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FLOW NUMBER AND CIRCULAR FLOW NUMBER
OF SIGNED CUBIC GRAPHS

A. KOMPISOVA anp E. MACAJOVA

ABSTRACT. Let ®(G, o) and ®.(G, o) denote the flow number and the circular flow
number of a flow-admissible signed graph (G, o), respectively. It is known that
®(G) = [®.(G)] for every unsigned graph G. Based on this fact Raspaud and
Zhu in 2011 conjectured that ®(G,0) — ®.(G,0) < 1 holds also for every flow-
admissible signed graph (G,o). This conjecture was disproved by Schubert and
Steffen using graphs with bridges and vertices of large degree. In this paper we
focus on cubic graphs, since they play a crucial role in many open problems in graph
theory. For cubic graphs we show that ®(G, o) = 3 if and only if ®.(G,0) = 3 and
if ®(G,0) € {4,5}, then 4 < ®.(G,0) < ®(G, o). We also prove that all pairs of
flow number and circular flow number that fulfill these conditions can be achieved
in the family of bridgeless cubic graphs and thereby disprove the conjecture of
Raspaud and Zhu even for bridgeless cubic signed graphs. Finally, we prove that all
currently known graphs without nowhere-zero 5-flow have flow number and circular
flow number 6 and propose several conjectures in this area.

1. INTRODUCTION

A signed graph (G, o) is a graph G together with a signature o assigning each edge
a positive or a negative sign. Similarly to the unsigned graphs, flows on signed
graphs follow a certain orientation of edges. Each edge consists of two half-edges,
which are oriented independently, subject to the condition that a positive edge
has its half-edges oriented consistently, while a negative edge has its half-edges
oriented in the opposite direction. If a negative edge has its half-edges oriented
from the incident vertices, it is called introverted, otherwise it is called extroverted.
It can be easily seen that flows on unsigned graphs are equivalent to flows on signed
graphs with all edges positive.

A circular r-flow (O, f) on (G, o) is a pair where O is an orientation of E(G),
f is a function E(G) — R such that 1 < |f(e)| < r — 1 for each edge e € E(G)
and for every vertex v € V(G) the sum of incomnig flow-values equals the sum of
outgoing flow-values.

A nowhere-zero k-flow is a circular k-flow such that every flow-value is an inte-
ger. The flow number ®(G, o) and the circular flow number ®.(G, o) of a signed

Received June 10, 2019.
2010 Mathematics Subject Classification. Primary 05C22, 05C21; Secondary 05C15.



878 A. KOMPISOVA anxp E. MACAJOVA

graph (G, o) are the smallest integer k, and the smallest real number r, such that
(G, o) admits a nowhere-zero k-flow and a circular r-flow, respectively.

The research in the area of nowhere-zero flows on signed graphs has been stimu-
lated by Bouchet’s 6-flow conjecture [1], which states that if a signed graph admits
a nowhere-zero flow, then it admits a 6-flow. It is known that the conjecture is
true if the constant 6 is replaced with 12, see [2]. On the other hand, there are
examples of signed graphs with flow number 6, see Fig. 1 and [1, 5, 9].

Figure 1. Signed graphs with flow number 6.

Clearly, ®.(G,0) < ®(G,0). In the unsigned case, the relationship between
these two numbers is simple: ®(G) = [®.(G)]. This implies that &(G) — ®.(G) <
1. Raspaud and Zhu [8] conjectured that the same is true for all flow-admissible
signed graphs and proved that

(*) (G, 0) < 2[®.(G,0)] — 1.

Schubert and Steffen [9] disproved the conjecture of Raspaud and Zhu and
later M&cajové and Steffen [7] proved that the inequality (*) cannot be improved.
Nevertheless, the results of [9] and [7] were obtained for signed graphs with bridges
and vertices of large degree, leaving the conjecture of Raspaud and Zhu open
for cubic graphs — an important family of graphs to which many flow related
conjectures and problems can be reduced. In this paper, we partially fill this gap
by proving the following theorem.

Theorem 1. Let (G, o) be a flow-admissible signed cubic graph. The following
s true:

(a) ®(G,0) =3 if and only if P.(G,0) = 3.
(b) If ®(G,0) =4 then ®.(G,0) = 4.
(c) If ®(G,0) =5 then ®.(G,0) € [4,5].

Moreover, there are infinitely many bridgeless signed cubic graphs for every com-
bination of flow and circular flow number satisfying the conditions of the theorem.

Finally, we provide a family of signed graphs for which we conjecture that it is
the complete family of signed graphs with flow number 6. We show that all graphs
in this family have also the circular flow number 6.
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2. PROOF OF THEOREM 1

Switching at a vertex v means reversing the signs of all edges incident with v,
except for the loops. Two signed graphs are switching equivalent if one can be
obtained from the other by a series of switches. Switching equivalent graphs have
the same flow number.

Let (O, f) be a positive circular r-flow on a signed cubic graph (G, o). By the
definition of a flow, there are two types of vertices: with one incoming half-edge or
with two. According to this partition we colour the vertices white and black. Such
a vertex-colouring is called r-induced colouring. Note that switching at a vertex
changes its colour.

Let (G, o) be a signed graph and let H be a subgraph of G. Let E*(H) and
E~(H) be the set of outgoing and incoming half-edges not contained in H incident
with a vertex of H, respectively. A mandating ¢-path is one that is switching
equivalent to a positive monochromatic path of length £. The length of a path is
the number of its edges.

Lemma 1. If there is an r-induced colouring of (G, o) containing a mandating
{-path, then r > £+ 3.

Proof. Let L be a mandating ¢-path of (G, o). Switch L to positive monochro-
matic path. Without loss of generality assume that the vertices of L are black.
Then |[E~(L)| =20 +1)— ¢ ={¢+2and |[ET(L)] =+ 1—¢ = 1. The result
follows. O

Let (G,0) be a cubic signed graph. It can be easily seen that 3 < ®.(G,0) <
®(G,0) and therefore if (G, o) = 3, then ®.(G,0) = 3.

Now assume that ®.(G, o) = 3. Let ¢ be a 3-induced colouring. Since there are
no mandating 1-paths, ¢(u) = ¢(v) if and only if uv is negative. By switching at all
white vertices we obtain an all-negative graph where every vertex is incident with
exactly one introverted edge. A nowhere-zero 3-flow can now be easily defined.
This proves (a).

The validity of (b) and (c) follows directly from (a) and the following theorem.

Theorem 2 ([9]). Lett > 1 be an integer and (G, o) be a signed (2t+1)-reqular
graph. If ®.(G,0) =r, thenr =2+ 1/t orr >2+4+2/(2t —1).

Obviously, there are infinitely many bridgeless signed cubic graphs with
®(G,0) = ®.(G,0) = 3 and with ®(G,0) = D.(G,0) = 4: it suffices to take
positive graphs with these flow numbers. Therefore, the values from parts (a) and
(b) can be achieved. We prove that the same is true for values in the part (c).

The following theorem follows from [4, 6].

Theorem 3. For every rational number r € (4,5] there are infinitely many
cubic graphs with circular flow number ®.(G) = r.

Since ®(G) = [®.(G)] for every unsigned graph G, the graphs from Theorem 3
have flow number 5. To complete the proof we show that there exists an infinite
family of cubic graphs with flow number 5 and circular flow number 4.
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For i € {1,2} let D; be a graph obtained from K, by deleting an edge. De-
note the vertices of Dy and Dy as xg,...,x3 and yq, ..., ¥ys3, respectively, where
T, %1, Yo,Yy1 have degree 2. Let H,, where n > 0, be the graph obtained from
Dy and D5 by joining the pairs of vertices xzq,yo and z1,y; with a path of length
(n + 1) whose inner vertices are a1, ag,...,a, and by, ba, ..., b, respectively, and
by adding edges a;b;, where 1 < i < n. All edges of (H,,0,) are positive except
for wox3, yoys and ajas, anyo if n > 2. Let ¢; = a;a;11 and g; = bibir1 (see
Fig. 2a).

Ty = Qg aq as as [e7% Yo = An+y1

xr1, = b() b1 b2 b3 bn mn = bn+1

(a) Graph (Hn,on)

a 1
€o ! €1 Yo
O

o

) T3 Y2 O Ys

x1 g0 by g1 m
(b)

Figure 2

It is not difficult to find a circular 4-flow and a nowhere-zero 5-flow for every
(Hy,,0,). By part (a) of the theorem, it is enough to prove that (H,,, o,) does not
admit a nowhere-zero 4-flow. We proceed by induction on n.

The induction basis is formed by the graphs with n € {1,2,3}. We only prove
the nonexistence of a nowhere-zero 4-flow for n = 1. Assume that (H1,01) admits
a positive nowhere-zero 4-flow and thus a 4-induced colouring ¢. By Lemma 1, the
coloured graph does not contain a mandating 2-path.

The graph (Hy,01) has two negative edges. The definition of a flow implies that
exactly one of them is introverted, therefore the number of incoming half-edges
equals the number of outgoing half-edges. It follows that the numbers of black
vertices and white vertices coincide. A 4-induced colouring of D; has to fulfill
following: c¢(zg) = c(x1), c(x2) = c(xs) and c(xg) # c(z1), otherwise there is a
mandating 2-path. Similar properties hold for Ds. In each D; there are two black
and two white vertices, therefore c(a;) # ¢(by). Thus all 4-induced colourings are
isomorphic to the one in Fig. 2b.

Observe that for every mandating 1-path u, v the flow-value on the edge uv has
to be 2 and the flow-values on the other edges incident with u or v have to be 1
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or 3. The edges eg and g1 form positive mandating 1-paths in (Hy,01), therefore
f(eo)+f(go) is odd. This is not possible since from the definition of a nowhere-zero
flow it follows that the sum of flow-values on an edge-cut has to be even.

Assume that n > 4. Let (O, f) be a nowhere-zero 4-flow on (H,,o,) where
every edge a;a;y1, with 1 <@ < n, is oriented towards a;;1; similarly every edge
bibiy1, 1 <1i < n, is oriented towards b;11; the edge a,yo is oriented from a,, and
the edge b,y is oriented from b,,. Since every set {e;, g; }, where 1 < i < n, forms
an edge-cut, the value f(e;) + f(g;) is even and |f(e;) + f(g;)] < 6. Moreover,
since the induced subgraph on the vertices {a;,b; | 1 < i < n} is positive, the sum
S = f(ei) + f(g:) is independent of i, where 1 < ¢ < n. Therefore, we have seven
possible value of S, each of them achievable by at most three different pairs of
flow-values.

By the Pigeonhole Principle, there are at least two sets {e;,g;} and {ej, g;},
i < j, with the same pair of values. If we delete the vertices ay, by, wherei < k < j,
and all the half-edges incident with them, then there are two pairs of dangling
half-edges with the same flow-value. If we join these pairs into edges, we obtain a
nowhere-zero 4-flow on a smaller graph, contradicting the minimality of (H,, 0,).
The proof is complete.

Theorem 1 implies that the conjecture of Raspaud and Zhu is not true even for
cubic graphs. Nevertheless, we believe that the following is true.

Conjecture 1. Let (G, 0) be a flow-admissible signed cubic graph. Then
O(G,0) — ®.(G,0) < 1.

3. SIGNED GRAPHS WITH FLOW NUMBER 6

Let P? denote the Petersen graph with one negative 5-circuit. Let Q7 be the cube
on eight vertices with three independent negative edges, one in each dimension.
Let NJ..1, k > 1, be a signed graph obtained from a positive circuit of length
4k + 2 by replacing every second edge with two parallel edges of different sign (see
Fig. 1). These graphs are known to have the flown number 6. We call them the
basic graphs.

Let (G,0) and (H,1) be signed graphs, H bridgeless and positive. Let u € G
and v € H be vertices of degree 3. Let ui,us and ug and v1,vs and vz be the
neighbours of u and v, respectively. A signed graph which arises from the union of
(G,0) and (H,1) by deleting the vertices u and v and joining the vertices u; and
v; with an edge with sign o(uu;), where 1 < i < 3, is called a vertez-extension of
(G,0).

Now we define other type of extension. Let (G, o) and (H, 1) be signed graphs,
H bridgeless. Delete an edge ujus from (G, o) and an edge vyvy from (H,1). Add
edges uiv; and wugve. The product of signes of the new edges has to equal to
o(ujug). The resulting graph is an edge-extension of (G, o).

A signed graph (G, o) is called a trivial extension of a signed graph (H,op) if
(H, o) can be transformed to (G, o) by a sequence of vertex- or edge-extensions.
Let M be the set of signed graphs switching equivalent to basic graphs and all
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their trivial extensions. We propose the following conjecture, which implies Con-
jecture 1.

Conjecture 2. If a flow-admissible signed graph does not admit a nowhere-zero
5-flow, then it belongs to M.

Theorem 2 and Theorem 1(a) imply that if (G, o) is cubic and ®(G,o) = 6,
then ®.(G, o) € [4,6]. We prove that the graphs from the family M have both the
flow number and the circular flow number 6. To do so we will use the following
lemma.

Lemma 2 ([3]). Let G be a graph and let v be a vertex of G of degree at most 3.
If G admits a nowhere-zero k-flow for some integer k, then G admits a nowhere-
zero k-flow with arbitrarily prescribed values at the edges around v that sum to 0
and are from the set {+1,+2,...,+(k —1)}.

Theorem 4. Let (G,0) be a flow-admissible signed graph switching equivalent
to a graph from the family M. Then ®(G,0) = ®.(G,0) = 6.

Proof. We use induction on the number of extensions. The flow numbers of the
basic graphs are equal to 6, see [1, 5, 9]. We prove that this is also the case for
their circular flow numbers.

To disprove the existence of a circular r-flow on P? for r < 6 it can be shown
that for every circular r-flow on P? there is an (r — 1)-circular vertex colouring
of Kg, a contradiction. In Q7, it can be shown that after excluding trivial cases
there are eight possibilities of r-induced colourings. In all these cases a mandating
3-path is present, which implies that r > 6. Finally, if N7,  ; admited an r-flow
with r < 6 for some k£ > 1, then the absolute values of the flow-values on the
edges with no parallel edge would have to alternate between the intervals [1,3)
and [3,5). Since the number of such edges is odd, this is not possible.

If (G, 0) is a trivial extension of (G’, ¢’), where (G',¢’') € M and ®(G’,0’) = 6,
then there is a nowhere-zero 6-flow on (G, o) which is implied by Seymour’s 6-flow
theorem [10] and following Lemma 2.

It remains to prove that extensions do not decrease circular flow number. As-
sume that (G, o) was created from (G’,0’) by applying a vertex extension with
(H,1). Suppose that ®.(G, o) < 6. Contract all the edges of (G, o) corresponding
to the edges of H except for the edges incident with the vertex employed in the
vertex-extension. Clearly, the resulting graph is (G’,¢’) and it admits a nowhere-
zero r-flow, a contradiction. Edge extensions can be treated similarly. Il
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