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AN EXPONENTIAL DIOPHANTINE EQUATION
RELATED TO ODD PERFECT NUMBERS

T. YAMADA

ABSTRACT. We show that for any given primes £ > 17 and p,q = 1 (mod ¢), the
diophantine equation (z¢ — 1)/(z — 1) = p™q has at most four positive integral
solutions (x, m) and gives its application to odd perfect number problem.

1. INTRODUCTION

The purpose of this paper is to bound the number of integral solutions of the
diophantine equation

(1)

This equation arises from our study of odd perfect numbers of a certain form.
N is called perfect if the sum of divisors of N except IV itself is equal to N.
It is one of the oldest problem in mathematics whether or not an odd perfect
number exists. Euler has shown that an odd perfect number must be of the
form N = p“q.fﬁ1 . q?f’“ for distinct odd primes p, ¢, ..., g, and positive integers
a,B1,...,0r withp=a =1 (mod 4).

However, we do not know a proof of the nonexistence of odd perfect numbers
even of the special form N = p®(qiqo...qr)%?, although McDaniel and Hagis
conjecture that there exists no such one in [15]. Gathering various results such as
[4], [9] [10], [11], [14], [15], and [18], we know that 8> 9, S Z 1 (mod 3), 8 # 2
(mod 5), and f cannot take some other values such as 11, 14,18, 24.

We have shown, that if N = p®(q1¢2...qr)%? is an odd perfect number, then
k < 48% + 28+ 2 in [19]. Recently, in [21], we have improved this upper bound
by 282 + 83 + 2 where the coefficient 8 of 3 can be replaced by 7 if 23 + 1 is not
a prime or § > 29. Since it is known that N < 24" from [17], we have
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The key point for this result is the diophantine lemma that if ¢, p, q are given
primes such that £ > 19 and p = ¢ =1 (mod ¢), then (1) has at most six integral
solutions (z,m) such that x is a prime below 24227 and at most five such solutions
if £ is a prime > 59 (we note that by Theorems 94 and 95 in Nagell [16], any
prime factor of (z* —1)/(z — 1) with £ prime must be = 1 (mod ¢) or equal to ¢).
Combining this result with an older upper bound from [19], we obtain the above
upper bound for N.

Now we return to the equation (1), which is a special type of Thue-Mahler
equations. FEvertse gave an explicit upper bound for the numbers of solutions
of such equations. [8, Theorem 3] gives that a slightly generalized equation
(2t —y*)/(x — y) = p™¢" has at most 2 x 77¢=1D° integral solutions for £ > 4.
In this paper, we would like to obtain a stronger upper bound for the numbers of
solutions of (1).

Theorem 1.1. If {,p,q are given primes such that ¢ > 17 and p = q = 1
(mod ¢), then (1) has at most four positive integral solutions (x,m). Moreover,
if p, q, £ are such given primes and (1) has five integral solutions (x;,m;) with
mg >myg > --->mq >0, then my =0 and xo = x§ for some prime r # £.

Combining this result with an argument in [21], we obtain the following new
upper bound for odd perfect numbers of a special form.

Corollary 1.2. If N = p®(qiqz2 - .. qi)?” is an odd perfect number with p, q1, gz,
..., qr distinct primes and p = e = 1 (mod 4) then, k < 282+ 68+ 2 and N <

262 +66+3
24 .

Our method is similar to the approach used in [21]. In this paper, we use
upper bounds for sizes of solutions of (1) derived from a Baker-type estimate
for linear forms of logarithms by Matveev [13], which may be interesting itself,
while [21] used an older upper bound for odd perfect numbers of the form given
above. We note that Padé approximations using hypergeometric functions given
by Beukers [2], [3], does not work in our situation since our situation gives much
weaker approximation to v/D, although Beukers’ gap argument is still useful (see
Lemma 2.4 below).

In the next section, we introduce some arithmetic preliminary results from [21]
and Matveev’s lower bound for linear forms of logarithms. In Section 3, using
Matveev’s lower bound, an upper bound for the sizes of solutions of (1) is given. In
Section 4, we prove Theorem 1.1. For large ¢, this can be done combining results
in Sections 2 and 3 with general estimates for class numbers, and regulators of
quadratic fields. For small ¢, we settle the case z; is large and then check the
remaining x;’s.

A more generalized equation of (1) is

14
-1
(2) 2_1 =qym2", x> 2




AN EXPONENTIAL DIOPHANTINE EQUATION 147

Assuming the abe-conjecture, the author [20] proved that any integral solution of
(2) with £ >3, m>1,n>2, 1<y < z and 2° sufficiently large must satisfy
(6,m,n) =(4,1,2), (3,1,3) or (£,n) = (3,2).

2. PRELIMINARY LEMMAS

In this section, we introduce some notations and lemmas.

We begin by introducing a well-known result concerning prime factors of values
of the n-th cyclotomic polynomial, which we denote by ®,,(X). This result was
proved by Bang [1] and rediscovered by many authors such as Zsigmondy [22],
Dickson [7], and Kanold [11, 12].

Lemma 2.1. If a is an integer greater than 1, then ®,(a) has a prime factor
which does not divide a™ — 1 for any m < n, unless (a,n) = (2,6) orn =2, and
a+ 1 is a power of 2.

In order to introduce further results on values of cyclotomic polynomials, we
need some notations and results from the arithmetic of a quadratic field. Let
¢ > 17 be a prime and D = (71)%8. Let K and O denote Q(v/D) and its ring
of integers Z[(1 + v/D)/2], respectively. We use the overline symbol to express
the conjugate in K. In the case D > 0, € and R = loge denote the fundamental

unit and the regulator in IC, respectively. In the case D < —4, we set ¢ = —1 and
R = mi. We note that neither D = —3 nor —4 occurs since we have assumed that
?>17.

Moreover, we define the absolute logarithmic height h(«) of an algebraic number

« in K. For an algebraic number « in K and a prime ideal p over K such that

a = ((1/¢)€ with &€ € p* and (1, in O N\ p, we define the absolute value o], by
lal, = Np~*

as usual, where Np denotes the norm of p, i.e., the rational prime lying over p.
Now the absolute logarithmic height h(«) is defined by

1 _
h(o) = 5 (1og+ o] +1og* |al + 3 log* |a|p>,
p

where log" t = max{0,logt} and p in the sum runs over all prime ideals over K.
The following three lemmas on the value of the cyclotomic polynomial ®,(x)
are quoted from [21], except the latter part of Lemma 2.3.

Lemma 2.2. If z is an integer > (2, then ®y(x) can be written in the form
X2 — DY? for some coprime integers X and Y with
Y 0.4387
X+YVD x

>

’ Y ‘<0.5608
X -YVD r
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Moreover, if p,q are primes = 1 (mod £) and ®¢(x) = p™q for some integer m,

then
SENGs
p a)

where [p| = pp and [q] = qq are prime ideal factorizations in O.

X +YVD

5) X-YVD

Lemma 2.3. Assume that £ is a prime > 17. If xo > x1 > 0 are two
multiplicatively independent integers, ®y(x1) = p™q and Pp(x2) = p™2q, then
To > x%(fﬂ)/ﬁJ' If zo > x1 > 0 are multiplicatively dependent integers and
Dy(x;) =p™iq fori=1,2, then my =0 and xo = ] for some prime r # £.

Lemma 2.4. If ®y(z;) = p™iq for three inlegers xs > xo > 1 > 0 with
xg > ;13%(”1)/6J , then ms > 0.445 |R| z1 /V/{.

Proofs of lemmas. The former statement of Lemma 2.3 and Lemma 2.4 are 4.1
and 4.2 of [21] (the original version of Lemma 4.2 contains an error, see the
corrigendum), respectively, for £ > 19, and the corresponding statements can be
proved for £ = 17 in a similar way. Moreover, Lemma 2.2 is Lemma 2.3 of [21]
with 3LEHD/6) replaced by £2 for £ > 19 and can be proved in a similar way, even
for £ = 17. Hence, what we should prove here is only the latter statement of
Lemma 2.3.

The assumption implies that 1 = " and x5 = y" for some positive integers
y, 71,72 with 7o > 1. Assume that r; > 1, and put r; = s;t; with ¢; = % and s;
not divisible by £ for i =1, 2.

If at least one s; # 1, then ®,(y"*) must be divisible by ®4,,(y)®,,¢(y). Hence,
three values ®;4(y), ®re(y), and ®,,¢(y) must be composed only by p and q.
However, since we have assumed that ¢ > 17, Lemma 2.1 yields that each of ®¢,4(y),
D, ¢(y), and ®,,,(y) must have a primitive prime factor. This is a contradiction.

If 51 = so = 1, then we have t; # t3 and ®y(z;) = Dy,0(y) for ¢ = 1,2. Hence,
both @, 4(y) and ®,¢(y) must be divisible by ¢, which is impossible since ¢ = 1
(mod ¢).

Thus we must have 1y = 1 and zo = «]. If r is divisible by ¢, then, writing
r = sf* with s indivisible by ¢, we see that

mo r ($?Ek+1 — 1)
p q:@(wl):mzn@wﬂ(ﬁ)-
d|s

If s # 1, then three values ®p(x1), Pprt1(z1), and @ pn+1(z1) must be composed

only by p and ¢, which is impossible like above. Then s = 1, and ¢ must divide

both ®(z1) = p™q and Pe+1(z1). But this cannot occur since ¢ =1 (mod /).
Hence, r is not divisible by £ and we see that

P = (@~ 1)/ — 1) = [[ Barlan),
d|r
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while each ®4¢(21) has a primitive prime factor. Hence, r must be prime and since
®y(z1) must be divisible by ¢, we conclude that ®,¢(x1) = p™2 and Py(x1) = ¢,
proving the latter statement of Lemma 2.3. O

In order to obtain an upper bound for the size of solutions, we use a lower
bound for linear forms of logarithms due to Matveev [13, Theorem 2.2].

Lemma 2.5. Let ay, s, ..., qn be algebraic integers in O which are multiplica-
tively independent and by, ba, ..., b, be arbitrary integers. Let
A(a) = max{2h(a), loga|} and A; = A(cy;). Moreover, we put K =1 if D > 0,
and Kk =2 if D < 0.

Put

B = max{l, |b1| Al/Ana |b2| AQ/An, ey |bn|}7
Q= A14,... Ay,

(6) Cy(n) = %e"(?n +1426)(n 4 2)(4(n + 1)) !

1 K
X <26n) (4.4n 4+ 5.51logn 4+ 7+ 2log 2 + log(1 + log(2))),
¢ =3e(1+log2),

and

(7) A=bjlogas + -+ b, log au,.

Then we have A =0 or
n

(8) log|A| > —C\.(n)(logcB) max{l,g}ﬂ.

3. UPPER BOUNDS FOR THE SIZES OF SOLUTIONS

In this section, we give upper bounds for the sizes of solutions of (1), which
itself may be of interest. As in the previous sections, for a prime £ > 17, we let
D= (71)67716, K and O denote the quadratic field Q(v/D) and its ring of integers
Z[(1 + /D) /2], respectively, and h is the class number of K. In the case D > 0, &
and R = loge denote the fundamental unit and the regulator in K, respectively. In
the case D < —4, we set ¢ = —1 and R = 7i. We note that |R| > log(v/17) > 1.4
for every D with |D| > 17.

We let p, ¢ be primes = 1 (mod ¢). Then, we can factor [p] = pp and [¢] = qq in
O and see that p" = [7] and q" = [n] for some 7,7 € O. In the case D > 0, taking
integers u, v so that |re¥| < ph/2el/?2 < ’7’5“+1 and |ne¥| < ph/2e1/? < 175”+1’,
we can take 79 = 7e%, and 79 = 7€’ in O such that [ro] = p”,[n0] = 9" and
ph/2e=12 < rp| < ph/2e1 /2, qM 212 <ol < ¢/2e'/?. In the case D < 0, we
can easily observe that 79 and 7y in O can be chosen from 47, +7 and +n, 7,
respectively, such that [ro] = p”, [n0] = q", and |arg 10|, |arg no| < 7/4.
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Theorem 3.1. Assume that ®y(x) = p™q and put C = C1(3) = 1.813--- x 101°
if ¢ =1 (mod 4), and C = C3(3) = 4.518--- x 10'° if £ = 3 (mod 4). Then we
have the following upper bounds for m:

i) If hlogq > hlogp > |R|, then
9) m < 4.505C¢h* |R| (log q)(log(8cC¢h? |R]) + loglog p).
ii) If hlogq > |R| > hlogp, then

(10) m < 4.505C

g 3
BRI (log q) log (M'R'>

l
log(2¢) log(2¢)
iii) If hlogp > hlogq > |R|, then
(11) m < 4.505C¢h* |R| (log q)(log(8cCth? | R|) + loglog q).
iv) If hlogp > |R| > hloggq, then
(12) m < 4.505C¢h |R|? log(8¢cClh |R)?).
v) If |R| > hlogmax{p,q}, then
5 log(8¢CY |R|%)

1 4.505C¢
(13) m < 4.505C |R) et

Proof. We begin by observing that if m < 2¢log ¥, then we can easily confirm
the Theorem exploiting the fact that p,q > 2¢. Indeed, in cases i), iii), and
iv), we have 2¢logl¢ < Cllog{ which is clearly smaller than the right hand side
of the desired inequality in each case. Moreover, in cases ii) and v), we have
|R| > logp > log(2¢) and 2¢log ¢ < Cllog|R| is smaller than the right hand side
of the desired inequality in each case. Hence, we may assume that m > 2¢log ¥, so
that z > (2. If ®y(x) = p™q, then Lemma 2.2 yields that there exist two integers

X,Y such that
@
p q

with 0 < ‘Y/(X —Y\/ﬁ)‘ < 0.5608/x. We can easily see that (X + YD)/

(X-Y+V/D) # +1 from Y/(X ~Y /D) # 0. Since |D| = £ > 3is odd, (X +Y D)/
(X — Y\/E) cannot be a root of unity. Hence, taking the h-th powers, we have

h
5) X+vvD\' _ ., (rb)im (n‘o)ﬂ#l
X -YVD 0 o
for some integer u, where we take 7y and 79 as we explained just before the lemma.
Now let

e T X+YVD
(16) A =uloge £ mlog (TO> + log (ZO) = hlog ( i f) :
70 0

X +YVD

(14) 7){_}/@

X -YVD
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Then, proceeding as in the corrigendum of [21], (15) gives that

_ 2hY VI <1.1216h\/2
|X - YVD| z

If [A| > 1, then we have z < 1.1216hv/¢ < hf and m < Llogz/logp < £log(ht).
We can easily confirm the desired inequality in each case. Hence, we may assume
that |A] < 1.

Before applying Lemma 2.5, we must obtain upper bounds for A(e), A(7/70),
and A(7jo/m0). If D > 0, then we deduce from p"/2e=1/2 < |ry| < p"/2/2 that
|To/70] < € and hlogp < 2h(7o/79) < hlogp + log|e|. Thus, we obtain hlogp <
A(To/10) < hlogp+|R|, and similarly, we obtain hloggq < A(70/n0) < hlogq+|R)|.
Moreover, since h(e) = (loge)/2, we have A(e) < |R|. If D < 0, then the situation
becomes simpler. We can see that |79| = |7o| = |n0| = || = p"?. Hence,
h(7o/70) = log\7'()|p_1 = (h/2)logp, and similarly, h(7jo/n0) = (logq)/2. Now, we
have A(7y/79) = max{hlogp,m/2} = hlogp since p > 47 > €™/?, and, similarly
A(7jo/no0) = hloggq. Moreover, A(e) = A(—1) = # = |R|. Thus, in any case, we
obtain hlogp < A(7y/19) < hlogp + |R|, hlogq < A(fjo/no) < hlogq+ |R|, and
A(e) < |R].

We begin by treating the first case hlogq > hlogp > |R|. We have

mA(To/m0) _ m(hlogp + [log(7o/70)| < m(hlogp + |R|)

(17) 0 < |A|

18) Aliofmo) — hlogq + oglio/m)l ~  hlogg
and
uA(e) _ Juloge| _ mlog(7o/70)| + [log(7io/m0)| + Al
(19) A(ﬁo/no) A(ﬁo/no) - hlogq
(m+1)|R|+|A]  2m|R|
hlogq hlogq’

where we recall that |A| < 1, and observe that m > 2¢log ¢ > 48, |R| > 1.4, and
(m+1)|R|+|Al < (m+1)|R|+1<2m|R)|.

Since hlogq > hlogp > |R|, we see that A(7y/m0) < hlogp + |R| < 2hlogp,
A(7o/n0) < hlogg + |R| < 2hloggq, and B < 2mlogp/logq. Hence, Matveev’s
theorem gives

log z — log(1.1216hV¢) < —log |A|
(20)

2cmlog p
2h)? log (==L | R| (log p) (1
< Cn?1og (S5 "5E ) IR| (logp)(log 0),

and therefore,

mlogp < {log
log q log q
log(1.1216h\/ ¢ 2cm 1
< oLV 402 g (2R 105 ).
log q log q

Taking into account that C' > 10!, we may assume that (2cm logp)/loggq > 100,
otherwise, (9) automatically holds. Now we observe that ¢,p > max{¢,47} and

(21)
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2clog(1.1216h\/2)/logq <l+logh+logl <1+logh+logp < 2hlogp. Hence,
we obtain

2cm 1
< (8¢C + 1)¢h? |R|log (TTZM) (log p)

=:Ulog (%).

2cmlog p

(22) log q

In other words, putting W = 2cmlogp/log g, we have W/logW < U. Since
U>8cC>8cC1(3)>2 x 102, we have (1.12212U log U)/log(1.12212U log U) < U.
Thus we obtain W < 1.12212UlogU. Noting that 8cC' > 2 x 10'2, ¢ > 17,
|R| > 1.4, and p > 47, we have log(8¢C? |R|logp) > 32.84 and

log U =1log(1.12212(8¢C + 1)¢h? | R|log p)
(23) <log(8cClh? |R|logp) + log(1.12213)
<1.00351 log(8cC?h? | R|log p).
Hence, (22) yields that

2cmlogp
(24) logq
< 1.12212(8¢C'+1)¢h? | R| (log p) x 1.00351 log(8cC¢h* |R| (log p)),

< 1.12212U log U

and dividing by 2c,

mlogp

2
(25) oz ¢

< 4.505C¢h* |R| (log p)(log(¢h? | R]) + loglog p + log(8cC)),

proving i).

Then, if hlogq > |R| > hlogp, then A(7/7) < 2|R|,A(7/n) < 2hloggq, and
B <2m|R| /hlogq. Moreover, (18) and (19) hold as in the previous case. Hence,
an argument similar to the above yields that

1 log(1.121 2 R
(26) mlogp _,(los( 6h)+40h|R\21og( al |) :
log q log q hlogq

and observing that p > 2/,

(27)

m|R] |R|log(1.1216h) |R|? 2cm |R|
/ 4 1 .
hlogq < (h(log(%))(logq) Clog(%) o ( hlogq )

We see that log(8cCl|R|* /log(20)) > log(8¢C(log® p)/log(2¢)) > 33.85 in this
case. Thus, proceeding as above, we obtain

MRl sos0

2 R5)
(28) hlogq < log(2¢)

5. (8cCl|R|?
1 P R
[B["lo ( log(2¢) )’

which proves ii).
In the remaining cases, similar arguments give iii), iv), and v). O
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4. PROOF OF THE MAIN THEOREM

In this section, we prove the main theorem.

Assume that ®y(z;) = p™iq with m; > 0 has five solutions z1 < zg < 23 <
x4 < x5 such that x7 and x5 are multiplicatively independent. It is clear that
Ty > max{ql/ ¢ 2}. Since we have assumed that x; and xo are multiplicatively
independent, Lemma 2.3 yields that z3 > max{g, 2¢}L+D/61*/¢. Now it follows
from Lemma 2.4 that

0.4557x3 < 0.4557
Vi Vi
We begin by the case ¢ > 47. If £ = 3 (mod 4), then R = 7wi. If £ = 1

(mod 4), then noting that ¢ is prime, it follows from Proposition 3.4.5 of [5, p.

138] and Proposition 10.3.16 of [6, p. 200] with £ in place of m and f in the latter

proposition that hR < £*/2((log€)/2 + loglog ¢ + 2.8). Now Theorem 3.1 implies

that ms < M, which contradicts to (29). Hence, if £ > 47, then ®4(z;) = p™iq
can never have five solutions 1 < --- < x5 such that x; and x5 are pairwise
multiplicatively independent.

Next, assume that £ = 43. We must have z; > 3 since 2% — 1 = 431 x
9719 x 2099863 has three distinct prime factors. Thus we must have ms >
0.455m max{q**/43,3%9} /v/43, which exceeds the upper bounds given in Theorem
3.1 with h = 1,R = mi. Indeed, Theorem 3.1 would yield that if ¢ < 3%3,
then ms < 5 x 10'% < 0.4557 x 349/\/@ < ms, and if ¢ > 3*3, then ms <
2.8 x 10" (log ¢)(loglog g + 35) < 0.455m¢*%/*3/\/43 < ms. In both cases, we
are led to a contradiction. Hence, ®43(x;) = p™iq can never have five solutions
r1 < --- < x5 such that x1 and x5 are pairwise multiplicatively independent.

(29) ms > max{ql-(e"'l)/GJz/Z’ 2L(€+1)/6J2} — M.

Table 1. Estimates when £ < 41 and z; is large.

{ | h R 1> | T2 > T3 >

17 [ 1| log(4++/17) 69 3 | max{¢’/*",69%}
19 | 1 i 79 z3 max{q®/1%,79°}
23 | 3 i 14 | zt | max{q'%/?%,14'%}
29 | 1 | log((5++29)/2) | 5 x| max{¢*/?° 5%}
3113 i 6 x5 max{q%/‘?’l7 625
371 log(6 + v/37) 3 z$ max{q>®/%7, 3%}
41 | 1| log(32+ 5v/41) 3 x| max{g*®/* 3%}

If £ < 41 and x; is not less than the corresponding value given in Table 1, then
9 and x3 exceed the value given in this table. Now we see that ms > O.4557m:3/\/z
exceeds our upper bound M, which leads to a contradiction.

Now we examine the remaining cases. Then m; = 0 or 1 must be one of the
values given in Table 2, and p,q must be in the range given in this table.

Assume that x1 is one of the values given in Table 2. In any case, Theorem 3.1
gives that m < 1.3 x 107, But we have confirmed that x5 > p* > 474 > 10° for
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these cases. Hence, we must have x3 > x% > 10%* and ms > x5 > 102* for all cases
given in Table 2, which is a contradiction again.

Table 2. Estimates when ¢ < 41,m1 > 0 and z; is small.

4 x1 D,q > p,q <
3,4,5,7,10,12, 14,15,
17 | 19,23,26,32,39,41,42, 103 362759437743508955104646759
44, 45,46, 48,58, 61,63, 65
3,4,6,7,13,15,18, 21,
19 | 26,28,29,30, 33,34, 35, 191 | 607127818287731321660577427051
37,38,50,61,62,63,71

23 2,3,5 47 332207361361

23 13 1381 p1 = 2519545342349331183143
31 5 1861 625552508473588471

37 2 223 616318177

41 2 13367 164511353

For example, in the case ¢ = 23 (in this case, we have h = 3 and R = mi), if
x1 > 14, then we must have ms > 0.4557 max{¢'%/23 146} /1/23, which exceeds
the upper bounds given in Theorem 3.1.

If 71 < 14, then we must have z; = 2,3,5, or 13, (10?3 — 1)/9 is prime, and
(223 —1)/(z — 1) with 2 = 4,6,7,8,9,11, or 12 has more than two distinct prime
factors.

If 21 = 2,3, or 5, then p,q < 332207361361 and m < 1.37 x 10'7. But, in
any case, we have confirmed that zo > p* > 10°. Hence, we must have x3 >
x5 > 10** and ms > x3 > 10%*, which is a contradiction. If z; = 13, then
(23 —1)/(x — 1) = 1381p;, where p; = 2519545342349331183143 and m < 2.46 x
10'7. Since (2% — 1)/(x; — 1) = 1381p;, Lemma 2.3 yields that we cannot have
xg = o} with 7 > 1. Thus, we have x5 > 149085523215936756399 > 10%° and
my > 0.4557m:2/\/ﬁ > 2.46 x 10'7, which is a contradiction.

Next assume that m; = 0 or equivalently, (z{ —1)/(z; — 1) = q. Thus, (z,{) =
(2,31), (10,23), or £ = 19,z € {2,10, 11,12, 14, 19, 24, 40, 45, 46, 48, 65, 66, 67, 75},
or ¢ =17,z € {2,11,20,21,28,31,55,57,62}. We observe that z] with 1 < r <
¢ —1 give the complete solutions to the congruence (X¢—1)/(X —1) =0 (mod q)
and xi_l < g. Since x1, 9 are multiplicatively independent, we must have x5 >
r¢¥ > max{q,2}. Thus, 23 > x£(5+1)/6J and ms > 0.455|R|xz3/v{. However,
except the case £ = 17 and z; = 2, this exceeds the upper bound for m given by
Theorem 3.1.

For example, if £ = 19 and x; = 2, then x5 > 2 x3 > 23, and ms >
0.455723//19 > 4.7 x 10*® while Theorem 3.1 gives ms < 5.8 x 10'°.

Finally, if £ = 17 and z; = 2, then ¢ = 131071, and since (217 — 1)/(x3 — 1) =
p™2q, we have either zo > 2'% or xy = 131583. If x5 > 2'® then z3 > 2°* and
ms > 0.455log(4 + V17)x3/v/17 > 4.1 x 10'® while Theorem 3.1 gives ms <
1.2 x 10, If x5 = 131583, then p = 6161...6351 is a certain 76-digits prime.
This yields that z3 > 2.3 x 107 and ms > 5.3 x 1073, which is impossible again.
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Thus, we have proved that if ®,(x;) = p™iq with m; > 0 has five solutions z; <
< x3 < x4 < x5, then z1 and xo are multiplicatively dependent. Combining it

with Lemma 2.3, the proof of Theorem 1.1 is completed.

RN =S BN

©

10.

11.

12.

13.

14.
15.
16.
17.
18.

19.
20.

21.

22.

REFERENCES

. Bang A. S., Taltheoretiske Undersggelser, Tidsskrift Math. 5 IV (1886), 70-80 and 130-137.
. Beukers F., On the generalize Ramanujan-Nagell equation I, Acta Arith. 38 (1980/81),

389-410.

. Beukers F., On the generalize Ramanujan-Nagell equation II, Acta Arith. 39 (1981),

123-132.

. Cohen G. L. and Williams R. J., Extensions of some results concerning odd perfect numbers,

Fibonacci Quart. 23 (1985), 70-76.

. Cohen H., Number Theory, Volume I: Tools and Diophantine Equations, Springer, 2007.

. Cohen H., Number Theory, Volume II: Analytic and Moderl Tools, Springer, 2007.

. Dickson L. E., On the cyclotomic function, Amer. Math. Monthly 12 (1905), 86-89.

. Evertse J.-H., On equations in S-units and the Thue-Mahler equation, Inv. Math. 75 (1984),

561-584.

. Fletcher S. A., Nielsen P. P. and Ochem P., Sieve methods for odd perfect numbers, Math.

Comp. 81 (2012), 1753-1776.

Hagis P. Jr. and McDaniel W. L., A new result concerning the structure of odd perfect
numbers, Proc. Amer. Math. Soc. 32 (1972), 13-15.

Kanold H.-J., Untersuchungen tber ungerade vollkommene Zahlen, J. Reine Angew. Math.
183 (1941), 98-109.

Kanold H.-J., Sdtze tiber Kreisteilungspolynome und thre Anwendungen auf einige zahlen-
theoretische Probleme, I, J. Reine Angew. Math. 187 (1950), 169-182.

Matveev E. M., An explicit lower bound for a homogeneous rational linear form in the
logarithms of algebraic numbers. II, Izv. Ross. Akad. Nauk Ser. Mat. 64 (2000), 125-180,
Eng. trans., Izv. Math. 64 (2000), 127-169.

McDaniel W. L., The non-existence of odd perfect numbers of a certain form, Arch. Math.
(Basel) 21 (1970), 52-53.

McDaniel W. L. and Hagis P. Jr., Some results concerning the non-existence of odd perfect
numbers of the form p®M?8, Fibonacci Quart. 13 (1975), 25-28.

Nagell T., Introduction to Number Theory, 2nd ed., Chelsea, New York, 1964.

Nielsen P. P., An upper bound for odd perfect numbers, Integers 3 (2003), #A14.
Steuerwald R., Verschdrfung einer notwendigen Bedingung fir die Existenz einen ungeraden
vollkommenen Zahl, S.-B. Bayer. Akad. Wiss. 1937, 69-72.

Yamada T., Odd perfect numbers of a special form, Colloq. Math. 103 (2005), 303-307.
Yamada T., On the simultaneous equations o(2%) = pf1q91,0(3%) = pf2¢q92 o(5¢) = pf3¢93,
Publ. Math. Debrecen 93 (2018), 57-71.

Yamada T., A new upper bound for odd perfect numbers of a special form, Colloq. Math.
156 (2019), 15-23, corrigendum, ibid. 162 (2020), 311-313.

Zsigmondy K., Zur Theorie der Potenzreste, Monatsh. Math. 3 (1892), 265-284.

T. Yamada, Center for Japanese Language and Culture, Osaka University, Osaka, Japan,

e-mail: tyamadal1093@gmail.com



