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EXISTENCE OF POSITIVE SOLUTIONS FOR NONLINEAR
FRACTIONAL PROBLEM ON THE HALF LINE

S. BELARBI

ABSTRACT. This paper deals with the differential equations of fractional order on
the half-line. By Leggett-Williams theorem, we present recent results for the exis-
tence of positive solutions for a Caputo fractional problem. An illustrative example
is also presented.

1. INTRODUCTION

In the last few years, fractional differential equations theory have received in-
creasing attention. This theory has been developed very quickly and attracted a
considerable interest from researches (see [1, 2, 3, 6, 7]).

The motivation for those works stems from both the development of the theory
and the applications of such constructions in various sciences such as physics,
mechanics, chemistry, engineering, and so on. For an extensive collection of such
results, we refer the readers to the monographs by Kilbas and al [10], Miller and
Ross [16] and Podlubny [18].

As one of the focal topics in the research, some kinds of fractional differential
equation with specific configurations have been presented. More specifically, In
[4], the authors investigated the existence and multiplicity of positive solutions of
the nonlinear fractional differential equation boundary value problem

Dex(t) + a(t) f(z(t)) =0 0<t<l, 1<a<?2
{ z(0)=0, /(1) =0

By using Krasnosel’skii’ s fixed point theorem and Leggett-Williams theorem
[17, 11], some sufficient conditions for the existence of positive solutions to the
above FBVP are obtained. Moreover, the study of positive solution has been
studied in [5, 8, 9, 13, 19].

To the best of our knowledge, there are few papers devoted to the study of
fractional differential equations with a Laplacian operator on the half-line [12, 14,
15, 20, 21], where boundary value problems on the half-line have been applied
(unsteady flow of gas through a semi-infinite porous medium, the theory of drain
flows, etc).
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In this article, we are concerned with the following fractional differential equa-
tion:

(p(t)@(Do‘x(t)))/ +f(t () = O, te0,00), 0<a<l
(1) z(0) = Ofg(s)x(s)ds +0,

Jim p()@(Dz(t)) = p,

where p > 0, § > 0, and D% denotes Caputo fractional derivative of order «,
g: [0,00) — [0,00) is continuous with [;°g(s)ds < 1, p: [0,00) — (0,00) is
continuous, and ®(z) = |z|972x with ¢ > 1, and, the inverse function of & is
& 1(2) = |2|7 2z, where % + % =1

This paper is organized as follows: In section 2, we prepare some material need
to prove our main results. In section 3, we obtain existence results of the positive
solutions for (1) using Leggett-Williams theorem. In section 4, we give an example
to illustrate our results.

2. PRELIMINARIES

In this section, we give some definitions, lemmas and properties which will be used
in the next sections.

Definition 1. The Riemann-Liouville fractional integral operator of order >0,
for a continuous function f on [0, 00) is defined as:

1 t
2 Jo‘ft:—/t—Ta’ldeT a>0,t>0.
(2) (t) ) /. (t—7)*f(7)
Definition 2. The Caputo derivative of order a of f € C™([0,00[) is defined
as:
! t Lp(n)

Definition 3. A function f: [0,00) X R — R is called a Carathéodory function
if the following conditions are satisfied
(i) For each u € R, t — f(t,u) is measurable on (0, c0),
(ii) For each t € [0,00), u — f(t,u) is continuous on R,
(iii) For each r > 0, there exists B,, B.(t) > 0, t € [0,00), [~

o Br(s)ds < oo,
such that |u| <r implies |f(¢,u)| < B,(t),t € [0, 00).

Definition 4. Let X be a real Banach space. The nonempty convex closed
subset P of X is called a cone in X if

(i) are Pandx+y € Pforallz,y € Pand a >0,

(ii) if z € P and —z € P, then x = 0.

Let ¥ be a nonnegative functional on a cone P of a real Banach space X. We

define the sets
P.={yeP:lyl <r},

P(;a,b) ={y € P:a<(y), ly| <b}.
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We need also the Leggett-Williams fixed point theorem [8]

Theorem 5. Let a < b < d < c be positive numbers, T: P, — P, be a com-
pletely continuous operator, and 1 be a nonnegative continuous concave functional
on P, such that (y) < ||y|| for all y € P.. Suppose that

- {y e P(¥sb,d) : ¢(y) > b} # 0, ¥(Ty) > b fory € P(¢;b,d),

- |Ty|| < a, fory € P, with ||y|| < a,

- Y(Ty) > a fory € P(y;b,c) with || Tyl > d.

Then T has at least three fived points y1,y2 and ys such that |y1|| < a, ¥(y2) > b
and ||ys|| > a with ¥ (ys) < b.

We cite also the following three lemmas:

Lemma 6. For a > 0, the general solution of the fractional differential equation
D%z =0 is given by

(4) z(t) = co+ 1t + cat? + -+ cp1t" L,
where ¢; €R,1=0,1,2,.,n—1, n=[a] + 1.

Lemma 7. Let a > 0. Then we have
(5) JODx(t) = x(t) + co + et +cat? + -+ cp1t" L,
for somec; €R,i=0,1,2,...,n—1, n=[a] + 1.

Lemma 8. Let > a > 0. Then the formula
(6) DJPf(t) = JP~f(t),  té€a,b]
is valid.

3. MAIN RESULTS

We introduce the following quantities:

A= A(t) = /Ot @*1(%)015.

* A
)\::/ch (@)

For k > 1 large enough, we take /\(%) < 1.

p
ds.

We take also

1

o 1 1
u::/o o 1(@)d51+f00°<b*1(i)ds'

p(s)

It is clear that 0 < p < 1.
Now, we consider the following Banach space

X ={z € C|0,0) : tl'im z(t) < oo},

with the norm

lz|l = sup |z(t)] for z € X,
t€[0,00)
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and we define the cone P by

P = {m € X :z(t) > 0, z(t) is non-decreasing on [0, c0),
min z(t) > p sup x(t)}
te[ K] te[0,00)

On P, we define the functional

¢(y) == min y(t).

te[ % ,k]

It is easy to see that 1 is a nonnegative continuous concave functional on P
satisfies

v <lwll,  yeP
Now, we introduce the following hypotheses:

(H;) The constant \* < oo, and the function p: [0,00) — (0,00) is continuous

and satisfies
0 t
1
g(t / 1 — )dudt < .
[ oo [ o7 ()

(H2) The function f: [0,00) x [0,00) — [0,00) is a Carathéodory function with
f(,0) # 0 on each subinterval of [0, 00).
(H3) There exist A, ¢ > 0 such that

© A Iy 9(w) [0+ 207 ()] du .

+ d +J 7 (— )| +0<ec
(p /0 (1+1)? s> [ 1= [57 g(s)ds (p(t)) =¢
(H4) There exist b > 0, B > 0, such that

_ Bb
fo {9 + F(a) fo Fome ! p(T) T) f T+s)2 ds) dT] du > b

1-Jyg

We prove the following two lemmas:

Lemma 9. Let 0 < o <1 and suppose that (Hy) and (Hg) hold. A solution of
the problem (1) is given by

1 oo
") = T, o

p+ [ f(s,2(s))ds
p(t)

0+ J"®

1+ T (s, a(s))ds
K p(t) )1 du

+0+ Jo!

Proof. Since f is a Carathéodory function, then we can write

pOR(D0) = p+ [ (s,as)as
Therefore,

D(t) = &1

p+ﬁﬂm@m}
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Thanks to Lemma 7, we deduce that

z(t) = 2(0) + J*®~*

o+ [ f(s,3(5))ds
p(t) '
The boundary conditions in (1) imply that

(8) z(t) = /OOO g(s)z(s)ds + 6 + Jod~!

/ g(s)ds < 1,
0

Since

then it follows that

= 1
o /0 g(s)x(s)ds = W
- og1 Pt ST Fa(s)ds |
/0 glu) [0+ 70 L )]d.
Combining (8) and (9), we get Lemma 9. O

Lemma 10. Suppose that (Hy) and (Hg) hold and x is a solution of (1). Then
we have:

(a) Dz(t) > 0; te0,00][.
(b) The function x is concave with respect to A on [0,00), and it is positive with
respect to t on [0,00).

Proof. (a) Since z is a solution of (1), then for all ¢ € [0, 00) we have

[p(H)@(D*x (1)) < 0.

Thanks to (Hg),we have

p—pB(Da(1) <0,  te[0,00)
which satisfies

p(t)®(Dx(t)) > 0, since p > 0.
Thus

D%x(t) >0 for all ¢ € [0, 00).
(b) Since D%z > 0, then to prove that = > 0, it suffices to show that z(0) > 0.
We have - -
z(0) = / g(s)z(s)ds + 60 > 33(0)/ g(s)ds.
0 0

Since [;° g(s)ds < 1, it follows then that z:(0) > 0.
Hence
xz(t) >0 forte[0,00).
With help of (Hg) it follows that
z(t) >0 forall t € (0,00).

Finally, we shall prove that x is concave with respect to A on [0, 00).



6 S. BELARBI

Thanks to (Hy), we have A* < oo, and then A € C([0,00), [0, A*]).
On the other hand, we have
dez dz 1
a dt &-1(-L) =0,
p(t)

o) = 2(55)

&2z {P“)‘I’(if)y

R
dA/ dt
Using th2e fact that [p(t)®(Dz(t))]' <0, a =1, ®(z) >0, z >0 and £ > 0, we
obtain ‘diT;” <0.
Hence z(t) is concave with respect to A on [0,00). The proof is complete. [

and

Now, we define the following nonlinear operator T': P — X by:

Ta(t) ;/WQ(U) 04 Jop-1 <p+ftoo f(s,x(s))dsﬂ w
0

T 1o~ g(s)ds p(t)
o [ Fls,a(s))ds
p(t) '

Then, we prove the following result:

+ 604 J9 !

Lemma 11. Suppose that (Hy) and (Hg) hold. We have
(i*) For xz € P, Tx satisfies
(p(t)®(D*Tx(t))) + f(t,z(t)) =0, te[0,00), 0<a<l,

Tz(0) = /00 g(s)Tx(s)ds+6, 6>0,
0
lm_p()@(DTa(t) = p, p20.

t—+o00
(ii*) Tz € P for each x € P.
(iii*) « is a bounded positive solution of (1) if and only if x is a solution the
equation x = Tz in P.

Proof. The proof of (i* ) follows from the definition of T and is omitted.
To show (ii* ), we note from (ix) that Tz is a solution of (1). Then, Lemma 10
implies that
Txz(t) >0, T'z(t)>0 for all ¢ € [0, 00),
and Tx(t) is concave with respect to A.
To complete the proof of TP C P, it suffices to prove that

11 min Tx(t) > sup Tx(t).
(11) e (t) ute[om) (t)
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Since x € X and f is a Carathéodory function, then

. 1 o0 . wn_1, P+ [ Br(s)ds )
T (t)<1f0°°g(s)ds/o g(u) [0+ J® (—p(t) )]d
1 ° _ ye-lg-l p—I—f:o B, (s)ds s

This means that sup,e(g o) 7'z(t) exists. So, we shall consider two cases:
Case A. Suppose Tz(t) achieves its maximum at o € [0, 00)
For ¢t € [1/k, k], we can write

Ta(t) = Tx(1/k) = Tz(t(A(1/F)))
B 1= X1/k) + Xo) A(1/k) A(1/k)
=T (t ( 1+ A(0)  1T-X1/k)+ o) 1+ A(U)A(")»
Thanks to the concavity of Tz with respect to A\, we have:
1—=X1/k) + A(o) A(1/k) A(1/k)
Telt) 2 = @) 1@ (t (1 “A/k) + A(@)) T T oA @)

A1/E) MR 1 1
mm(t(x((;)))_/o o (p(s)) ds i Tt E)

[ o) o 0
P | — | ds = sup Tx(t
0 p(s) 14 [~ o= X( Lo)ds tefo,00)

p(s)

Y

=pu sup Tux(t).
te[0,00)

Case B. Now, suppose Tz(t) achieves its maximum at oo : Choose ¢’ € [0, ),
then, with the same arguments as before, we get for t € [1/k, k] that
Tx(t) > uTx(o’).
Let 0’ — oo, then for ¢t € [1/k, k|, we can write

Tz(t) > p sup Tx(t).
t€[0,00)

Thanks to A and B, we deduce that Tx € P.
The proof of (iii*) is based on Lemma 8 and it can be omitted. O

Our main result is given by:

Theorem 12. Assume that the hypothesis (Hy) and (Hg) hold, and there exist
constants a, b and ¢ such that 0 <a <b < c.

(Dy) f(t,z) < (11161)2 for allt € (0,00) and x € [0, al;

(D) f(t,x) > (1?1)2 for all t € [1/k,k] and z € [b,c];

(D3) f(t,x) < 5 for all t € (0,00) and x € [0, c].

Ac
(1+1)



8 S. BELARBI

Then, the (1) has at least three bounded positive solutions x1, xo and x3 satisfying
lz1]] < a, b < ¥(z2), a < g with P(xs) <b.

Proof. We shall prove that the operator T" is completely continuous on P.
It is easy to verify that T': P — P is well defined. We prove that 7" is continuous
and maps bounded sets into pre-compact sets: Let x,, — x¢p as n — oo in P, then
there exists rg such that
sup ||zn || < ro.
n>0

Hence, we have
| 15an(o) ~ fsalas < [ By
By the Lebesgue dominated convergence theorem, we obtain
/OO flu,zpn(u))du — /00 f(u, zo(u))du uniformly as n — oo.
t t

Let € > 0. For all n, we have

/fuxn u))du < ®(p /Bm )ds = 7.

On the other hand, we know that ®~! is uniformly continuous on [0, r]. It follows
then that there exists § > 0, such that for z,y € [0, 7], |x — y| < §, we have

|<I>_1(x) — <I>_1(y)| <e.
So for the above § > 0, there exists N > 0, such that

pt [ Huat)du= o+ [ szt

where n > N, t € [0, 00).
Then for n > N, we can write

_1(p+/toof(u,xn(u))du)—<I>_1(p+/toof(u,xo(u))du) <c

Hence, for ¢ € [0,00), and n > N, yields

< 0,

|T2,— Txo(t)|
o0 ol 1 too f(s,xn(s))ds
1—ﬁ§’/ gwﬂj[é (“ o0 )

o (RSl

o i J(s,zn(s))ds 1 2 (s, mo(s))ds
+7[en (p+f T ]

< w/ooo g(u)(Jaqu(%))du—i—sJo‘(b_l (Z%t))
< 8[1—f00019(s)d8A g(u)(J‘)‘(I)*l(ﬁ))du—&—Jatb*l(ﬁ)}.
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It follows then that
Tz, — Tzo|| — O uniformly as n — oo.

So, T' is continuous.

Let € be an arbitrary bounded subset of P. First, we shall prove that T is
bounded: Since 2 is bounded, then there exists » > 0, such that ||z|| < r, for all
x € Q. Thanks to Definition 3, we obtain

oo w1 too f(s,z(s))ds
ong(t)ZW/o g(u)[9+J o (Hf 0 )]du
p+ [ f(s,x(S))dS}

p(t)

< w/ooog(u) {9+J“¢—1(Wﬂdu

10+ L/ (tfv)"“cb*l[—p+ff B’"(S)ds}dm
I'(a) Jo p(7)
This means that TQ2 is bounded.
Now we shall prove the equicontinuity of T'(B,). Let us take t1, to € (0, 00),
t1 <ty and x € Q. We have

|Txz(ty) — Tx(ty)]
1
= 1— fooo g(s)ds

I~ ta y— 7)ol (4 — )l o TOO -(s)ds
[l [ (T b

+9+J“<I>‘1[

+ ﬁ /Oh((tg — ) —(t — T)a—l)qu[

a—1

+ [%° B,.(s)ds

p+ ). Br(s) ] &
p(7)

We see that the function ¢(z) = = — (& — 1)z is decreasing on [0,1], and

increasing on (1, 00). Consequently we can write

(tg — 1)L —(t; —7)* P < (a—1)(ty — t1), on [0,1]
and
(t1 —7) V= (ty = 7)* P < (a—1)(t1 —t2), on (1,00).
We deduce from these two inequalities that if 1 t5 € [0, 1], then
|Tx(ta) — Tx(tr)]

1 /OO g(u){(a —1D(t2 —t1) /0’52 q)_l(,o—l-ffo BT(S)dS)dT}du

=T g(ads Jo T(a) ()

o — s —ty) [ _ > B, (s)ds
R [t LT
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and
\Tﬂf(tz) Tz(t1)|

< — /Oog (@ —-1)(tr —t2) /t2q) (PJFf Br( is)dT}du
=1- Jo g(S)ds 0 @ p(7)
(a=1)(t1 —ta) / o [p+f B,( dS}dﬂ
ING)) 0 p(T)
provided that 1, t2 € (1, 00).

When t; — t9, in the above tow inequalities, we claim that |Tx(te) — Tx(t1)]
tend to 0. Consequently TQ2 is equicontinuous. According to the Ascoli-Arzela
theorem we deduce that T is completely continuous operator.

Note that 1 (z) < ||z|| for z € P.. We will show that the conditions of Theorem 5
are satisfied: Put x € P.. Then ||z|| < ¢, we find

[Tz(t)| = sup Tux(t)
te[0,00)

- 1_f<>olg(s)ds /OOO g(u) {9 T Jep ! (” + [ f(s, x(S))ds)} w
0
-1 [P+ I~ f(S,I(s))dS}
p(t) '

+

+0+J®

Thanks to (D3), we have

IT2(t)] < (p1+_f°f0 ”3)2(1 ? /OOO g(u) [9+ J“@‘l(%)}du

Yo+ <p+ /Ooo (lf;)st)J%—l(p(lt)).

Using (Hg), we get

This implies that T: P. — P..

By the same way, if € P,, then with help of (D;), we obtain ||Tz| < a, and
therefore (Cy) is satisfied.

Let d be a fixed constant such that b < d < ¢. Then ¢(d) > d > b and ||d| = d,
it means P(1),b,d) # 0.

For any = € P(¢,b,d), it holds that ||z|| < d and ¢ (z) = min;e (1 g 2(t). Then
we have

Y(Tz) = min Tz(t) = Tx(%)

te[+,k]
_ > f(s,z(s))ds
fo [9+F(a fo % T)® 1(%)&'} du
1-[5"g
1 (%1 Lo+ [ (s x(s))ds
+9+—/ ——r)e ! z d
CGor)e( Jar

I(a) k p(7)
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In view of (D3) and (Hy), we obtain

W(Tz) > b {QJFF(Q it (7 T)q) (W)df} du

1— fo g(s)ds
Thus (C,) is satisfied.
Finally, for any z € P(1, b, ¢) with ||Tz|| > d, then ||z|| <c and min (1 x(t) >b,
by the same method, we can also show that ¢ (Tx) > b easily, which means that

> b.

(Cs) holds.
Therefore, by the conclusion of Theorem 5, the operator T has at least three
fixed points. This implies that (1) has at least three solutions. (]

4. EXAMPLE

Let us consider the problem

<116 exp (%) (Déx(t))4>l + 2zl =0, te0,00),

D 9+1t2
(12) 2(0) = %/ exp(—2s)z(s)ds + 1,

0
Ly t (D% (t))4—1
16 15100 P\ D w) ==

We have
1 t exp(—2t
p(t) = 75 exp (3), d(x) =z,  g(t)= ( ),
16 8
20 + 1
tor)="""_ 0=p=1
f(t,z) R P

It is clear that

A=A(t)=16(1—exp ! and / g(t)dt = 1/ exp(—2t)dt = 1 < 1.
8 o 8/, 16

Through a simple calculation, we get

o t L 1 1
A*=16 < oo, and / g(t / (O () dudt = — < o0,
0 ) 0 p(u) 17

The function f is a Carathéodory function and f(¢,0) # 0 on each subinterval of
[0,00). So (H;) and (Hz) hold.

Taking k = 100, then A(+) < 1and 0 < p = 15(1 — exp(—g1gm)) < 1.

Next, in order to demonstrate our main result obtained, we choose a,b,c, A, B
and C such that (Hz) and (Hy) be satisfied.

By Theorem 5, we conclude that the example (12) has at least three positive
solutions.
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