen [6], who proved the existence of at least one subsystem-free STS(n) for
every admissible order n. In the language of decompositions, a subsystem-free
STS may be seen as a triangle decomposition of the edge set where every subset
V' C V(G) contains at least one edge which belongs to a triangle not induced by
V’. In order to capture this phenomenon and its generalisation, we require some
notation and definitions.

Definition 1.2. Given a 3-uniform linear hypergraph F (i.e. linear triple
system), let E(F) be the collection of vertex pairs (z,y) for which there exists a
triple (z,y,z) from the system F, containing x and y. The corresponding graph
G(F) is referred to as the shadow of the system.

Hence the shadow is simply the underlying graph of the triple system.

Definition 1.3. Consider a graph G = G(V, E) that admits a triangle decom-
position. This decomposition corresponds to a linear triple system JF. For an
arbitrary set V' C V, N(V’) denotes the set of its neighbours:

2zeN(V')e 2eV V' and Jzy € E(G[V']) : {z,y,2} € F.

The closure cl(V') of a subset V' w.r.t. a (linear) triple system F is the smallest
set W 2V’ for which |[N(W)| = 0 holds. Note that the closure uniquely exists for
each set V/. We call a (linear) triple system F spreading if cl(V') = V for every
nontrivial subset V' C V.

Consequently, a STS(n) is subsystem-free if and only if |[N(V’)| > 0 holds for
all nontrivial subsets V'’ of the underlying set V of the system. Doyen used the
term non-degenerate plane for STSs with the spreading property [6, 7).

Two natural questions arise here. The first one concerns the lower bound on
IN(V')| in terms of |V’| in the case of Steiner triple systems, while the second
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one seeks for edge-density conditions on triangle decompositions of general graphs
G = G(V,E), i.e. linear triple systems, where the condition |N(V’)] > 0 must
hold for all nontrivial subsets of V.

Problem 1.4 (Expander STSs). Does there exist an infinite family of Steiner

triple systems STS(n) such that for some ¢ > 0, “\ﬁ,‘{ll)l > ¢ for every nontrivial

V' C V(G) provided that |V'| < |V]/2? How large ¢ > 0 can be?

This can be interpreted as the analogue of the expander property of graphs and
the vertex isoperimetric number [1]. Similar generalised concepts for expanding
triple systems were introduced very recently by Conlon and his coauthors [4, 5], see
also the related paper [9]. Observe however that his definition is slightly different
for a triple system to be expander.

Problem 1.5 (Sparse spreading linear triple systems). What is the minimum
size &sp(n) of a linear spreading triple system F on n vertices?

For these triple systems, the closure of any nontrivial subset with respect to the
underlying graph of the triple system is the whole system.

Note that one might require only a weaker condition, namely that the closure of
any nontrivial subset of the triple system F (i.e. consisting of at least two triples)
should be the whole system. For this concept, we introduce the following notation.

Notation 1.6. A triple system F is weakly spreading if cl(V') =V for every
VI =V (F): FCF |F|>1

Problem 1.7 (Sparse weakly spreading linear triple systems). What is the
minimum size &,s,(n) of a linear weakly spreading triple system F on n vertices?

Our main results are as follows.

Theorem 1.8. For odd prime number p, there exists a Steiner triple system
STS(3p) of order 3p, for which

IN(V)| = V'] -3
for every V! C V(G) of size |V'| <|V]/2.
The result is clearly sharp.

Corollary 1.9. For every sufficiently large n, there exists a Steiner triple sys-
tem STS(n) of order m, for which

INVOI = V'] =3

for every V! C V(@) of size [V/| < |V|/2, where 7 € [n — n®5%,n].
Consequently, for every n one can find a Steiner triple system S of size |S| =
n

(1+ 0(1))T2 which is almost 1-expander.

As we will see, much smaller edge density compared to that of STSs’ still enables
us to construct spreading linear triple systems.
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Theorem 1.10. For the minimum size of a spreading linear triple system, we
have

)
2 — 2 2
0.1103n° < &5p(n) < (36 + 0(1))71 0.139n

Surprisingly, the weak spreading property does not require a dense structure at
all.

Theorem 1.11. For the minimum size of a weakly spreading linear triple sys-
tem, we have
8
n—3 < &usp(n) < 3" +0(1)
The extended abstract is organized as follows. In Section 2 we present the
proof ideas and the key constructions, while in Section 3 we discuss some related
problems.

2. PROOF SKETCHES AND CONSTRUCTIONS

Proof sketch of Theorem 1.10, lower bound. Let H be a spreading linear triple
system. We use double counting on the number of 4-vertex subgraph F' of the
shadow G' = G(H) which is obtained from a triple and a vertex adjacent to exactly
one vertex of the triple in G. We get

(1) 3 (d(zv)) = 3" Val(T)

vEV(G) TeH

where the value of the triple T, Val(T) denotes the number of F' subgraphs cor-
responding to the triple 7" and d(v) denotes the degree of v in G. In general, the
bound Val(T) < n — 3 is sharp. However, it can be demonstrated by a rather
involved argument on local-global structure and convex optimisation that the av-
erage value of the triples cannot exceed 0.5183n, from which the theorem follows.
Here 7 =~ 0.5183 is the unique local extremum of the rational function %é:_?)
in the interval z € [1/2,1].

Proof of Theorem 1.11, lower bound. Take an arbitrary triple 77 of the weakly
spreading system F. Observe that there must exist a triple 75 sharing a common
vertex with 77, otherwise their union would violate the weakly spreading condi-
tion. From now on, the weakly spreading condition guarantees the existence of an
ordering of the triples 11,75, ... T, of F, such that

k—1
TN Til > 2 (k< m).

i=1

This in turn implies the lower bound. Notice that it is sharp for n = 5,6, 7. O

The upper bound of Theorem 1.10 follows from the construction described in
the Appendix. It applies the Cauchy—Davenport theorem and the key idea is to
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take a triangle decomposition of a well structured dense graph GG which in our case

is a perturbation of
Ker ~ (Kk,kUKk,kUKk,k> .

The upper bound of Theorem 1.11 is derived from the upper bound of Theorem
1.10 by the following construction.

Construction 2.1. Consider a spreading linear triple system #H on n vertices

and &sp(n) = % ((g) — C’n2) triples, with the appropriate constant C. Assign a
new vertex v(zy) to every not-covered edge xy of the underlying graph G = G(H),

and add newly formed triples by taking {z,y,v(zy)} : zy € G}.

Proposition 2.2. Construction 2.1 provides a weakly spreading system on n+
Cn? vertices with % ((;L) + 20n2) triples, hence we obtain

2 1
N)< N4+ —N.
Ewsp(N) < Nt

Proof sketch of Theorem 1.8. Consider the Steiner triple system construction
by Bose and Skolem on 6k + 3 vertices, where 2k +1 is a prime number [14], where
the ground set is partitioned into 3 equal parts AU B U C. The structure of the
triples implies that one can bound the neighbourhood of AgUByUCy C AUBUC
by applying the Cauchy—Davenport and the Erdés—Heilbronn theorems [15]. O

3. DISCUSSION

We mention first the obvious connection between the spreading and weakly spread-
ing properties and connectivity of 3-graphs.

Definition 3.1. A 3-uniform hypergraph F is strongly connected if every vertex
partition UU(V \ U) induces a triple T with |T' N U| = 2, provided |U| > 4.

The latter definition implies that if the partition classes U and (V \U) are large
enough, then triples of type [T NU| = 2 and [TNU| = 1 both should appear. The
condition |U| > 4 enables us to apply this concept in linear 3-graphs. We note
the spreading property is stronger than the strong connectivity, while the weakly
spreading connectivity is weaker.

Observation 3.2. A Steiner triple system is subsystem-free, that is, spreading
if and only if it is strongly connected. Every spreading linear triple system is
strongly connected. Every strongly connected 3-graph is weakly spreading.

In operation research, related concepts are the connectivity of directed hyper-
graphs, and backward and forward (hyper)graphs, see e.g. [10].

A Latin square of order n is an n X n matrix in which each one of n symbols
appears exactly once in every row and in every column. A subsquare of a Latin
square is a submatrix of the Latin square which is itself a Latin square. Note that
Latin squares of order n and 1-factorizations of complete bipartite graphs K, ,
are corresponding objects.

Our results are strongly related to theorems on subsquare-free Latin squares as
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well. Indeed, these objects provide constructions in our case (after suitable trans-
formation), while the expander property yields possible generalisations of such
results. We mention here only

Theorem 3.3 ([2, 13, Maenhaut, Wanless, Webb]). Subsquare-free Latin
squares exists for every odd order.

(Note that for prime order the statement follows from the Cauchy-Davenport
theorem if we take the Cayley table of the additive group Z,.)

We also point out a geometric relation to these results. We are given a set
of collinearity conditions for point triples and seek for conditions on possible em-
bedding of the structure to a projective plane of given order. Here the spreading
property for the set of triples would imply that the triples correspond either to
distinct lines, or to one common line.
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4. APPENDIX

We will construct a spreading triple system H on n = 6p + 3 vertices for every p

such that p is an odd prime number, with |E(G(H))| ~ Sn?.
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(a) Black, brown and orange triples and {a, b, c} (b) Red and blue triples through a

Figure 1. Overview of the triple types in Construction 4.1

Construction 4.1. The vertex set of H is the disjoint union of 6 smaller
subsets, namely V.= AUBUCUA " UB UC’, where |[A| = |B|=|C|=p+1
and |A’| = |B’| = |C’| = p. Denote the elements of A with ag,as,...,a,—1 and a
special vertex a. Similarly B = {bg,b1,...,b,—1,b} and C = {cgp,c1,...,¢cp—1, ¢}
For A’, B’, C’ we note the corresponding vertices by «, 3,y respectively, and index
their elements again from 0 up to p — 1. The set of triples in H are defined as
follows:

e Dblack triples:

— between A and B': {a, a;, 8} (for 0 < j < p—1); and {as,a2j—; (mod p)s 3}
(for0<i#j<p-1)

— between B and C”: {b,b;,7;} (for 0 < j < p—1); and {bs, b2 —; (mod p)»7Vj}
(for0<i#j<p-1)

— between C and A’: {c,cj,a;} (for 0 < j < p—1); and {cs, 25— (mod p)» @)}
(for0<i#j<p-1)

e brown triples:

— between A" and B: {ay, @2 (mod p),bj} (for 0 <i#j<p—1)

— between B’ and C: {3, B2j—i (mod p)>Cj} (for 0 <i# j<p—1)

— between C” and A: {7i,72j—i (mod p),@;} (for 0 <i#j<p—1)

e orange triples:

— between A~ {a}, B~ {b} and C \ {c}: {ai,b;,¢iy; (mod p)} (for 0 <, j <
p—1)
— between A’, B" and C": {c, Bj,Vi4j+1 (mod p)} (for 0 <i,j <p—1)
- {a,b,c}
e red triples:
{a,Olj,bj}, {b7ﬁjvcj} and {vajaaj} (fOI‘ 0<j<p-— 1)
e blue triples:
{a,7;,¢;}, {b, 5, a5} and {c, B;,b;} (for 0 < j <p—1)

Figure 1 describes the type of triples in H.

Theorem 4.2. The triple system H defined above has the spreading property.
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