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ON CURVES OF CONSTANT BREADTH
IN A 3-DIMENSIONAL LIE GROUP

D. W. YOON, Y. TUNCER anp M. K. KARACAN

ABSTRACT. In this paper, we investigate the properties of curves of constant breadth
in a 3-dimensional Lie group. Also, we find the condition of general helix as constant
breadth curves and construct constant breadth curves which the tangent component
of the curve vanishes.

1. INTRODUCTION

In 1780, Euler introduced curves of constant breadth and studied those on a
Euclidean plane [6]. After him, many mathematicians investigated the geometric
properties of the plane curves of constant breadth [4], [12], [15]. As a extension,
Fujiwara [7] defined constant breadth for space curves and he obtained a problem
to determine whether there exists space curve of constant breadth or not. Fur-
thermore, Blaschke [2] defined the curves of constant breadth on a sphere. Many
geometers have been interested in studying curves of constant breadth when an
ambient space is the Euclidean space and the Minkowski space ([8], [10], [11],
[14), [16], [17), etc).

In this paper, we study curves of constant breadth in a 3-dimensional Lie group
and construct them.

2. PRELIMINARIES

Let G be a Lie group with a bi-invariant Riemannian metric ( , ) and G be the Lie
algebra of G. Then G is isomorphic to T.G, where e is identity of G. Moreover,
the following equations

(2'1) <X7 [YvZ]>:<[XaYLZ>
and
(2.2) DxY = J[X.Y]

are satisfied with respect to bi-invariant metric for all XY, Z € G, where D is the
Levi-Civita connection of Lie group G.
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Let a: I C R — G be a parameterized curve with parameter ¢t and {V;,Va,-- -,
V..} be an orthonormal basis of G. In this case, we write that any smooth vector
fields W and Z along the curve cvas W = Y  w;V; and Z = " | Vi, where
w;: I — R and z;: I — R are smooth functions. Furthermore, the Lie bracket of
two vector fields W and Z, is given by

(2.3) W, 2] =Y wiz[Vi, V).

i,j=1
Let Dy W be the covariant derivative of W along the curve a, Vi = o’ and
W =30 | w;Vi, where w; = dw;/dt. Then we have (cf. [13])

1
(2.4) DoryW =W + 5 [Va, W).

Let a: I — G be a parameterized curve with the Frenet frame {T, N, B} in a
3-dimensional Lie group G and s be arc-length of the curve . Then the Frenet
formulas of the curve « is given by

DyT =k N, DyN = —kT + kB, DpB=—kN,

where k; and ko are the curvature functions of «.
For later use we define smooth function ks as follows:
1

(2'5) EQ(S): §<[T’N]»B>'

Proposition 2.1 ([18]). Let o be a parameterized curve in a 3-dimensional
Lie group G with a bi-invariant metric. Then we have

[T,N]={([T,N],B)B = 2ksB,
[BvT] = <[BvT]7N>N = 2E2N,
[N, B] = ([N, B], T)T = 2k»T.

Remark. Let G be a 3-dimensional Lie group with a bi-invariant metric. Then
it is one of the Lie groups SO(3), S* or a commutative group, and the following
statements hold (see [5]):

(i) If G is SO(3), then ky(s) = 3.
(ii) If G is 83 = SU(2), then ko(s) = 1.
(iii) If G is a commutative group, then ky(s) = 0.

Theorem 2.1 ([3]). A parameterized curve in a 3-dimensional Lie group G
with a bi-invariant metric is a general heliz if and only if

(2.6) ka(s) — ka(s) = cki(s),
where ¢ is constant.

From (2.6), a curve with k; # 0 is a general helix if and only if (k?k;lh)(s) is
constant. In the Euclidean sense if both ki (s) # 0 and ka(s) — ka(s) are constants,

it is a cylindrical helix. We call such a curve a circular heliz in a 3-dimensional
Lie group G.
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3. CURVES OF CONSTANT BREADTH IN LIE GROUP

In this section, we define space curves of constant breadth in a 3-dimensional Lie
group G and construct them.

Definition 3.1. A curve a: I — G in a 3-dimensional Lie group G is called
a curve of constant breadth if there exists a curve §: I — G such that at the
corresponding points of curves, the parallel tangent vectors of o and S at «(s) and
B(s*) at s,s* € I are opposite directions and the distance between these points is
always constant. In this case, (o, 3) is called a curve pair of constant breadth.

Let now (v, 3) be a curve pair of constant breadth and s, s* be arc-length of «
and 3, respectively. Then we may write the following equation

(3.1) B(s*) = a(s) + mi(s)T'(s) + ma(s)N(s) + ms(s)B(s),
where m; (i = 1,2,3) are smooth functions of s.
Differentiating (3.1) with respect to s and using (2.4), we obtain
ds*
T*
(3.2) ds

= (1 -+ m’l — kal)T -+ (m/2 + m1k1 — m3]€2 -+ m3E2)N

+ (mé + mgk‘g — mQEQ)B,

where T* denotes the tangent vector of 5. Here the prime ’ denotes the derivative
with respect to s. Since T = —T™*, from (3.2), we have

ds*
. 1 A = —
(3.3a) +mi — maoky o
(3.3b) mé + miky — ms(ks — k) =0,
(33(3) mé + m2(]€2 — Eg) =0.

If ¢ is the angle between the tangent vector of o and a given fixed direction, the
curvature of o is k = %. We put p = 1/kq, p* = 1/k1*, where k1" is the curvature
function of 5. If we take f(y) = p + p*, then equation (3.3) can be rewritten as

dm
(3.4a) T; =ma — f(p),
dm —
(34b) T; = —my + mgp(kg — kQ),
d _
(3.4¢) d%?’ = —map(ks — Fa).

Differentiating (3.4b) with respect to ¢, we obtain the following equation

2ms B
ks~ Fa)ms — (@) = — plhs ~ F2) T2 — o (ks — o)’
(3.5) s wd -
+ (m1 + w)@ (p(k2 = k2)) -

If the distance between the opposite points of « and 3 is constant, then

o — BHQ = m% + m% + mg = constant,
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which implies
dm

1 2 dms
3.6 =0
(3.6) Mg ey et
Combining (3.4) and (3.6), we get
d
(37) ma <m2 — (;7;1) =0.

We consider two cases separately.

Case 1. Suppose mgy = d(;’;. Then f(p) = 01in (3.4a), it follows that (3.5) becomes

= - d’my 3 7.\3
map(ke — ko) + p(ke — kz)dig)? + mop” (ko — ko)

dms ., d —

—)— (p(ka — k2)) = 0.

dy )d<p (p(ks 2))

We consider m; is non-zero constant and my = 0. Then from (3.8), p(ky — ko) =

7’“2,:1 By — constant. It shows that a is a general helix.

Case 2. Suppose m; = 0. Then equation (3.4) can be rewritten in the form

(3.8)

_(m1+

(3.9a) ma = f(¢),
(3.9b) %%zmw%—@%
(39C) dgz)g = —m2p(k2 — EQ)

Differentiating (3.9b) with respect to ¢, we have

2 A (p(ky — E
(3.10) dd:;? - dwp((p]; 2_ kz)Z)) d(;?;z + (pk2 — k2))2 mag = 0.
To solve this equation, let
% (p(ks — k2))
p(ky —k2)
and let the transformation be z = 6(p) with 3—; = (S(p)/a®)'/?, where a is any
positive integer. Then, equation (3.10) may be written in the form

(3.11) R(p) = S(p) = (plks — F2))?

2
d®my 2 RO dm, S(e)
(3.12) TE £ + o 5ma = 0.
422 (&) & (&)
Since g—; = (S(¢)/a?)Y/?, equation (3.12) becomes
d2m2 2
(3.13) 02 +a*my =0,

and its general solution is given by
(3.14) mg = ccos(az + b) = ccos (/
0

® ko —EQ
k1

d<,0—|—b>7



ON CURVES OF CONSTANT BREADTH 85

which implies that from (3.9b), we have

(3.15) m3 = —csin (/ el kzd + b)
o ki

where b and ¢ are constants of integration.
Using (3.14) and (3.15), an infinite number of 8 can be derived and the distance
between the corresponding points of a pair curve of constant breadth is c.

Thus, we have the following theorems

Theorem 3.1. The curve of constant breadth with the tangent component m; =
non-zero constant and the principal normal component mo = 0 is a general helix
in a 3-dimensional Lie group.

Example 3.2. We consider a curve parameterized by

a(s)z(\lfcoss\[mns\[)

The curve has the curvature functions k1 = ﬁ and ko = % We put m; =
1,my = 0, m3 = —1 and ko = 0. Then we can construct the curve of constant

breadth of the curve a, this is, it is given by
1 1 1
s)=|—=coss— \/§Sins, —sins + \/§coss, —s |.
o) (\/é V2 V2 )
By a long computation, the curvature functions of the curve 8 are given by (k1)g =
@ and (k2)g = %. Thus, the curve g is a helix in a commutative group G.

Theorem 3.3. Let (o, §) be a pair curve of constant breadth in a 3-dimensional
Lie group. If a is a curve with my = 0, then a curve B is expressed as

_ P oy
ﬁ:a+ccos</ k2 deng—b) —csin(/ i de +b)
o k o
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