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ON PROJECTIVE RICCI CURVATURE
OF MATSUMOTO METRICS

M. GABRANI, B. REZAEI anp A.TAYEBI

ABSTRACT. In this paper, we study Finsler metrics with weak, isotropic and flat
projective Ricci curvature (briefly, PRic-curvature). First, we prove a rigidity result
that shows that for a complete Finsler manifold, inequality PRic > Ric holds if
and only if S = 0. Then, we show that the Mstsumoto metric is of weak PRic-
curvature if and only if it is a PRic-flat metric. We characterize projective Ricci
flat Matsumoto metrics with constant length one-forms. In this case, we show that
the Matsumoto metric reduces to a Ricci flat metric. Finally, we prove that a
Matsumoto metric is PRic-reversible if and only if it is PRic-quadratic.

1. INTRODUCTION

One of the important problems in Finsler geometry is to understand the geo-
metric meanings of various Riemannian and non-Riemannian quantities and their
impacts on the global geometric structures (see [7, 8, 15]). The flag curvature
K = K(z,y, P) is a natural extension of the sectional curvature K = K(z, P) in
Riemannian geometry which tells us how curved the Finsler manifold is at a point
[18]. The Ricci curvature is defined as the trace of Riemannian curvature. The
well-known Ricci tensor was introduced by G. Ricci. The Ricci curvature tensor
represents the amount by which the volume of a small wedge of a geodesic ball in a
curved Riemannian manifold deviates from that of the standard ball in Euclidean
space.

The Ricci curvature has deep relation with the S-curvature. The S-curvature
S = S(z,y) is an important non-Riemannian quantity which was constructed by
Z. Shen for given comparison theorems on Finsler manifolds. It is interesting to
consider the geometric quantities derived from Ricci curvature and S-curvature.
In [11], Shen considered the projective spray G associated with a given spray G
on an n-dimensional manifold M which is defined by G and its S-curvature S as

follows:
~ 28
G=G+ —Y
+ n+1""
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where Y := 3¢ 621- is the vertical radial field on TM. Then G is a projectively
invariant. It is easy to see that the Ricci curvature Ric of G is given by
— n—1 , n—1
Ric = Ric + —— S|’ + ——S?
nt1 1Y (n+1)2" "7

LLH ki

where denotes the horizontal covariant derivative with respect to the Berwarld
connection of G.

Let (M, F) be an n-dimensional Finsler manifold. Recently, Cheng-Shen-Ma
[5] defined the concept of projective Ricci curvature for a Finsler metric F' by

n—1 ; n—1
1 PRic = Ric + —— S,y + ————S?
() 1 1+n+1 ‘1y+(n+1)2 ’
where “|” denotes the horizontal covariant derivative with respect to the Berwarld

connection of F. It is easy to show that if two Finsler metrics are pointwise
projectively related Finsler metrics on a manifold with a fixed volume form, then
their projective Ricci curvature are equal. In other words, the projective Ricci
curvatures is projective invariant with respect to a fixed volume form. Also, the
projective Ricci curvature is actually a kind of weighted Ricci curvatures [9, 14].
However, the projective Ricci curvature can be defined for a Finsler metric F' and
an independent volume form dV. Recently, Shen-Sun [13] consider the projective
Ricci curvature for a pair (F,dV) not F only with dV = dVg. In this paper, we
prove the following rigidity result for the complete Finsler manifolds.

Theorem 1.1. Let (M, F) be a complete Finsler manifold. Then PRic > Ric
if and only if S =0.

A Finsler metric F' on an n-dimensional manifold M is called weak projective
Ricci curvature, weak PRic-curvature for short, if PRic = (n — 1)[30 + «F|F,
where 0 = 0;(z)y’ is a 1-form and x = k() is a scalar function on M. If § = 0, then
F is called isotropic projective Ricci curvature or briefly isotropic PRic-curvature.
F is called constant projective Ricci curvature if PRic = (n — 1)cF?, where c is
a real constant. If ¢ = 0, then F is called a projective Ricci flat metric or PRic-
flat metric. In [5], Cheng-Shen-Ma characterized projective Ricci flat Randers
metrics. Later, Cheng and the second author wrote the modification to this paper
and corrected the results [3]. In [28], Zhu and Zhang studied the projective Ricci
curvature and characterized projective Ricci flat spherically symmetric Finsler
metrics.

In order to find the Finsler metrics with weak (and isotropic) Ricci curvature,
we consider the Matsumoto metric. The Matsumoto metric was first introduced
by Matsumoto in order to study the time it takes to negotiate any given path on
a hill side. It is the Matsumoto’s slope-of-a-mountain metric. A slope, the graph
of a function z = f(x,y), of the earth surface is regarded as a two-dimensional
Finsler space with the fundamental function F(z,y,&,5) = o?/(cia — ¢23), where
c1 and ¢y are non-zero real constants, o? := @2 + ¢* + (if, + 9f,)? and B =
T fr + 9fy. Here, a is the usual induced Riemannian metric and § is a derived
form, B(x,dz) = df(x,y). The two constants ¢; and ¢z are such that one can walk
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c1 meters per minute on the horizontal plane and 2¢s is equal to the acceleration of
falling. Aikou-Hashiguchi-Yamauchi generalized and normalized the above metric

as follows:

012

a—p
Many authors have studied this metric from different perspectives (see [1, 10, 17,
22, 23, 26, 27]).
In this paper, we study Matsumoto metrics with weak (and isotropic) Ricci
curvature and prove the equivalency of these notions. In this case, the metrics are
actually projective Ricci flat Finsler metrics.

Theorem 1.2. The Matsumoto metric is of weak PRic-curvature if and only
if it is a PRic-flat metric.

As a natural application, we characterize projective Ricci flat Matsumoto met-
rics with constant length one-forms. We show that these metrics are Ricci-flat
metrics.

Theorem 1.3. Let F = o?/(a — ) be a non-Riemannian Matsumoto metric
on a manifold M of dimension n > 3. Suppose that 8 has constant length with
respect to o. Then F is of isotropic projective Ricci curvature PRic = (n—1)kF?
for a scalar function k = k(x) on M if and only if o is Ricci-flat and (8 is parallel
with respect . In this case, F is a Ricci-flat metric.

A Finsler metric (F, dV') on a manifold M is called PRic-reversible if PRic(y) =
PRic(—y). (F,dV) is called PRic-quadratic if its PRic-curvature is quadratic in
y € T, M. Finally, we consider PRic-reversible and PRic-quadratic Matsumoto
metric. Then, we prove the following.

Theorem 1.4. The Matsumoto metric is PRic-reversible if and only if it is
PRic-quadratic.

2. PRELIMINARIES

Let (M, F) be an n-dimensional Finsler manifold. A global vector field G is
induced by F on T'My, which in a standard coordinate system (z?,y*), for T M,

is given by G = ¢/* 021‘ —2G(x, y)%7 where

1[92 (F?) . O(F?)
-q" — e T, M.
47 81"“6ny oxt I’ 4
The vector field G is called the associated spray to (M, F) and G* are called the
spray coefficients.

For a Finsler metric F' = F(z,y) on an n-dimensional manifold M, the Buse-
mann-Hausdorff volume form dVi = o (z)dz! ... dz" is defined by

. Vol(B" (1))
e Vol{ () € B | F(vigkla) <1}

(2) G =
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Let G* denote the geodesic coefficients of F' in the same local coordinate system.
The S-curvature can be defined by

0G* .0
(3) S(v) = Gy (#9) ' 5 [ mow(e)].
where y = 3/ 6‘; x € T, M. The Finsler metric is said to be of isotropic S-curvature
if

S =(n+1)cF,
where ¢ = ¢(z) is a scalar function on M (see [6, 18]).
For y € T,My, the Riemann curvature is a family of linear transformation
R,: T,M — T, M which is defined by R, (u) := R’} (y)u* 52, where
oGt ?Gt - 0*GY 0G" 0GI

) k(v Oxk &Z:J@yky + Oyidyk  Oyi OyF
The family R := {R, } e, is called the Riemann curvature.

The Ricci curvature Ric(z, y) is the trace of the Riemann curvature defined by
Ric(z,y) := R™,(z,y). A metric F on an n-dimensional manifold M is called a
weakly Einstein metric if

(5) Ric = (n — 1)(n + ?;—Q)FQ

where k = k(z) is a scalar function and § = 0;(z)y’ is a 1-form on M. If § = 0,
then F' is called an Einstein metric.

Let (M, F) be an n-dimensional Finsler manifold. The projective Ricci curva-
ture of F' is defined by

n—1 ; n—1
6 PRic = Ri Sy’ s®
(6) ic 1c+nle |y +(n+1)2 ,
where “| 7 denotes the horizontal covariant derivative with respect to the Berwarld

connection of F' (see [5]). F' is called weak projective Ricci curvature if

30
PRic = (n — 1) [F n K] F2,
where 0 = 0;(x)y’ is a 1-form and k = k(z) is a scalar function on M. If § = 0,
then F is called isotropic projective Ricci curvature PRic = (n — 1)kF?. If
K = constant, then F is called constant projective Ricci curvature.

3. EXAMPLES

In this section, we give some examples of projective Ricci flat, constant, isotropic,
or weak projective Ricci curvature Finsler metrics.

Example 3.1. Every Ricci-flat Kropina metric is a Berwald metric (see [25]).
Berwald metrics have vanishing S-curvature. Thus a Ricci-flat Kropina metric
satisfies PRic = 0.
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Example 3.2. Let oy = /a;j(x)y'y/ and ap = \/a;j(x)y'y’ be two Ricci-
flat Riemannian metrics on the manifolds M; and Ms, respectively. Consider the
following 4-th root metric

F = </cu‘11 +2ca?a3 + aj.
This is a Ricci-flat (Ric = 0) and Berwald metric on M := My x Ms. Thus F is

a non-Riemannian Finsler metric with projective Ricci flat curvature PRic = 0.

Below, we give two well-known Finsler metrics which have constant projective
Ricci curvature.

Example 3.3. Given a Finsler metric ® and a vector field v on a manifold M,
define a function F: TM — [0,00) by

(7) @(% - evp) —1, yeT,M,

where € is a constant. F' is a Finsler metric when ¢ is small. Now, express the
spherical metric in a radial form ®(y) = y/u? + sin®(r)v2, where y = u2 +vZ €

Tir0)((0,00) x S). Take v = 2 € T(,.0)((0,00) x S*) and define F by (7). We
obtain

\/(1 — g2 Sin2(r)>u2 + sin? (r)v? — e sin®(r)v
1 — e2sin?(r) '

F satisfies that K =1 and S = 0. Thus F' has constant projective Ricci curvature
with kK = 1.

8) F=

Example 3.4. Denote generic tangent vectors on S° as

o 0,0
hrr Uay Yo

The Finsler function for Bao-Shen’s Randers space is given by

F(aj?y7 Z; u7v7w) = CY(.’I?, y’ Z; u7 /U7 w) + 5(',1"7 y7 z; u’U7w))

with
o VE(cu—zv+yw)? + (zu + cv — 3w)? + (—yu + v + cw)?
1422 +y2 + 22 ’
= +V K -1 (cu—2v+ yw)

1+ 224 y? 4 22

where K > 1 is a real constant. The family of Randers metrics on S® constructed
by Bao-Shen satisfies S = 0. Since these metrics are of constant flag curvature
K, then Ric = 2KF?. Thus Bao-Shen’s metrics have constant projective Ricci
curvature with x = K = constant.

Now, we give an example of isotropic projective Ricci curvature.
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Example 3.5. Every Einstein Finsler metric Ric = (n—1)AF?, A = \(z), with
vanishing S-curvature is of isotropic projective Ricci curvature. It is remarkable
that every Einstein Kropina metric has vanishing S-curvature (see [25]). Thus an
Einstein Kropina metric has isotropic projective Ricci curvature k = .

Here, we present some Finsler metrics of weak projective Ricci curvature.

Example 3.6. For an constant number a € R", let us define the Randers
metric F':= a4+ (8 by

_ VA —faPa)]y? + (=2 {a, y) — 2(a, 2)(z, ))?
1= |af?[z|* ’

5 laPa.y) — 2a.x) (o)
T PR

This Randers metric satisfies
S=(n+1)cF and Ric = (n — 1)(3¢coF + pF?),

where
c:={a,x), co = Cemy™, p = 3{a,z)* — 2|a|?|z|?.

(See [4]). Then

4
PRic=(n—1) %+c2+p}F2.

Thus F is of weak projective Ricci curvature with § = 4cq/3 and k = ¢ + p.

Example 3.7. Every two-dimensional Finsler manifold (M, F') is of scalar flag
curvature. It is proved that Finsler surface of isotropic S-curvature S = 3¢(x)F
has the following flag curvature

o 3egmy™

K
F

+p,
where p = p(z) is a scalar function on M [2]. In this case, F' satisfies Ric = 2¢F,
and then it is of weak projective Ricci curvature § = 4cy/3 and k = p + 2.

Example 3.8. Let F' = a+f be a Randers metric on an n-dimensional manifold
M of weak isotropic flag curvature

_ 3egmy™

K
F

+p

where ¢ = ¢(z) and 0 = o(x) are scalar function on M. In [12], Shen-Yildrim
proved that F' is of isotropic S-curvature S = (n + 1)c(x)F if and only if it has
weak isotropic flag curvature. Thus F is of weak projective Ricci curvature with
0 = 4co/3 and k = p + 2.
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4. PROOF OF THEOREM 1.1

Suppose that F is of isotropic S-curvature S = (n + 1)cF, where ¢ = ¢(z) is a
scalar function on M. In this case, we get

Sy’ = (n+1)coF,
where ¢ := c‘iyi = ¢y, Thus, we have
PRic = Ric + (n — 1)[co + ¢*F]F.
In this case, one can show that F is of isotropic projective Ricci curvature
PRic = (n— 1)A\(x)F
if and only if it is a weakly Einstein metric
30

(9) Ric:(n—1)<,u—|— f>F2,
with 0 = —cg/3 and u = F~1X — %

A Finsler manifold (M, F) is called complete if any unit speed geodesic
¢: [a,b] = M can be extended to a geodesic defined on R. Now, we are going
to prove the Theorem 1.1.

Proof of Theorem 1.1. Let M be an n-dimensional manifold. Fix an arbitrary
vector y € T, My and let ¢ = ¢(t) denote the geodesic of F' with ¢(0) = y. Since
the manifold is complete, then ¢ is defined for —oo < t < +00. Let

1

S(t) = — 1S(c(zt)).
Then
1 ,
r_ o, .0
S' = — 1S‘Z(c(t))c (t).
By assumption, we have
; 1 o n+l1
i _ ic — Ric) > 0.
Sy —y 1S — (PRIC Rlc) >0
Then
(10) S'(t) — S%(t) > 0.
Let us put
S(y)
So(t) i= —————.
TS

It is easy to see that Sy satisfies
So(t) — S5 (t) = 0.
Let us define

h(t) = exp | - /Ot S(5) + So(s)]ds } {8(t) — So(1) .
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We get

B (1) = exp{ . /Ot S(s) + So(s)]ds}{s’(t) — S)(t) + S2(t) — s2(t)} > 0.

Also, we have h(0) = 0. It results that
h(t) >0, t>0,
h(t) <0, t<O.
Then, we conclude that
S(t) > So(t), t>0,
S(t) < So(t), t<O.
Suppose that S(y) # 0. Now, let us put

If S(y) > 0, then to > 0 and we get
S(é(to)) > lim Sp(t) = oo

t—t,
which is impossible. If S(y) < 0, then ¢y < 0 and
S(é(to)) < lim So(t) = —oc.

t—ty

This case is impossible, also. Then S(y) = 0 for any y € T, M. By (6), it follows
that PRic = Ric. The converse is trivial. ]

The completeness condition in Theorem 1.1 cannot be replaced by positively
complete or negatively complete. See the following.

Example 4.1. A Finsler metric F' satisfying F,» = FFy» is called a Funk
metric. The standard Funk metric on the Euclidean unit ball B"(1) is denoted by
© and defined by

_ VP = (=Plyl? - (x,9)%)

(z,9)
11 = T,B"(1) ~ R™,
(11) ©(z,y) e +1_|x‘2, y € (1)

where (,) and |-| denote the Euclidean inner product and norm on R™, respectively.
Funk metric is a non-Riemannian positively complete Finsler metric. The spray
coeflicients of F' are given by G* = %F y'. Funk metric satisfy

g_ (n+1)

-1
F, and Ric= —%FZ’ <0.
Since Fj; = 0, then
S;;=0
which implies that PRic = 0. Therefore, PRic > Ric while S 5 0.
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5. PROOF OF THEOREM 1.2

In this section, we are going to prove Theorem 1.2. First, we compute the projec-
tive Ricci curvature of a Matsumoto metric.
For an (a, f)-metric F' := a¢(s), s = B/, let us define b;;; by

bij07 = db; — b;6”,

where 0 := dz’ and 95 = ngdxk denote the Levi-Civita connection form of «.
Let

1 1
Tij =g [bz‘;j + bjﬂ}, Sij = 5 [bi;j - bj;i],

i

rt= aimrmj, sij = aimsmj7 rj = b0"rp,, 55 :=b"5pm;,

Gij = TimS"},  tij = Sims"}, qj = 0b'q;; = TSy, b= biti; = SmS",
rio =iy’ si0 == S5’ roo = Ti;y'y’, ri=b'r;,

ro ‘= ’f‘jyj, S0 = Sjyj.

For an (o, 8)-metrics, the form § is said to be Killing (resp., closed) form if
ri; = 0 (resp., s;; = 0). [ is said to be a constant Killing form if it is a Killing
form and has constant length with respect to «, equivalently r;; = 0 and s; = 0
(see [16, 20, 21, 24]).

Let F = o?/(a — B) be a Matsumoto metric on an n-dimensional manifold M.
Suppose that G and G* denote the geodesic coefficients of F and «, respectively.
Then G* and G* are related by

12) Gi=G - s, +

(20[80 + Af/‘oo) [(2A1 + l)yZ — 20&bli| 5
Ay

b
20[/41 AQ
where

Ay = Ay(s) =25 — 1, Ay = As(s,b) := 35 — 2% — 1.

For a Matsumoto metric F' = aa—;? the S-curvature is given by
(13)

b? — 52 b — 2 1)(4s—1
PRI NP Coltd L NP N Gt R U IO L
A1 A1 A2 Al A2 Al AQ Al A2
(b2 — 52) 700 (n+1)(4s—1)re o
3 1/2 —2—+A ,
+ A +1/ o s e + A (ro + s0)
where
f'(b)
14 A= .
(4 b70)
Lemma 5.1. The Ricci curvature of a Matsumoto metric F' = ;—_25 s given by
1 11
(15) Ric = > dia,

4o2(a — 28)3(a — 38 + 2b2)* prs
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where Ric := R™ and di, (k=0,1,...,11), are as follows:
do = —288(8n — 11)r3,57,

din = —4(1 +262)3 (1 + 26%)t™, + 48,,8™ |.
All the coefficients of d; are listed in [23].

Lemma 5.2. Let F = % be a Matsumoto metric on an n-dimensional man-
ifold M. Then the projective Ricci curvature of F' is given by

1 11

(16) PRic = o2 (n+ 1)2 (a— 25)3 ( =38+ 2b2a)4 P

tkak,
0

where
to =T72(n?+5n+6)57rd,,

tin = —(n+1)2(1+26%)3[(1 + 26°)t™,, + 4s,,5™].

All the coefficients of tg, (k=0,1,...,11), are polynomials and other coefficients
of tx, can be calculated by maple program if necessary.

Proof. According to the definition, the projective Ricci curvature is given by
n—1

2
(n+1)2s ’

-1
(17) PRic — Ric + Z—stm +

By (12), we have
im ~ om 2
Gny™ = GLy %ot

(2@80 + Aﬂ“oo)bi.

1 )
m@%‘o + Airo0) (241 + 1)y*

A1 Ay

oS 0S

S . m _ ,m o Gl m 2

ImY ) Oxm mY 3!
2a

m 1
z‘Tls o aA1As
(20[80 + Al’f'()())bmi|

=Sy + (2asg + A1700) (241 + 1)y™

0s

+ aym

2
AL A,
2a

Ay
(20[50 + Al’f‘oo) |:Ot71(2A1 + 1)S — meSym] .

=S,y + 55y

(19)

A A
The following holds
Tom + Som abm — SYm

2 _ —
b;m = 2(7"m + 8m)7 Sim = T, Sym = aQ
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Consequently,
b;20 = 2(T0 + SO)a S0 = %a Q.0 = O7 A;O = Ao,
s
8"8ym = EO, 8"0(r00)ym = 250'Tom = 2qo0, Aym =0,
b2 _ 52
b sym = a b™ (roo)ym = 2ro, b oym = s, V" (ro)ym =1
By (13), we get
m 1
Sy =
' 2a(a — 36 + 2b%a)3(a — 2 5)?
(20) x (16b6 aSArgo+ - —T2(1+2n) B° roo;o),
m 1
$'0Sym = 20)3 2
2a(a— 30+ 20%a)3(a — 25)
(21) x (8(1+26%) % a%Ago + -+ = 144 (1 +27) aoo8°),
1
bmsym ==
2a3(a — 36 + 2b%2a)3(a — 2B)?
(22) x (Sr(l+2b2)b4a8A+-~-+72(1+2n)56r00).
Substituting (20), (21), and (22) into (19) yields
m 1
Simy™ =~ 53 2,)4 2
202 (a — 30 + 2b%0)* (. — 28)
(23) x (32 (1+20%) 05 a®Ago+ - +432 (1 + 2n)36r30).
By using (13), (15), (23), and Maple program, we obtain (16). O

Now, we remark the following.

Lemma 5.3 ([26]). Let By := B?Ta and By := 62_;22“2. Then
a— 36 + 2%«

(1) By and —————  are relatively prime polynomials in y if and only if
b#1.
-3 202
(2) Bs and a-3f+2%a are relatively prime polynomials in y if and only if
b+#1.
— 202
(3) By or a—38+2%a and a—a%’ are relatively prime polynomials in y if and

a
only if b#1/2.

Proof of Theorem 1.2. Let M be an n-dimensional manifold and F be a Finsler
metric on M with weak PRic-curvature

PRic = (n — 1)(% + ) F?,
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where 0 = 0;(x)y’ is a 1-form and k = k() is a scalar function on M. Then by
(16), we have

3002 kot
(n_l)[a—ﬁ - (0—5)2]
1 11 .
(24) *oﬂ‘(n+1)2(a736+2b2a)4(a*25)3z;)tka |

Multiplying (a — 3)? on both side (24) yields

(n—1)30(a—B) + liOéZ} o?

_ (B - 04)2 = k
(25) - 25)3 ’;Otka .

a2 (n+1)% (a—38+202a)" (a—

For the Matsumoto metric, we have b < %, which implies that o —33+2b%c cannot
be divided by 8 — a from Lemma 5.3. Obviously, & — 25 and « cannot be divided
by 8 — a either. Thus xa* must be divided by 8 — . This is impossible unless
k = 0. From this and (25), #a? is divided by 8 — «, which is equivalent to 6 is
divided by 8 — . This is impossible unless # = 0. Then F' reduces to a PRic-flat
metric. The converse is obvious. This completes the proof. O

6. PROOF OF THEOREM 1.3

To prove Theorem 1.3, we need the following lemma

Lemma 6.1. Let F = aa—jﬂ be a PRic-flat non-Riemannian Matsumoto metric

on a manifold M of dimension n > 3. Then [ is a conformal 1-form with respect

to a, i.e., there is a function o = o(x) on M such that roo = oa?.

Proof. Let us assume that PRic = 0, or equivalently,
a?(n+1)? (o — 35+2b2a)4(a— 2 8)* PRic = 0.
By (16), we obtain

11
(26) >tk =0.
k=0

By (26), we obtain the following fundamental equations:

( ) 0 =tg+ t20£2 + t40£4 + tGOé6 + théS + tloalo,
27
0 = tl —+ tg()éz + t5a4 —+ t7C¥6 —+ t9a8 —+ tllalo.

From the first equation of (27), we know that a? divides ty. Since o? is an

irreducible polynomial in y and 37 factors into linear terms, then o? divides r3,.
Thus 790 = oa? for some scalar function o = o(z) on M. O
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Lemma 6.2 ([27]). Let F = aa—jﬁ be a non-Riemannian Matsumoto metric on
a manifold M of dimension n > 3. Then S-curvature vanishes if and only if B is
a constant Killing form.

Proof of Theorem 1.3. Let F' be a Matsumoto metric on an n-dimensional man-
ifold M. In [27], the authors proved that for a non-Riemannian Matsumoto metric
F of constant killing 1-form 3, F is Einstein with scalar function A = A\(x) on M if
and only if « is Ricci-flat and (3 is parallel with respect «. In this case, F' is Ricci-
flat. By Lemma 6.2, we conclude that PRic = Ric in the case of constant killing
1-form. Thus, in this case, one can get the same results as in [27] for isotropic
projective Ricci curvature. So, to complete the proof, we just have to prove that
B is of a constant killing 1-form.

Assume that F' is of an isotropic projective Ricci curvature. By Theorem 1.2
and Lemma 6.1, oo = ca®. Thus ; = ob;. Since the length of § is constant with
respect to a, then we have 0 = (b%);; = 2(r; + s;), i.e., 7, + 5; = 0. Hence we get

O'bl'+51' = 0.

Contracting both sides of it with b’ yields that & = 0. Therefore, ro9p = 0 and
s; =0, i.e., B is a constant Killing 1-form.

Conversely, if a is Ricci-flat and 3 is parallel with respect to «, then the length
of 8 with respect to « is constant. It follows that F' is Einstein as well as isotropic
projective Ricci curvature. This completes the proof. U

7. PROOF OF THEOREM 1.4

Let F' be a Matsumoto metric on an n-dimensional manifold M. The sufficiency
is obvious. We only need to prove the necessity. Assume that the projective Ricci
curvature of F' is reversible, i.e.,

(28) PRic(y) = PRic(—y).

Then by contracting both sides of (28) with a?(n+1)?(a+28)*(a+338+2b%a)*
and by a quite long computational procedure using Maple program, we obtain

11

(29) > hat =0,
k=0

where hy, k =0,1,...,11 are as follows:

h() = 72(712 +5n+6)ﬁ7r§0,

hir = (n+1)2(1 + 262)3[(1 + 26%)t™, + 45,,5™].
From (29), we obtain the following fundamental equations:
{ 0 =ho+ h2a2 + h4044 + h6a6 + thzS + hlo()élo,

(30)
O = hl + h3012 + h50é4 + h7Ot6 + thLS + hllOélo.



124 M. GABRANI, B. REZAEI anD A.TAYEBI

All of coeflicients hy, are polynomials and other coefficients of iy can be calculated
by maple program if necessary. From the first equation of (30), we know that o?
divides hg. Since a? is an irreducible polynomial in y and 37 factors into linear
terms, it must be the case that o2 divides r3,. Thus ro9 = oa? for some function
o =o(x), i.e., B is a conformal form with respect to «. In this case, the following
holds

2
Too = oQ”, Tij = 0aj, T0i = OYs, r; = oby,
2 i i i i
r = ob?, r';=00";, r0iS"g = goo = 0, r0;S* = 08,
_ P _ 2 _ 2
ro = 0f3, 8'9Ti = qo = 030, T00: = O30, r00;0 = 0ot~
r', = no, T0,0 = 008 + o’a?,

where y; := aijyj.
Substituting all of these into the first equation of (30) and dividing both sides
by common factor a?, we obtain

/+ /a + /a + /a + /a _ ’
31 ho + hoa? + hya* 4+ hga® 4+ hga® =0
where

bl = — 648{(n — 1)A2(Bo + s0)?

+ (n? = 1) [A(Boo + s00) + Ao (B0 + 50)] + (n + 1)*(“Ric — PRic) | 57
and other coefficients of h; can be calculated by maple program if necessary. From
(31), we know that a2 divides hy. Thus
(32) /'i?Oé2 = (’ﬂ — 1)A2(60' + So)z(ﬂdo + 80;0)

+ (n* = 1)[A+ Ao(Bo + so)] + (n+1)*(“Ric — PRic),

where k = k(x) is a scalar function on M. By (32), we get

) 1
PRic = m{(” — DA?(Bo + s0)* + (n® = 1)[A(Bao + s0,0)
+ Ao(Bo + so)] — kaz} + “Ric
which shows that F' is PRic-quadratic. O
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