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NEIGHBORHOOD-PRIME LABELING OF SNAKE GRAPHS

S. K. PATEL AnD A. N. KANSAGARA

ABSTRACT. We study neighborhood-prime labeling in the context of snake graphs
of the types C}* and C,;’}q. In particular, we prove that the snake graphs of the type
C7* are neighborhood-prime if and only if either £ # 2 (mod 4) or m #Z 1 (mod 4).
Further, we also show that C;’k and C;’B are neighborhood-prime for all m > 2.

1. INTRODUCTION

All graphs considered in this paper are simple, finite and undirected. The vertex
and the edge set of a graph G are denoted by V(G) and E(G), respectively.
|[V(G)] and |E(G)| denote the cardinality of these sets and in general |S| denotes
the cardinality of any given set S. We use the notation Ng(v) to denote the set of
vertices in a graph G which are adjacent to the vertex v. This set is known as the

neighborhood of v and when the context of the graph is clear, it is simply denoted
by N(v).

Definition 1.1. A bijection f: V(G) — {1,2,...,n} is said to be a prime
labeling of a graph G with n vertices if ged(f(u), f(v)) = 1, whenever u and v are
adjacent vertices of G. A graph that admits a prime labeling is called a prime
graph.

The neighborhood-prime labeling of a graph G is a variant of prime labeling
introduced by Patel and Shrimali [6] where they require greatest common di-
visor (ged) of the labels of all the vertices in the neighborhood N(v) to be 1.
More precisely, any bijective function f: V(G) — {1,2,...,|V(G)|} is said to be
a neighborhood-prime labeling on G if ged(f(N(v))) := ged{f(u): v € N(v)} =1
for every vertex v € V(G) whose degree is at least 2. A graph that admits
neighborhood-prime labeling is called a neighborhood-prime graph.

Note that a prime graph may not be neighborhood-prime and a neighborhood-
prime graph may not be prime. For instance, the complete graph K} is neighbor-
hood-prime and not prime whereas the cycle Cy is prime and not neighborhood-
prime. However, Lemma 2.1 and Theorem 3.2 in the following sections provide
interesting links between these two concepts. Prime labeling has been extensively
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studied since its introduction about forty years ago but neighborhood-prime la-
beling has been introduced very recently and so a lot remains to explore in this
direction. Patel and Shrimali in their initial research ([6, 7, 8]) on neighborhood-
prime labeling have shown that paths, complete graphs, wheels, helms, flowers,
cartesian and tensor products of two paths are neighborhood-prime. They have
shown that the cycle Cy is neighborhood-prime if and only if k£ # 2 (mod 4) and
have further characterized neighborhood-prime graphs amongst the class of union
of two cycle graphs. Cloys and Fox [3] have shown that certain classes of trees like
caterpillars, spiders, firecrackers, trees without degree 2 vertices are neighborhood-
prime and finally conjectured that all trees are neighborhood-prime. This is in line
with the famous conjecture that all trees are prime which has remain unsolved for
almost forty years. However, based on the partial result that all trees of sufficiently
large orders are prime [5]; Asplund et al. [1] have shown that all trees of sufficiently
large orders are neighborhood-prime. In the same paper based on Hamiltonicity
of the graph, they have also shown that the generalized Petersen graphs and grid
graphs are neighborhood-prime. A brief summary of results related to prime label-
ing, neighborhood-prime labeling and some of the variants of these two labelings
is available in the dynamic survey of graph labeling by J. Gallian [4]. Now, we
discuss the results of the present paper.

This paper deals with neighborhood-prime labeling of snake graphs of the type
Cy' and O, whose definitions and other terminology are explained in Section 2
and Section 3, respectively. The initial part of the present work is motivated
by some of the partial results by Cloys and Fox [3] about neighborhood-prime
labeling of snake graphs Sy , (same as C’,?_l in our notation). In Section 2, we
give a full answer on neighborhood-prime labeling of these snake graphs. The
remaining part of our paper is motivated by a paper by A. Bigham et al. [2]
where they introduce general snake graphs C}" and study prime labeling of these
newly introduced snake graphs. In the concluding section of the same paper, they
have posed a question about neighborhood-prime labeling in the context of general
snake graphs. In Section 3, we have come up with some positive results in response
to their query. In particular, we show that the general snake graphs C}"y and C}3
are neighborhood-prime for m > 2.

All theorems are supported with appropriate examples and figures for a better
understanding of their proofs. The following elementary number theory result is
used while proving certain theorems and so it is stated over here in the form of a
Lemma.

Lemma 1.1. Let {m;};>0 be a sequence of integers defined by m; := a + id,
where a,d € Z. If ged(a,d) =1 then m; and m;yq1 are relatively prime for all i.

Proof. Let g be a positive integer such that ¢|m; (i.e., ¢ divides m;) and g|m;41.
Then ¢ divides m;+1 — m; = d and consequently ¢lid. Now qlid, g|a + id and so
gla. Thus ¢ divides both a and d. But ged(a,d) = 1, and hence ¢ = 1. O
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2. NEIGHBORHOOD-PRIME LABELING OF SNAKE GRAPHS C}"

We introduce the snake graph (also known as k-polygon snake) of [3] with a
different notation C* over here. The reason for this is that it can also be visulalized
as C}"; which is a special case of the general snake graphs C}", that, we study in
Section 3.

A snake graph C]* is obtained by considering a path P11 on the vertices
U1, U, - . -, Um+1 Where each edge u;u;41 is replaced by a cycle of length & > 3,
one of whose edge is w;u;+1. Thus C}" is a graph with m(k — 1) + 1 vertices
and mk edges and it is the same as the snake graph Sk 41 of [3]. In order to
understand the neighborhood-prime labeling on C}*, we shall understand it as

a path on n = m(k — 1) 4+ 1 vertices vy, vs,...,v, with additional m edges as
V(j—1)(k—1)+1Vj(k—1)+1, Where j = 1,2,...,m. See for instance graph of C# in
Figure 2.

Now before, we establish our results on neighborhood-prime labeling of snake
graphs C7", let us review a known result about it.

Theorem 2.1 ([3]). The k-polygonal snake Sy, (i.e., C;'~') has a neighbor-
hood-prime labeling for the following cases where k > 6 and n > 3:

e k=1 (mod4) and n=2"+1 forl > 1
e k=0 (mod 4) and n=2" forl>2

e k=0 (mod 4) and n=2"4+1 forl>1
e k=2 +2for1>2and n=3 (mod 4)
o Lk even and n =3

. k:2l+3f0rl22and n even.

We see that the above theorem due to [3] discusses a very limited and special
cases only. In this paper, we prove that the snake graph C* is neighborhood-prime
if and only if either k¥ £ 2 (mod 4) or m £ 1 (mod 4).

Note that if m = 1, then C}" is just a cycle of length k which is known
to be neighborhood-prime iff & # 2 (mod 4). See for instance [6]. Further,
C? is just a one point union (or fusion) of two cycles of length k which can
be easily shown as neighborhood-prime. For instance, refer to Figure la and
1b, where, we have illustrated this case for even as well as odd cycles. There-
fore, while proving the results about neighborhood-prime labeling of the snake
graphs, we always consider m > 3. A common approach of showing a graph is
neighborhood-prime is to define a bijection f: V(G) — {1,2,...,|V(G)|} and ver-
ify that ged(f(N(v))) := ged{f(u) : v € N(v)} = 1 for every vertex v whose
degree is at least 2. This verification is trivial or obvious whenever f(N(v)) con-
tains two or more consecutive integers. So throughout the paper, we shall use the
terminology that ged(f(INV(v))) is trivially 1 to mean that f(N(v)) contains two
or more consecutive integers. Proving negative results about neighborhood-prime
labeling is usually much more difficult and same happens here also. So, we begin
with positive results.
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uy

(a) One point union of cycles of length 10 (b) One point union of cycles of length 11

Figure 1. Neighborhood-prime labeling of one point union of two cycles

Theorem 2.2. For m > 3, the snake graph C}' is neighborhood-prime if k is
odd.

Proof. Let G = C}" be a snake graph with V(G) ={v;: 1 <i < (k -1)+1}
and E(G) = {vivit1, V1) (k—1)41V(k—1)+1 : 1 <@ <m(k — 1) 1 <j <m}. Then
[V(G)| =m(k—1)+1 and |E(G)| = mk.

Define f: V(G) — {1,2,...,|V(G)|} by

flv2) =1, 1§i§(m—1i(k—1)’
f(Uzi—l):WJri, 1§i§m(k27 )Jrl,
f(vm)=@+1+i; (m_li(k_l)ﬂgigm(k;l)

Observe that
ng(f(N('Um(kfl)Jrl))) = ng(f(Um(kfl))a f(v(mfl)(kfl)Jrl))
=gedm(k—1)+1,(m—-1)(k—1)+1)=1

due to Lemma 1.1. Also f(vs) = 1, so that ged(f(N(v1))) = ged(f(va), f(vg)) = 1.
Further, for any v # v1, vy, k—1)+1; N(v) contains either 2 or 4 vertices for which
ged(f(N(v))) is trivially 1. Hence f is a neighborhood-prime labeling on G. O

Example 2.1. Neighborhood-prime labeling of snake graph C? is as shown in
Figure 2.

Figure 2. Neighborhood-prime labeling of snake graph C’?
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Theorem 2.3. For m > 3, the snake graph C}' is neighborhood-prime if:
1. k=0 (mod 4).

2. k=2 (mod 4) and m is even.

3. k=2 (mod 4) and m =3 (mod 4).

Proof. Let G = C}* be a snake graph with V(G) and E(G) as in the previous
theorem.

1. k=0 (mod 4)
If m is even, define f: V(G) — {1,2,...,|V(G)|} by

(m—-1)(k-1)-1

flvai) =i +1, 1<i< : ’
=, (mil)(kil)flJngigM’
2 2
flow)="E=D e mE=D
2 2
If m is odd, define f by
—1)+1
flva) =i+1, 1Si§m(k 2)+ 7
f(vzz-fl):w“m 1§¢§W7
=1, iszﬂ,
:wﬂ-’ W”S’SW'

The key points about verifying that f is a neighborhood-prime labeling are dis-
cussed below:

Since k =0 (mod 4); £ + 1 is odd and so

k
ged(F(N (1)) = ged(f(v2), f(0r)) = ged (2,5 +1) = 1.
Also
ged(f (N (vm(r—1)+1))) = ged(f (N (V(m-1)(k-1))))
= ged(f(N(vm—1)(k—1)+2))) = 1
because all these vertices have v(,,_1)(—1)+1 as one of their neighbors and
f(v(m—l)(k—l)—i-l) =1

For v # 01, U (k—1)41> Vm—1) (k—1)> V(m—1) (k—1)+2; gcd(f(N(v)) is trivially one
and so, we are through. Neighborhood-prime labeling of snake graphs Cg and C3
are illustrated in Figure 3 and Figure 4, respectively.
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vy vg V15 V22 V29

U1 s U1 V22

Figure 4. Neighborhood-prime labeling of snake graph Cg’

2. k=2 (mod 4) and m is even.
Define f: V(G) — {1,2,...,|]V(G)|} by

fvai) = 4, P
=3, I
=i+2, 3§Z§m(k—21)_2,
=1, i m(kQ— 1)7
f(v2i—1):%+2+i7 1<i< m(k2—1)’
=2, ’:m(kQ_l)—l-l

Since k = 2 (mod 4), £ + 2 is odd and so ged (f(N(v1))) = ged(f(v2), f(vr)) =
ged (4,5+2) = 1. Moreover, ged (f(N(v5)) = ged(f (1), f(ve)) = ged (3,5) =
Also f(vpm(k—1)) = 1, and so

ng(f(N(Um(k—1)+1))) = ng(f(N(Um(k—l)—l))) =1

Further as m is even,
ged(f (N (Um-1)))) = ged (f (Wm—1)-1)s (f (Om@—-1)+1))
=ged(m(k—1)+1,2) = 1.

Finally, for any v # v1, s, Upm(k—1)—1> Um(k—1)> Um(k—1)+1; gcd(f(N(v)) is trivially
one.
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Neighborhood-prime labeling of snake graph Cg is shown in Figure 5.

Figure 5. Neighborhood-prime labeling of snake graph Cé

Note that if m is odd, then the labeling f is no longer neighborhood-prime since
ged(f(N(vmk—1y))) is equal to 2 now. So, we have to think differently when m is
odd.

3. k=2 (mod 4) and m =3 (mod 4).
Here, we consider the following two cases on k.
Case 1. £ #£1 (mod 3).
Define f: V(G) — {1,2,...,|V(GQ)|} as

kE—1)+1
fv2i) =i +2, lgigm( 2)+’
E—1)+1
f(vai—1) =m(k —1) 42—, 1§i§m( 2)+ _9,
2
=1 iim(k71)+1
’ 2

We see that ged (f(N(v1))) = ged(f(v2), f(v)) =ged (3,5 +2) =las & +22£0
(mod 3). Since f(vp(k—1)) = 1, we have

ged(f(N(vmk-1)+1))) = ged(f (N (vmk-1)-1))) = 1.

Also
ng(f(N(Um(kq)—s))) = ng(f(Um(k71)72)a f(”m(k71)74))
B m(k—1)+1 _
—ng(27f+3) = 1,
because ™*=DFL | 345 6dd due to the assumption that k = 2 (mod 4) and m = 3

(mod 4). For the remaining vertices v; ged(f (N (v)) is trivially one. Neighborhood-
prime labeling of snake graph C3; is shown in Figure 6.

v N V19 V28

Figure 6. Neighborhood-prime labeling of snake graph C?O
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Case 2. £ =1 (mod 3).
Define f: V(G) = {1,2,...,|V(G)|} as

k
flve) =i+2 l<i<g—1,
k _
it 7§Z,§m(k 1)—|—1’
2 2
k—1)+1
f(vzici) =m(k —1) +2 4, ISZSm( 2)+ —4,
—1)+1
:27 Z_m(k )+ _3,
2
k _
=_- 42, i:M—Z
2 2
k o om(k—1)+1
g T ! 2 ’
—1)+1
~1, =D+l 2)+.

First, we note that £ + 2 = 0 (mod 3) and so £ + 4 # 0 (mod 3). Hence
ged (f(N(v1))) = ged(f(va), f(vi)) = ged (3, % +4) =1 and further,

ged (F(N () =sed(f(vp—s). f(v) =ged (51,5 14)
—ged (3, g +4)=1.

Now f(vmk—1)) = 1 and vp,(x—1) is a neighbor of both vy, k—1)41 and vy, (x—1)—1
and so

ged(f(N(vmr-1)+1))) = ged(f (N (vpm-1)-1))) = 1.
Also

ged(f(N(Vm—1)-5))) = ged(f (Umk—1)-4), [ (Umx-1)-6)) = ged (g + 2, 2) =1
and

ged(f (N (vmk—-1)-7))) = gcd(f (Vmk—1)—6); f (Vm(k—1)—8))

k—1)+1
:ng(27%+5> = 1,
because both g + 2 and % + 5 are odd due to the assumption that k= 2

(mod 4) and m=3 (mod 4). Finally, if

U # V1, Vk—1, U (k—1)—75 Vm(k—1)—55 Um(k—1)— 1, Um(k—1)+1,

then ged(f(N(v))) is trivially 1.
Neighborhood-prime labeling of snake graph C3, is shown in Figure 7. U
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19090 V91 V22

Figure 7. Neighborhood-prime labeling of snake graph C’f4

We now proceed to proving that C}* is not neighborhood-prime if k=2 (mod 4)
and m=1 (mod 4). Note that if m = 1, then C}" is a cycle of length k = 2 (mod 4)
which is not neighborhood-prime as shown in [6]. But the proof of C} extends
no further. Therefore, we first show that C? is not neighborhood-prime and then
explain, essentially how the same argument can be used while proving the result
for all higher values of m. For this, we introduce a concept of neighbor graph
H(G) of a given graph G, and prove a lemma regarding the connection between
the neighborhood-prime labeling of G and prime labeling of its neighbor graph
H(G).

Definition 2.1. The neighbor graph H(G) of a given graph G is a graph whose
vertex set is same as the vertex set of the graph G and in which two vertices v and
v are adjacent if and only if there exists a vertex w in G such that Ng(w) = {u,v}.

Note that if k is even then the neighbor graph of the cycle Cj is given by the
union of two cycles of lengths k/2 and if k is odd then it is Cj, itself. Also note
that if a graph G does not contain any vertex of degree 2, then its neighbor graph
does not have an edge. Consequently, the neighbor graph of the complete graph
K, is K, (i.e, complement graph of Kj).

Lemma 2.1. Ewvery neighborhood-prime labeling defined on a graph G is a
prime labeling on its neighbor graph H(G).

Proof. Let f be any neighborhood-prime labeling defined on the graph G. Con-
sider an arbitrary edge uv in graph H(G). Then there exists a vertex w in G such
that Ng(w) = {u,v}. But f is a neighborhood-prime labeling on G and hence
ged(f(Ng(w))) = ged{f(u), f(v)} = 1. Thus, we have shown that f(u) and f(v)
are relatively prime whenever uv is an edge in H(G) and hence f is a prime labeling
on H(G). O

Theorem 2.4. The snake graph C} is not neighborhood-prime if k=2 (mod 4).
Proof. Let G = C} with V(G) = {v; : 1 <i <5(k—1)+1} and

E(G) = {viVit1, V1Uk; UpV2k—1, V2k—1V3k—2; VU3k—2Vak—3, Vak—3Usk—4
:1<i <5k - 1))

Thus |V(G)| =5(k —1)+1 =5k —4 and |E(G)| = 5(k — 1) + 5 = 5k. Our first
observation here is about the neighbor graph H(G) (which, we shall denote by H
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throughout the proof for the ease of notation) of the graph G whose edge set is
E(H) = {vi-1vit1, V2Vk, Vag—3V5k—5
: where 2 < i <5k —5andi#k,2k — 1,3k — 2,4k — 3}.
Observe that in the absence of the edges vovg and wvai_3vs;_5, H is simply the
(disjoint) union of six different paths each of which consists of vertices with either
all even suffixes or odd suffixes. Based on this observation, we now consider the two
subgraphs of H induced by the set of vertices with even suffixes and odd suffixes

and, we denote these two induced subgraphs of H by H; and Hs, respectively.
Thus

E(Hy) = {vi—1Vit1,v20y
where 7 is odd only, 2 < i < 5k — 5 and ¢ # 2k — 1,4k — 3}
and

E(H) = {vi—1Vit1, Vak—3Vsk—5 :
where i is even only, 2 < i < 5k — 5 and @ # k, 3k — 2}.

The neighbor graph H of the snake graph C7 is shown in Figure 8.

[~

Vo V4 U6 wg Vip V12 Vg Vig Vis V20 U2 Vg V26 V28 V30 U3z w3y V36 U3s Vgp V42 Va4 Vge

The subgraph H, of the neighbor graph H

[

v U3 Us vy Vg Vil V13 V15 ViT VUlg Vo1 V93 Va5 V21 V29 V31 wsg3 Ugy U3t U39 U4l V43 Uss

The subgraph Hs of the neighbor graph H

Figure 8. The neighbor graph H of the snake graph Cir’o

Obviously
V()| = V() = LI VG 5k 2

and moreover the graphs H; and Hs are isomorphic. A very important observation
here is that the number 22 is odd and this is because k = 2 (mod 4). Our proof
is by contradiction. So assume that there exists a neighborhood-prime labeling of
G which, we denote by f. By Lemma 2.1, f is a prime labeling on its neighbor
graph H with 5k — 4 vertices where exactly 5’“2—_4 vertices must be labeled with
even integers. For ¢ = 1,2; let NV; denote the number of vertices in H; which are
labeled with even integers. Since, we know that N1 + Ny = % and that 5’3—’4 is
odd, one of the numbers N; is at least § (252 + 1) = 22 Since H; and H; are

isomorphic, without loss of generality, we may assume that N; > 5’37*2. Now the
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graph H; consists of three components; two of which are paths and the remaining
one is a path after the removal of the additional edge vovg. So the assignment of
L{z even integers (through the prime labeling f) to the vertices of Hj is extremely
tight as, we shall see now. Recall that any collection of vertices which are labeled
with even integers under a prime labeling is always an independent set. We denote

the three components of Hy by H{, H? and H3}, where
E(H}) = {v;_1vi41,vovy : where i is odd and 3 < i < 2k — 3},
E(H?) = {vj_1vi41 : where i is odd and 2k +1 < i < 4k — 5},
E(Hf’) = {v;—1V;+1 : where i is odd and 4k — 1 < i < 5k — 5}.
Now as per the description of the component H{ given above; it may be verified

that its independence number is % — 1 (in the absence of the edge wvovy it is g

though) and so at the most g — 1 vertices in H{ can only be labeled with even
integers under f. Hence at least

o (57) - (51 -2

number of vertices from H? U Hj must be labeled with even integers. But H? and
H3} are paths of even lengths k —2 and % —1 (or, we may say paths on odd number

of vertices k — 1 and %), respectively. So the independence number of Hf U H? is

(2.2) %((k—1)+1)+%(§+1):3k:2.

Since the two numbers in (2.1) and (2.2) turn out to be the same; the only possible
way of labeling at least 322 number of vertices of HZ U H{ with even integers is
to start with the very first vertex and then label every alternate vertex in both
the paths by the even integers. Accordingly, (looking at the edge sets of H? and
H?3 described above) the vertices in the following union set

{U2k, V2k+4, V2k+8y -+ -+ y U3k—25 - - - s U4k -8, 'U4k—4} U {U4k—2, V4k—6,- -+, U5k—8; U5k—4}

must all be labeled with even integers. (The presence of vzx_o in the first set
is justified due to the assumption that k¥ = 2 (mod 4)). But if this is true then
all the four vertices of Ng(v4r—3) namely vzg_2, Vag—4a,Vap—2 and vsi_4 get even
labels and hence

ged(f(Na(vag—3))) > 2.

But this contradicts our assumption that f is a neighborhood-prime labeling on G.
O

Remark 2.1. In Theorem 2.4, we prove that if £ =2 (mod 4) then C}" is not
neighborhood-prime when m = 5. The following key points are useful in extending
the proof to the general case m =1 (mod 4) (m > 1).

1. W is an odd number which is also the cardinality of the vertex sets
of the subgraphs H; and H, in the general case. The number %

being odd, once again H; (without loss of generality) must be labeled with

m(k—1)43
4

at least even integers.
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2. In the general case, Hy consists of
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mT“ components out of which mT_l are

paths and the remaining one is a path after the removal of the edge vovy.
Moreover out of the ™! components which are paths; =3 are of (even)

o . k
lengths k& — 2 and the remaining one is of (even) length 5 —1 .

. The component of H; with the additional edge vov; can accommodate at

most g — 1 vertices with even labels and so the remaining %_1

must accommodate at least

components

m(k—1)+3 k 1 _(m—=2)k—m+7
( 4 ) (2 ) B 4

vertices with even labels. While doing so, once again, we end up with a

situation where one of the vertices from the set {v4r_3, Ver—5, Usk—7, - - -,

V(m—1)k—(m—2)} has all its four neighbors being labeled with even integers

and so, we arrive at a contradiction.

The results of Section 2 can now be summarised and given as:

Theorem 2.5. The snake graph C}* is neighborhood-prime if and only if either
k#2 (mod4) orm#1 (mod 4).

3. NEIGHBORHOOD-PRIME LABELING OF GENERAL SNAKE GRAPHS (7",

The general snake graphs C", were first introduced by Bigham et al. [2] wherein
they also defined terms like spine and belly of such snake graphs. In the following
paragraph, we explain this definition and terminology but simultaneously ask the
reader to refer to Figures 9a, 9b and 9c. The parameters k,q and m associated
with the graph C}", are positive integers satisfying the conditions k > 3 and ¢ < %

(c) C’?,g

Figure 9. A few examples of snake graphs C* 4
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In order to define C,Z’?q, first, we consider m+-1 vertices v1, vg, .. ., Uy 41 arranged
from left to right. Then the general snake graph Cy", is a graph with m(k —1) +1

vertices and mk edges which is obtained by completing a cycle C’,(Ci) of length k&
between every pair of points v; and v; 41 (where 1 < ¢ < m) in such a way that the

lengths of the shorter and the longer paths (along the cycle C,(;)) joining v; and
v;41 are ¢ and k — ¢, respectively. Further, the newly introduced ¢ — 1 vertices
along this shorter path joining v; and v;41 are known as spine vertices denoted by
sf, 1 <1 < q—1; where i refers to the cycle C,S) which the spine vertex belongs
and [ refers to the distance between sf and v;. Similarly, the kK — ¢ — 1 newly
introduced vertices along the longer path joining v; and v; 1 are known as belly
vertices denoted by b} 1 < j < k—q—1; where i refers to the cycle C,EZ) which the
belly vertex belongs and j refers to the distance between b; and v;. The vertices
other than the spine and belly vertices are precisely the vertices v; which are all
known as vertebrae. The shortest path of length gm from vy to v,,4+1 is called the
spine. The path of (k — ¢)m edges from vy to v,,4+1 that does not contain any
vertices on the spine is called the belly of the snake graph. Figures 9a, 9b and 9c
show various examples of the general snake graphs labeled with spine and belly
vertices and the vertebrae.

Note that if ¢ = 1, then the graph C}", is same as the snake graph C}" studied
in Section 2 but if ¢ > 1 and m > 2, then these two graphs are non-isomorphic.
Bigham et al. [2] introduced a concept of cyclic snake labeling related to snake
graphs C}", and analysed the cases under which the cyclic snake labeling (or its
slight modification) results into prime labeling. Accordingly, they managed to
show that C7"; is prime for all k¥ and m and that C}", is prime whenever k is odd
and m is less than or equal to the least prime factor of kK — 2. For further results
in this direction refer [2]. Our focus will be on proving that Cj", and C}; are
neighborhood-prime. Note that if o = 1, then C7" is just a cycle of length % and
if m = 2, then C}", is just a one point union (or fusion) of two cycles of length
k and these two situations have already been discussed in Section 2. Therefore,
while proving the results about neighborhood-prime labeling of the snake graphs
C,’g?q, we consider m > 3.

3.1. The case ¢ =2
Theorem 3.1. The snake graph C}y is neighborhood-prime for all m > 3.

Proof. Let G = CJ", be a snake graph with V(G) = {v;, vm+1, sl,bZ 1<5<
m,1 < i < k—3} and E(G) = {vjb{,bgb{_ﬂ,bi_3vj+1,vjs{,slvj+1 11 <5<
m,1 <i <k —4}. Then |V(GQ)| = m(k — 1)+ 1 and |E(G)| = mk. We need to
define the required labeling f: V(G) — {1,2,...,|V(G)|} separately for odd and
even k.

Case 1: k is odd.

Forj=1,2,...,mandi=1,2,...,53; we define f by

flo)) =G =Dk -1)+
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Fbd) = (= Dk = 1) +1+4,

FD =G =Dk -1+ T,

ﬂ@ﬁo:wffnw71y+5;1+1+i

Note that ged(F(N(s]))) = ged(F(v;), £(v;:1)) = ged(( — )k~ 1)+ L j(k—1) +
1) = 1 due to Lemma 1.1.
Case 2: k is even.

For j =1,2,...,m; izl,?,...,% andl:1,2,...,%;here,wedeﬁnefby

. (j*1)<¥)+i, =12 m—1,
A YU 1;(k_2) + m(k; D {14 ifj—m,

flo) = TIEED oy (B2

£ty = 1;(k_2) + (- 1)(%) + 141,
Flomar) = (m— 1;(k—2) —|—m(k;2) ey

ppy = P EZD iy (B w2 ).

Using Lemma 1.1 (with a = W +landd= (kgz)), we claim that

ged(f(N(s1))) = ged(f(v)), f(vj+1)) = 1.

Also when k is even, f(b}) = 1 gives ged(f(N(v1))) = ged(f(b}), f(s1)) = 1.
Finally, for v # s{ when k is odd and for v # s{,vl when k is even, it may
be verified that ged(f(N(v))) is trivially 1. Thus G = C}7y is neighborhood-
prime. 0

Example 3.1. Neighborhood-prime labeling of the snake graphs Cf, , and Cy ,
are shown in Figure 10.

3.2. The case ¢ =3

Asplund et al. [1] define the set of neighborhood graphs of a given graph G as the
set of all possible graphs H such that V(H) = V(G), and for each v € V(G) with
deg(v) > 2, there exists exactly one edge uw € E(H) where u,w € Ng(v). We
alert the reader about the noticeable difference between the concept of neighbor
graph introduced in Section 2 and the concept of neighborhood graphs introduced
over here. A major difference is that given a graph G, its neighbor graph is unique
whereas its neighborhood graphs can be more than one. We saw in Section 2
that neighbor graphs are used to give a necessary condition for the existence of
neighborhood-prime labeling of a given graph G, whereas the following theorem
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g

19

(a) Cio’1,2

(b) C5,

Figure 10. Neighborhood-prime labeling of the snake graphs 0%1’2 and Cglyz

due to Asplund et al. [1] uses neighborhood graphs to give a sufficient condition
for the same.

Theorem 3.2 ([1]). For a graph G, if there exists its neighborhood graph H
which is prime, then G is neighborhood-prime.

Proof. Assume f: V(H) — {1,2,...,|V(H)|} is a prime labeling of H. Let
v € V(G) with degg(v) > 2, and suppose u, w are the neighbors of v for which uw
is an edge in H. Since f is a prime labeling of H, we have ged{ f(u), f(w)} = 1,
and thus ged{f(Ng(v))} = 1 as well because {f(u), f(w)} C f(Ng(v)). O

We shall show that C}’; is neighborhood-prime by showing that one of its
neighborhood graph is prime. For this, we introduce a new graph in this paper
denoted by P;f -, Which is associated with the path P, on n vertices. We shall
prove an important theorem related to a labeling of P,j‘) » and this theorem will
form an important base for proving our main theorem.

Let P, be a path on n vertices vy, vs,...,v, and {v;,,v,,...,v; } be an inde-
pendent set of r vertices of the path for some 1 < r < [%W Then PJT is defined
as a graph obtained from the path P, after attaching exactly 2 pendent edges to
each of the r vertices v;, , vi,, ..., v;,. Thus, P,‘;T is a graph on n + 2r vertices with
n+2r —1 edges. If n > 1, then the choice of the independent set {v;,, vi,,...,v;,.}
is not unique and so every such choice results into a graph P,j‘, - For instance, if
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n = 4, then, we have seven graphs of the type P4J’r ,» with respect to seven different
choices of the independent sets namely {v1 }, {va}, {vs}, {va}, {v1,v3}, {v1,v4} and
{v2,v4}. One of the graphs P," for n = 14 and r = 5 can be seen in Figure 11.
So far, we have defined Pnfr forl1 <r< [g} . If, we use the notation PJO for the
path P,, then in future, we can use the notation P,j‘,T forall 0 <r < (%w This is
just for an added convenience. We know that for any positive integer k, the vertices
of a path P, can be labeled with n consecutive integers k,k+1,...,k+n—11in
such a way that any two adjacent vertices have relatively prime labels. We shall
now see that a similar type of labeling is possible in case of the graph P,j: - also.

Lemma 3.1. Let P53 be a path on vertices vy, vs,v3 and P?j,_1 be the graph ob-
tained from the path P after attaching two pendent edges vivy and v3vy to the
vertex vo of P3. Then for any arbitrary positive integer k, the graph P:;fl can be
labeled with 5 consecutive integers k,k+1, ..., k+4 such that the labels of any two
adjacent vertices in P;l are relatively prime and moreover v1 and vs are assigned
the labels k and k + 4, respectively.

Proof. First, we fix the labels k and k+4 for the vertices v, and vs, respectively.
Further, if k is odd then assign k + 2 to vo. Now assigning k + 1 and k + 3 to v3
and v3 randomly completes our requirement.

If k is even then k+ 1 and k + 3 both are odd and further, both of them cannot
be a multiple of 3. So whichever is not a multiple of 3, assign that label to v
and the remaining one along with k + 2 can be assigned to the vertices v and v2
randomly. It may be verified that this assignment meets our requirement. O

We ask the reader to verify that the method discussed in the proof of Lemma 3.1
can easily be adopted and extended to prove the following two theorems. As a
matter of help, see Figure 11.

8 9 12 14 16 18 21 22 2% o7
ngo 11\/15\/19 20v24v28 29
U9 U3 Uy Us U Vg V12

01 vy Vg V10 11 U1 V14

Figure 11. A labeling of Pﬂj

Theorem 3.3. Consider a graph P’r—::r associated with the path P, on n vertices

V1, V2, ..., Uy for some 0 < r < {%1 and in which v1 and v, are free from pendent
edges. Then for any arbitrary positive integer k, the graph P, can be labeled with

n—+2r consecutive integers k. k+1,... . k4+n+2r—1 such that the labels of any two
adjacent vertices in P;r are relatively prime and moreover v and v, are assigned

the labels k and k + n + 2r — 1, respectively.

Theorem 3.4. Consider a graph P’r—::r associated with the path P, on n vertices
V1, V2, ..., U, for some 1l <71 < {%1 and in which v1 has two pendent edges. Then
for any arbitrary positive integer k, the graph P,‘; - can be labeled with n + 2r
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consecutive integers k, k+1, ..., k4+n+2r—1 such that the labels of any two adjacent

vertices in PT'L“T are relatively prime and v, is assigned the label k. Moreover, if

k4 2n — 1 s neither even nor a multiple of 3, then such a labeling is possible with
an additional condition that v is assigned k + 2n — 1.

With this, we are now ready to prove our main theorem on neighborbood-prime
labeling of C}";.

Theorem 3.5. The graph C/?,L?, is neighborhood-prime for all m > 3.

Proof. The definition of C}", suggests that if ¢ = 3, then k& > 6 and so this is

assumed throughout the proof. Let G = C}'; with vertex set
V(G) = {Uj7'l}m+1,81782,bl 1<ji<m,1<i<k-—4}

and

EG) = {vjb{,bzbgﬂ,bi_4vj+1,vjs{,s{sg,sévjﬂ :1<j<m,1<i<k-5}
Then |V(G)| = m(k — 1) + 1 and |E(G)| = mk. Consider a neighborhood graph
H of G with V(H) = V(G) and whose edges are given by

E(H) = {uw : u,w € Ng(v) and where v € V(QG) is such that degq(v)=2}
(3.1) u{bl it i1<j<m—1}.

Due to Theorem 3.2, it is enough to show that H is a prime graph. We do this by
taking two cases.
Case 1: k is even.
Subcase (i): m is even.
In this case notice that E(H) = E(H,)U E(Hz), where

. 2j—1 32j—1;2j—1 32j—-1,25 125 12j 2%
E(Hy) = {527117 vj—1by" T, b; b2i+2’ by b1, b2i71b2i+17 817 V25+1,

k—6 -2
bk 5112g+1,7121+132 1<Z<T 1<y <2 1§l§m2 }

. 2j—1,2j—1 2j—-1  2j-1 2j 2 2l 241
E(Hz) = {b1517 boi—1b%i11> v2;by”” 55 517 V25, 285”5 v2;by’, Dby

A R R %,1@5 Sl<is 2}.

Note that if k£ = 6, then ¢ runs over an empty range which means that the edges
defined in terms of ¢ will be absent from both edge sets. This understanding shall
prevail throughout the proof where such instances occur. Neighborhood graph H
of Cf, 5 can be observed in Figure 12.

One can verify that the neighborhood graph H of G is actually a (disjoint)
union of two graphs H; and Hs, where |V (Hy)| = w +1, |[V(Hy)| = w
and moreover, H; is of the type PI(k 046 m_s- We keep in mind that Hs is only

marginally different from H; in the Sense that after the removal of edges bis} and
bt 4s5%; Ho is of the type Pm(k D In view of Theorem 3.3 it is possible to

label the vertices of Hy with the help of M + 1 consecutive integers starting
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3 4 6

s% sl{ 5'2 s 513 S
34 44 46 56 57 67
3536 37 38 39 40 41 42 43\45A7 48 49 50 51 52 53 54N\35,/58 59 60 61 62 63 64 ¢5 6

SRR 0L by by by by 02 DF s b by by by b by bl b U5 by b3 by by b0 by b5 b2 U7
The subgraph H, of the neighborhood graph H

s| 53 s s5 5 sS

6 8 1 9 33 2
574 3 oN\7/ 9 10 11 12 13 14 15 16\I17720 21 22 23 24 25 26 27128 29 30\3l
by bl bl bh v 3 OBE B bR P b3 BE b7 v ol bl bR b 0P 63 b2 b2 vo by of by OS

The subgraph H> of the neighborhood graph H

Figure 12. Neighborhood graph H of 0?2,3 with a prime labeling

with % + 1 and ending with m(k — 1) 4+ 1, such that any two adjacent ver-
tices of Hj get relatively prime labels. Thus, we are done if, we show that the
graph Hy can be labeled with first w positive integers in such a way that
any two adjacent vertices of Hy get relatively prime labels. For this, we consider
the three subgraphs of Hy say Hi, H? and Hj which are induced (respectively)
by the three disjoint sets of vertices S1 = {va,b1,b3,...,b}_. bt ., 51,53}, So =
{0, DO BT 6 B ST s} and Sz = V/(Ha) — S, where S = Sy |J So.
Note that Hi, H2 and H3 can also be understood as the three connected compo-
nents of the graph Hs obtained on removal of the two edges vgbg and b;n:;vm.
Define the labels of vertices of the set S; U .Sy by

k k—4
f(b%i—l)zgfialﬁiﬁTa
k
1 —
f(sl)*Qa
ﬁJrl, ifﬁ is odd;
2y _ ) 2 2
f(s3) = k ko
54—2, 1f§ is even,
E—I—?, ifﬁ is odd;
_J2 2
f(v2) = k k
§—|—1, if§ is even,
mk—-1) k | k—4
Y — - — <P < —
f( 22) 2 2—}—7,7 1 1 5
my m(k—1)
f(SQ): 9 -4
_ m(k—1
plapy = "D,
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We have assigned the labels to the vertices of sets S7; and S5 with the help of two
sets of integers

k k
2.3, ...~ Y 2}
{ 3 2 + 2 +
m(k—1) k& m(k—1) k m(k —1) m(k —1)
D mED ko kL, mEo) ) mie-y
2 2 + 2 2 + 2 2
The intermediate set of consecutive integers {g +3,5+4,..., w — g} can

be used to label all the vertices of the set S5 as per the following rule. We observe
that the subgraph H3 of Ho which is induced by the vertices of the set S3 is PTJLC ,
(where n = (m — 2)(55%) + 2 — 2 and r = 2 — 2) with end vertices as b3 and
by~ So for u € Ss, we may define f(u) as per Theorem 3.3 so that f(b3) = & +3
and f (b}:f;) = @ — g and any two adjacent vertices in S3 get relatively
prime labels. Keeping in mind that f(v) and f(b3) are always relatively prime
(being consecutive or consecutive odd integers) and that f(b' ') and f(v,,) are
relatively prime (as f(v,,) = 1); it is not difficult to verify that f as defined above
is a prime labeling on H, and so we are done in the case m is even.

Subcase (ii): m is odd.
In this case notice that E(H) = E(H,)U E(Hz), where

! o321 325-1;25-1 321—-1;21 120 321 21 21
E(H,) = {521)17”2]71172 , ba; b2i+27bk—4 b1, 0310311, bi_svait1, ST Va1,

m+171SlSmfl}

k-6 )
varp185 T spbp, 11 < < S l<is

_ [ 2j-1;2j-1 425-1. 2j—-1 21 21 720321
E(Hy) = {b151a b2i—1b2i+17 bk_5 v2j, 817 Wa2j, U8y, vby, b2ib2i+27

1<i<

k—6
BRLabi 1 <i <= 1< <

m+1 m—l}

Neighborhood graph H of 0154,3 is as in Figure 13.

UUoby by bg by b b b3 b2 b2 B3 Vs by b} b3 o bl b by Y Y by U5 g3 b3 b) o} b,
The subgraph H, of the neighborhood graph H

2 4 5
85 : S1

1 3 S
7051 S 2
8 20 %2 34
6.5 4 3 N\9710 1112 1314 15 16 17 18 19N\2L23 24 25 26 27 28 29 30 31 32 33

bioby by by by U2y by bg B B, bi b b3 bi by U% by bi by Bi bl by b} b3 ) b U6
The subgraph Hs of the neighborhood graph H

Figure 13. Neighborhood graph H of Cf4y3 with a prime labeling
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The graph H is once again a (disjoint) union of two graphs H; and Hs with
|V(Hy)| = |V(Hs)| = % In fact, here H; and Hj are isomorphic graphs.
Moreover, if the edges by* ,s5* and bis] are removed from the graphs H; and
H,, respectively then both these graphs are of type P,‘L‘: » With n = w and
m—1 We describe a method to label the vertices of H; and Hy by considering
the two induced subgraphs of each of these two graphs and conclude that this
method results into prime labeling of H.

First consider the two subgraphs of Hy say Hi and H3 which are induced by
the two disjoint sets of vertices S5 = {vq,b},b3,... b} - bl . sl s3} and 52 =
V(Hz) — S3, respectively. Hi and H3 can be understood as the two connected
components of Hy obtained after the removal of the edge vob3.

We label the vertices of H} using the integers 2,3, ..., g + 2 as follows:

k k—4
f(béifl)zi_ﬁ 1<i< 5
k
1y —
f(sl) - 2’
& ok
) 5+1, if 5 I8 odd;
f(s3) = L
g +2, if 5 is even,
k k
B} +2, if 3 is odd;
Fl2) =9 K
5 +1, if 5 is even.
It is easily seen that any two adjacent vertices of Hi have relatively prime labels
under this f. Now, Hj is of the type P, (with n = w and r = 7=3)

with end vertices as b3 and s7*. Hence the vertices of H3 are labeled under f using
the integers g +3, g +4,..., % + 1 as per Theorem 3.3. Consequently any
two adjacent vertices of H3 have relatively prime labels and moreover f(b3) = £+3.

Now consider the two subgraphs of H; say Hi and H? which are induced
by two disjoint sets of vertices S} = {vy,, b3%, T, ..., b 5, b 4,871, 55} and
S? = V(Hy) — Si, respectively. Hi and H? can be understood as the two con-
nected components of H; after the removal of the edge b’;:slvm. We label the
vertices of Hi using the integer 1 along with consecutive integers m(k—1) — g +2,
m(k—1)—%+3...,m(k—1) + 1 as follows:

Fg) =mlk -1~ 5 p1vi 1<i< Pt
Fsg) = mk — 1),

FspY) = mlk—1) 1,
flom) =1.
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Note that any two adjacent vertices of Hi have relatively prime labels under f.

Now, Hi is of the type P, (with n = w and r = ™>3) with end

vertices as s} and b};”:sl. Hence the vertices of H? are labeled under f using
the consecutive integers m(k_QlHl + 2, m(k_zl)H +3,...,m(k—1)— £ +1 as per
Theorem 3.3. As a result any two adjacent vertices of H? have relatively prime
labels and moreover f(by'') = m(k —1) — £ 4+ 1. Finally, f(u) is now defined
for all vertices of the graph H;|JHs = H. In view of the above arguments and
the fact that ged(f(ve), f(b2)) = 1 = ged(f(vm), f(b;*5")), we conclude that f is
a prime labeling on H.

Case 2: k is odd.
We shall assume that & > 9 and later comment on the case k = 7 (this is the
minimum value for odd k).
If £ is odd, then the edge set of the neighborhood graph H of G as described in
(3.1) is given by

_ VERNEN] J J J 171 J J
E(H) = {Uij’bZib2i+2’ by, _5Vj+1, S1Vj41, SaUj, S1by, 85" km—4’b2l71b2l+17
o k=7 . k—5
heabl 1< o IS <m I U< S I <r <m — 1

Neighborhood graph H of 0873 is as in Figure 14.

by by by by by by by by by by by by b7 by b2 ) b S

Figure 14. Neighborhood graph H of 6’873 with a prime labeling

We split the vertex set V(H) into sets S; and S as

_ q J 1 .1 2 m—-1 _m _m. . k-5
Sl - {bQiabzlflavhU25Um7Um+1781782782781 yS1 582 ¢ 1<4i< T7

k—3
1<1< == 1<j<mandqg=1m}U{b3}

and
Sy =V(H) -8, = {b) 7 1‘1'1<'<L 53< <m-1
2 (H) 1 {Qi,vr,sth‘ Sp i 7 r<m-—1,

2<j<m-1,3<¢g<m-—2andp=1,2} — {b3}.
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The reason for this type of division is to see that the subgraph induced by S
is of the type P;l'j , (for some n and r) and so assigning labels to the vertices of So
shall be easy. We assign the labels to the vertices of S; as follows:

f(vm) =1, f(bg) =2,
fls3) =3, fln)=4,

k—
f(b3) =4+1, 1<z_T5,
E+5 k-1 .
—5 if is even;
flvz2) =
k7 is odd.
2
E+7 k-1,
— if is even;
f(s3) =
FH5 =1 i oda
2
k+9
1y _
f(sl)* 9 )
~ kE+9 ) k—3 k—3 .
[ )="5=+G-D(5)+l 1<i<=——=1<j<m,

f(s3") = F(bi ) + 1,
FsT7h) = f(s5) + 1,

GRS RN R )
Foms1) = FOF) + 1,
£t = Flomer) +1="E 23 g g

Clearly, if v and w are any two adjacent vertices from the set S; which are
different from v,, and b3, then the ged of their labels is always 1 because they are
either consecutive or consecutive odd integers. Also if u or w is vy, then the same is
true as f(v,,) = 1. Finally, if u = b3, then (within the set S;) it is adjacent to only
vo, which is assigned an odd label whereas f(b3) = 2 and so in this way any two
arbitrary vertices in S7 get relatively prime labels and further, these labels come

from the set {1, 2,..., mk=3) gy 6} . Now the subgraph of H which is induced

2
mk=3) k41 and

r =m — 3) with end point vertices as bi_5 and b;":;. So, we label the vertices of
P,f with consecutive integers w +k+7, m(k{?’) +k+8,....mk—-1)+1as

per Theorem 3.3 (but in the direction b;":; to b7 _.) so that f(b}?:;) = w +

by the vertices from the set Sy is of the type PJ , (where n =
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k+7and f(b?_5) = m(k — 1) + 1. Thus, so far, we have shown that any two
adjacent vertices within the two subgraphs induced by the set of vertices S; and
So have relatively prime labels under f and moreover, the labels come from the
set {1,2,...,m(k—1)+1}. Hence, in order to conclude that f is a prime labeling
on H, we just have to verify that if a vertex of S; is adjacent to a vertex of Sy in
the graph H, then they have relatively prime labels. But there are only two such
pairs of vertices. One is u; = b3, w; = bi_5 and the other is uy = v,,, ws = b’,?:sl.
But f(v,) =1, f(wg) = ™53 4 k7, f(03) = 2 and f(b3_5) = m(k — 1)+ 1 is
an odd integer (as k is odd) and hence

ged(f(un), fwr)) = 1 = ged(f (u2), f(w2))-

So f is a prime labeling on H for k > 9.

If £ = 7 and further m = 3, then one has to observe that the set Sy is an
empty set now and so, we need to label the vertices of S; only. But this is
done precisely as in the case k > 9 and, we get through. Finally, if kK = 7 and
m > 3, then the edge set E(H) misses out the edges of the form 3,63, , and
consequently, the vertex b3 is adjacent to vz. As a result, the graph induced by
Sy is of the type P, (where n = 2(m — 3) and 7 = m — 3), with end point
vertices as v3 and b’Q”_l. Once again, label the vertices of S; as before and the
vertices of the graph P;f » as per Theorem 3.4 with the help of consecutive integers
2m+14,2m +15,...,6m,6m + 1 so that f(vs) = 6m+1 and f(by' ') = 2m + 14.
Using the fact that ged(f(b3), f(vs)) = ged(2,6m + 1) = 1, it may be verified that
f defines a prime labeling on H in this case also and so, we are done. O

4. CONCLUSION

We have shown that C}" is neighborhood-prime iff either k£ # 2 (mod 4) or m # 1
(mod 4). Further, it is shown that the general snake graphs C}g?q are neighborhood-
prime for ¢ = 2,3. Investigating similar results for higher values of ¢ seems to be
very challenging and a good scope for future work in this direction.
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