Acta Math. Univ. Comenianae 443
Vol. LXXXVIII, 3 (2019), pp. 443-450

ON HEILBRONN TRIANGLE-TYPE PROBLEMS
IN HIGHER DIMENSIONS

F. S. BENEVIDES, C. HOPPEN, H. LEFMANN anp K. ODERMANN

ABsTRACT. The Heilbronn triangle problem is a classical geometrical problem that
asks for a placement of n points in the unit-square [0, 1]2, that maximizes the small-
est area of a triangle formed by those points. This problem has natural generaliza-
tions to higher dimensions. For integers k,d > 2 and a set P of n points in [0, l]d, let

s = min{(k—1),d} and Vk(d> (P) be the minimum s-dimensional volume of the con-
vex hull of k points in P. Here, instead of considering the supremum of Vk(d) (P), we
consider its average value, ﬁl(cd) (n), when the n points in P are chosen independently
and uniformly at random in [0,1]%. We prove that Egcd) (n) = e(nﬁkwu), for
every fixed k,d > 2.

1. INTRODUCTION AND MAIN RESULTS

Given n > 3 and a set P = {P,..., P,} of n points in [0,1]2, let A(P) be the
minimum area of a triangle with all vertices in P. The Heilbronn triangle problem
asks, for each n, for the supremum of A(P) over all choices of P. We call this
value Agz(n).

The exact value of As(n) is known only for n < 7, and the problem is still
wide open for all n > 7. This problem has a rich history (see [5, 6, 16] for some
optimal configurations and constructive lower bounds). For general n, a trivial
upper bound, given by splitting the square into squares of side length /3/n and
using pigeonhole principle, is As(n) < 3/(2n). Erdés established the lower bound
Az(n) = Q(1/n?), while Roth [14] and Schmidt [15] found upper bounds on Az(n).
For large n, the best known lower and upper bounds are by Komlés, Pintz and
Szemerédi [10, 11|, for constants ¢, ce > 0:

logn gc2vlogn

c1 2 < As(n) <

8
n7

A generalization of this problem has been considered by Schmidt [15] for in-
tegers n >k > 3. For a set P of n points in [0,1]%, let Ax(P) be the mini-
mum area of the convex hull of &k distinct points in P, and let Ag(n) be the
supremum of Ag(P). For fixed k > 3, the currently best known lower bound is
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Ar(n) = Q((logn)'/#=2) /pk=1)/(k=2)) "see [12]. However, for fixed k > 4, only
the (trivial) upper bound Ay (n) = O(1/n) is known.

An extension to dimension d, for d > 3, was also considered by Barequet
and Naor [1, 2]. The (k — 1)-dimensional volume of the convex hull of k points
Pi,...,P,€[0,1]4, 2 <k <d+ 1, is given by

1
(k- 1)

k
VP, P = Jdist(Ps [P, Pioa)),
=2

where dist(P;; [Py,. .., Pi—1]) is the Euclidean distance of P; to the affine space
[P1,...,Pi—1]. For k > d+ 1 we compute the d-dimensional volume by splitting
the convex hull of Py, ..., Py into interior disjoint d-simplices.

Given k, d and a placement P of n points in [0, 1]¢, let s = min{(k — 1), d} and
let Vk(d)(P) be the minimum s-dimensional volume of the convex hull of k distinct

points in P, and let A,&d) (n) be the supremum of Vk(d) (P) over all choices of P
with |P| = n. For fixed d and k, where 3 < k < d+ 1, the best known lower bound
for A,(fd) is A,(cd) (n) = Q((logn)'/(d=k+2) jp(k=1)/(d=k+2)) "gee [13].

In connection with range searching problems, Chazelle [4] investigated A,(Cd) (n)
when k is a function of n. He showed that, in any fixed dimension d > 2, for
logn < k < n, we have the asymptotically correct order ©(k/n) for A,(Cd)(n).

These problems have proved to be remarkably difficult, and it was natural to
address a simpler problem, namely to determine the average value of Vk(d) (P)
when each point in a placement P C [0,1]? of n points is chosen independently
and uniformly at random, denoted A;cd) (n). Note this is also well-defined for d = 1
(there is a well-known short proof for ﬁgl)(n) =1/(n—1)3?).

Jiang, Li and Vitany [9] showed that &5(32) (n) = ©(1/n?) using Kolmogorov
complexity. Grimmett and Janson [7] strengthened this to lim,, o (n? Eéz)(n)) =
1/2, and also determined the analogous limit when the n points are chosen with
more general probability distributions. They also found the asymptotic probability
distribution of A3(P) (and, more generally, of the size of the ¢-th smallest triangle).

In our work, we determine the order of Elid) (n) for every fixed d and k.

Theorem 1.1. Let d,k > 2 be fized integers. There exist positive constants
car and Cq i such that, for n sufficiently large, it is

Cax

Cd,k
k k *
n TFTd—FF1] n ITFd—FF1]

< E,(Cd) (n) <

In this note, we prove some cases of Theorem 1.1 to illustrate how the full
argument goes. Omne can also show a discretized version, i.e., a d-dimensional
K x -+ x K-grid is embedded on [0,1]? and points are placed on the grid-points,
where K is sufficiently large in terms of n. The arguments are rather similar and
integrals become sums.
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2. AREAS OF TRIANGLES IN [0,1]2

We first give a detailed argument for Theorem 1.1 in the case £k = 3 and d = 2 and
then briefly sketch the argument for fixed k¥ > 3 and d = 2, whose ideas can be
generalized to any fixed k,d > 3. Note that the case k = 3 and d = 2 was already
solved in the literature [7, 9], but our proof is very short and works as a model for
the other cases. Let dist(P, Q) denote the Euclidean distance between the points
P and Q.

Proposition 2.1. Let Py, P, P3 be points selected independently and uniformly
at random from [0,1)%. Let T be the triangle Py PyP3. Then, for every 0 < A <1,

A <P(area(T) < A) < 124.

Sketch. For the lower bound, suppose that the first two points P;, P, have
been selected. If there is no point @ in [0, 1] such that the triangle P; P,Q has
area larger than A, then the probability that the area of T is at most A is 1.
Otherwise, there is a point ) in [0, 1]? such that the triangle P; P>Q has area A.
The probability that the area of 1" is at most A is at least the probability that Ps
lies in the triangle P; P>@Q, which is equal to A.

For the upper bound, for each ¢,j € {1,2,3}, consider the case where P;P; is
the longest side of the triangle and use the union bound. In each case, the third
point is contained in a rectangle of area 4A. O

Lemma 2.2. For any n > 3, we have ﬁgz) (n) > 1/(8n3).

Proof. Place n points independently and uniformly at random in the unit-square
[0,1]%. We set A =1/(4n3). By Proposition 2.1 and the union bound, the proba-
bility that at least one of the triangles with vertices among the n points has area
at most A is at most 124 - (g) < 1/2. Then, by Markov’s inequality, the expected
area ﬁéz)(n) of a triangle of minimum area is at least 1/(8n?). O

For the upper bound, we will use the following Suen-type correlation inequality
(see Theorem 1 in [8]). For distinct events B, Ba, B3 in a probability space,
Bj ~ Bs denotes that By and By are dependent, and By ~ { B, B3} denotes that
By is not mutually independent of the set {Ba, B3}, that is, it is dependent on By
or B3 or B2 N Bg.

Theorem 2.3. Let By,..., By be distinct events in a given probability space.
Let M = Hle P(B;) and D = ZBiNBj P(B; A Bj). Assume that for every pair
of distinct dependent events B; ~ B; the number of events By with By ~ {B;, B;}
is at most a and that P(B;) < ¢ for everyi € {1,...,k}. Then,

P (A2, B) < M.eTo~.
Lemma 2.4. For all sufficiently large n, we have &gf)(n) < 18/n3.

Proof. Place n points independently and uniformly at random in [0, 1]?. For
each set I of three of those points, T} is the triangle with vertices in I.
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We shall give an upper bound on the probability that all triangles have ‘large’
area. Fix 0 < A < 1. For each z € {1,...,|2Inn]}, let B}w) denote the event
“area(T;) < Cxz/n®, for a suitable constant C' > 0. By Proposition 2.1, we have

Czx 12C

For I # J, the events B}x) and Bgm) are dependent only if the triangles
T; and T; have exactly one vertex or one side in common. In the first case,
let T = {P1,P,P3} and J = {P1,Q1,Q2}. Without loss of generality, place
Py, Py, P3,Q1,Q2 in [0,1]? in this order. The event B}I) happens with probabil-
ity at most 12Cx/n3. Regardless of P;’s position, for each z € [0,+/2] (where
/2 is the longest possible distance between points in [0, 1]2), the probability that
dist(Py, Q1) is in the infinitesimal interval [z, z + dz| is at most 27zdz (i.e., the
area of the appropriate annulus). For B(Jx) to hold, the last point, ()2, is contained
in a rectangle of area at most 4v/2 Cx/(2n?).

In the second case, denoting the length of the common side PP’ of T; and
Ty by vy, place one endpoint of the common side anywhere in [0, 1]?; the other
endpoint, P’, satisfies that dist(P, P’) is in the infinitesimal interval [y,y + dy]
with probability at most 27y dy, and the two remaining vertices of T; and Ty
must be contained in a rectangle of area at most min{1,4v/2C/(yn3)}. For n
sufficiently large, we conclude that

DW= 3" pBF ABY)
B~

V2 V2 2

n\ 12Cx 42 Cx n 42 Cx

< 2 inq1 2

< <5> 3 /0 g nzdz + <4)/0 <m1n{ e }) 7wy dy

8mC2 2 1927C%221Inn 1.77C% 22
< —+ < .
- 5n n? - n

n]

Moreover, letting ( [3

we have

) be the set of all subsets of three points, by Proposition 2.1

— (%)
e I #{) < -2
1e('3)
Now, use Theorem 2.3. Clearly, maxp,~5, |[{G € ([g]): Bg ~ {Br,Bs}}| < 3n?,

for n > 15. Setting o = 3n2, using that 1 + z < e?, for all z, and = < 2lnn, we
infer that, for n large,

(@) ° (g) 1 C242
@) < M) o < (12 CE) o [ LT
Plreyy ) = M U] P ey
n

o o (TR oy (O ¢y (-2,

n3 6
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Therefore, letting C' = 7, the probability that the minimum area of a triangle
is larger than 7x/n? is at most e~®. In particular, the probability that such area
is in the range [7z/n3,7(x + 1)/n?] is also at most e~ *.

By the result of Komlos, Pintz and Szemerédi [10] mentioned before, for a
constant ¢ > 0 and n sufficiently large, in any placement of n points in the unit-
square [0, 1] the minimum area of a triangle is at most 2¢V™&" /p8/7,

Thus, for n large, the average minimum area Ez(f) (n) of a triangle satisfies

[2Inn] I
~ (2 1 7(z+1) _5 20viogn
A <y - 2 nn 20 7
3 ()< o n3 e n?
[2Inn] closn
B L T@+1) 1 2YPEm g
=X e e twTa Sw
=0
where we used > o0 (7(z +1)/e* = Te?/(e — 1)? < 17.6 < 18. O

Remark: If instead of the upper bound 2¢v°s ™ / n®7 we had used only the trivial
upper bound Az(n) < 3/(2n), we would obtain (19.1)/n? instead of 18/n3 in the
above result.

3. AREAS OF CONVEX HULLS OF k POINTS IN [0, 1]?

The goal of this section is to discuss briefly the bounds on &,(f)(n), when k >4 is
fixed. First, we generalize Lemma 2.2.

Lemma 3.1. Let k > 3 be fixed. For n sufficiently large, we have

1/(k—2)
) ((k—2)!)
Ak (TL) > 8nk/(k*2) )

Proof. Place n points independently and uniformly at random in the unit-square
[0,1]2. For each set J of k of those points, let K; be their convex hull. Clearly,
if K; has area at most B, then every triangle P,P,P; with {P,, P,,P;} C J
has area at most B. Fix some J and assume without loss of generality that
J: {P17~~~,Pk}.

Let S be the event “area(K ;) < B” and E, ;, be the event “the distance between
the points P, and P}, is at least as large as the distance between the other pairs
of points in the set J”. By the union bound, we have

(2) P(S)< > P(SNEg).

1<g<h<k

To compute P(SNEy 1), note that for any choice of P, and P}, any other point P,
from J must lie in a rectangle of area at most 4B. Since these points are chosen
independently, we have P(S N E, ;) < (4B)*~2, hence, expression (2) is at most
(5)4B)F.
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If we set B =c¢/ n¥/(#=2) by the union bound, the probability that at least one
of the convex hulls K ; has area at most B is bounded above by

(1) G <25y

In particular, if we choose ¢ = (1/4)((k — 2)!)1/(k_2), the above upper bound is
1/2, and by Markov’s inequality, we have
~ 4c)k—2 1 ((k—2))7>
A(Q) > (1= ( .B=_. = . O
v ()2 2. (k- 2)! 2 s 8z

For a configuration of k points Pi,..., Py in [0,1]%, we define P; and P; to be
extremal points if their Euclidean distance is at least as large as the distance of
any pair of the points P, ..., P.

Lemma 3.2. Let k > 3 be fized. There is an absolute constant Cy > 0 such
that, for n sufficiently large, we have A,(f)(n) < Cy /nF/F=2),

Proof. Place n points independently and uniformly at random in the unit-square
[0,1]2. For each subset I of k points, let K; be the convex hull of points in I.
We give an upper bound on the probability that every K; has ‘large’ area. By
our previous result, we know that P(area(K;) < B) < (£)(4B)*~2 < k*(4B)"~2.
Moreover, by Proposition 2.1, we have P(area(K;) < B) > B¥2 for B < 1.

Let BY”) denote the event “area(K;) < B(z)”, where B(z) = Cx/n*/(:=2 for

a suitable constant C' > 0, z € {1,...,|(2Inn)”/*=2)|} and a subset I containing
k of the n points. We have
k—2 24k—2 k—2
(Ca)™ < P(Bf)) < k4" 2(Cz)" = = ¢(z).

nk

Fix distinct k-element sets I and J of points. The events Bgm) and ng) are
dependent only if I and J intersect non-empty. Let ¢ = |I N J|, and assume
1 << k-1 Let I = {Pl,...,Pk}, and J = {Pl,...,Pg,Qg_,_l,...,Qk}. We
estimate the probability P(B™) A Bsw)).

First let £ = 1, thus |[I N J| = 1. Given P;, there are two possibilities for the
convex hulls of K and K, respectively: (i) P; is an extremal point for K; or K,
or (ii) P, is not an extremal point for K nor K.

Adding the two sub-cases, for £ = 1, we can show for constants C’, C"” > 0 that

P S 0 I

BB 1ng1=1

Cl/ C 2k—4
(3) < C'(4B(z))24n21 < &
n
Next let K; and K; have exactly ¢ points in common, 2 < ¢ < k — 1. Given
the points P, ..., Py, there are three possibilities for the convex hulls of the points

Py,...,Prand P1,..., P, Quy1, ..., Qx, respectively: (i) two of the common points
Py, ..., Py are extremal for Ky or K ; (ii) case (i) does not hold and exactly one of
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the points Py, ..., P is extremal for K; or K; (iii) none of the points Py,..., Py
is extremal for Kj or K.

The largest upper bound for the probability that the convex hulls of K; and
K ; have area at most B(z) arises in case (iii) and is at most

(4) o . B(x)Qk—é—Z . 1113 n,
for a constant C” > 0. This bound comes from multiplying C’(4B(x))?*~¢~* by

V) [ff:Hl 4\[3( ) [V2/y1+1 . 1V3B(x)
min Z min< 1, ————= » - 27y dy.
oty |sly

t=—Tv2/yl-1; s=—[V2/y1-1;
t#£0 s#0
By (4) and because B(z) = Cz/n*/(¥=2) we infer that for ¢ > 2
2%—t—2
(5) Déx) - Z P(Bl(rx) A ng)) <c”- % o’ n.
n k-2

BB 1ng|=¢

From equations (3) and (5), together with = < (2lnn)*/*=2) k >4, and n large,
we have a constant C"’ > 0 such that

k-1 1 p2k—4 153 ///1
D@ _ Z P(B§x)AB§x)):ZD§x)§C x - n n_ 4C" In° n
=1 nk—2 nk 2

() _ p@)
B~ B

Moreover, using 1 4+ z < e? for all z, for n large,

k—2 (2) 2)k=2 2)k—2
[T P < (1) e S O s,

nk -
IE([n])

We have max p)_ {G e (). BY) ~ (B BY1}| < 3k2nkF~1 = a. For n

sufficiently large, (1—&(x))® > 1/2. Hence, by < (2Inn)'/*~2) and Theorem 2.3,
40" - 1n°n

n%(l —e(x))>

(Cz)k—2 8C" -1n° n
< exp o) exp | ————
. nlc—2

o (2927

Then, for C' = (3-k!)*/(*=2) the probability that the minimum area of the convex
hull of k points is within the range [Cx/n*/*=2) C(x + 1)/n*/*=2)] is at most
e %, Splitting the unit-square [0, 1]? into squares of side length \/k/in and using
the pigeonhole principle one shows that A,(f) (n) < k/n. Therefore we have

P(/\IE([';])B}T)) <M - exp (

[(21n n)ﬁj

~ —2 C 1
Af)(n) < Z g s

(
7—0 nkE-2 n
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