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A NOTE FOR COMPACT OPERATORS
ON INFINITE TENSOR PRODUCTS

M. SERTBAS anxD F. YILMAZ

ABSTRACT. In this study, the compactness of the infinite tensor product of bounded
operators defined on the infinite tensor product of Hilbert Spaces has been inves-
tigated under some conditions. Also, we prove that some compact operators have
only point spectrum.

1. INTRODUCTION

The first definitions on infinite tensor product were given and studied by
J. von Neumann [12]. Several researchers later approached this subject from
a somewhat different viewpoint and established a coherent structure for dealing
with many similar concepts concerning operators, operator algebras, and func-
tionals [10, 11, 9, 13, 3, 4, 5]. H. Sahlmann et al. showed that the infinite
tensor product construction enables to give rigorous meaning to the infinite vol-
ume (thermodynamic) limit of the theory which has been out of reach so far in [15].
Moreover, Thiemann and Winkler applied the theory of the infinite tensor product
of Hilbert Spaces to quantum general relativity in their study [18], and Tepper
constructed the mathematical version of a physical film on which space-time events
can evolve by using the infinite tensor product of Hilbert spaces [17]. In order
to make the theory available for application physics, von Neumann’s method to
construct infinite tensor product of Banach spaces is extended [16].

AAISO7 let x1 € Hy, a9 € HQ, and A; € %(Hl),AQ € %(HQ) with Hy and Hy
being Hilbert spaces, then the definitions of the single tensor product z1 ® xo €
H{ ® Hy and the tensor product A; ® A, on the tensor product space Hy ® Ho
is given and they have been considered variously by a number of authors, (see
[7, 8, 1, 14, 2] for further references). Also, compactness of A® B € B(H; ® Hs)
was investigated by Zanni and Kubrusly [19], and Jinchuan [6].

What motivates us to this study is the studies [19] and [6] in the tensor product
space. In these studies, the compactness of the operator, which is defined by
the tensor product of two operators, is associated with the compactness of the
component operators on the tensor product space. Unfortunately, when we look
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in the literature that deals with in infinite tensor product space, we can not see
any results this problem.

In this paper, H, and (-, -), are separable complex Hilbert spaces and inner
products on H,, for all n € N, respectively. Also, all linear bounded operators
space on H,, are denoted by B(H,,).

In this study, it is mentioned firstly that the infinite tensor product space of
Hilbert spaces H,, denoted by ®C H,,, which was established by giving the defi-

nition of ®,, including H,,, separable Hilbert space, is given the definition of the

infinite tensor product of A,, denoted by ® A,, on ®° H, from [12] and [10].
neN neN

Secondly, the necessary conditions are investigated for this operator to be compact.

2. PRELIMINARIES

First of all, for any complex numbers sequence {z,}, the infinite product [/ 2,
is said to converge to the number z € C iff for all € > 0, there exists ng(d) € N
for all n > ng, n € N, |[]}_, 2k — 2| < ¢, and is quasi-convergent if [] 7, |2
converges. In this case, the value of [[)7 | |2 is equal [[ 2, 2 if [[,2, 2k is even
convergent and equal to zero otherwise.

Let x,, € H, for all n € N. Then, is shown by ®, that

R i = @ Tp =T1 QX2 R QLy Q-+ .
neN

Similarly, for a € C, xn Ty Yn € Hy, and n, i € N the following notations

ARz =0 Q Tp =1 RT2Q - QTi—1 QaL; OTjqg1- - QL ®---,

neN
(®i+...+®;) (y1,92,...) = ( ® xg)‘i' ® xg)—l—..._p ® xgz)) (yhyQ,...)
neN neN neN
- ® CE( ) (y13y27"‘) + %ng) (y17y27"’)
+oot @ 2P (g2, )
neN
are used.
Let z, € H,, for all n € N. Then, the infinite singular tensor product ®, =
OneNTn =21 QT2 ® -+ @ T, @ ... means that
®w (ylayQa"') = ® Tn (y17y27"') = H (xnayn)n
neN
neN
for every (y1,¥y2,...) € Xpen Hy,. Similarly, scalar multiplication of ®, and sum
of a finite number of ®%,i € N are defined by
1—1 o)

Oé®w (ylay27"') =« %an (ylayQa" ) = H (m’ruyn)n (04331‘7.%‘)1- H (xnayn)n
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and
@42+ @) e ) = (8 a0+ 8 dP 4t 9 o)) G )
ne
= ® $$L1)(’y1,y2,...)+"'+ ® Il'gl)(yl,yg,...)
neN neN
=TI Own), + T @2 vm),
neN neN
+ot H n ,l/n n
neN
respectively.

The set of formed by all finite sum of infinite singular tensor products with
convergent condition by ®°,cn Hy,, is such that

{Z@ : ;: ® xﬁf), xﬁf)EHn, n,keN, 1<qi<k,
nEN neN

20 n is convergent .
n g

neN
It can be seen that ®C H,, is a linear vector space with scalar multiplication
€N
and sum of two elements are defined by

a-Qyp = aQy,
k+m

k m
DI IEAD DL
=1 =1 =1

forall k+1<i<k+m, ® = ®i_k respectively. Also, it is obviously seen that
its zero is ®q := x( ) ® xé ) ® ... such that II ||x(0)||n =0 for every 2\ € H,,
neN
for all n € N.
Lemma 2.1. For arbitrary ®, € ®°,en Hy, such that ®, # 0, the set defined
by
k

®% H {Z@ € & Hy:@,= &yl y) € Ho nk €N, 1<i<h
nGN i=1

and H (xn, y,(f)) 18 convergent}

neN

is a linear subspace of ®° H,,.
neN

Proposition 2.1. Let ®,,®,,®,. € ®° H, be such that all of them are not
neN

equal to zero. Then the following statements hold:

a) ®; € Q% Hy.
neN
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b) If ®, € ®; Hy, then ®, € @ H,.
neN neN
c) If ®, € ®; Hy and ®, € ®y H,, then ®, € ®5 Hy.
neN neN neN
d) Let ®, and ®, € ®C H,. 11 (yn,2n),, =0 if and only if some (Yn, 2n)n=0.
neN
e) If ®, € ® H, and ®. ¢ ®5 Hy, then [ (yn,2n), =0.
neN neN neN

Proof. Tt can be seen in [12, Definition 3.3.2, Lemma 3.3.3, and Theorem I]. O

Lemma 2.1 and Proposition 2.1 are useed in the proof of the next Lemma 2.2.

Lemma 2.2. ®°¢ H, is a pre-Hilbert space with the inner product defined by
neN

(,),: ® H,x ®° H, — C,
neN neN

(2.1) (g®i7§;®i)> ZZH( n’yv(lj))

c 1=1 j=1 neN
(for details see in [12, Lemma 3.3.2, Lemma 3.4.1, and Lemma 3.4.3] ).

Proposition 2.2. If dim H,, > 1, then dim ®°,cn H,, = 00, and moreover, it
is nonseparable.

Definition 1. We denote by ®,cn H,, the Cauchy-completion of the pre-Hilbert
space ®°pen Ho,-

Theorem 2.1 ([10]). Let A, € B (H,) for all n € N and [[, oy || Anll be
convergent, then the infinite tensor product of Ay, which is denoted by Qpen Apn
on ® Hy, can be defined by

neN
® A,: ® H, — ® H,,
neN
neN <Z®) Z( g A”) Z ® A":E" ’

and Qnen An € %(@neN Hn) Finally, its norm is
= [T l14al.
neN

Proposition 2.3. Let o, 8 € C and A, B,, A%l), A%Z) be linear operators on
H,, for alln € N. The following identities are true:

a) ol ® A, =410 - ®PBA; Q- ®aA;®..., for arbitrary i,j € N.
neN

b) A1®--~®(A§})+A$?’)®
:(A1®~-~®A§})®...)+(A1®~~~®A$?)®...).
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Proposition 2.4 ([10]). Let A, € B(H,) for all n € N, and Qpen A, €
%(@neN Hn) Also, A7t and A% are inverse and adjoint of A, for all n € N,
respectively. Then, the following identities hold:

a)n®(AB)=(®A)(®B).

b) If A, is invertible and [] ||A; Y. < +oo, then ® Ay, is invertible and
neN eN

(e An)_lz ® A1,

neN neN
¢) ( ® An> = @ Af
neN neN

3. COMPACT OPERATORS

Theorem 3.1. Let ®;en AZ(.") be an operator sequence in %(@)z’eN HZ) such
that Agn) = A; fori e N\ {ki,ka,..., kn}. If the sequences {AZ(.")} converge to
A; for all i € {k1,ko,...,km}, then the operator sequence ®;en Agn) converges to
®RieN Aj.

Proof. Suppose that ®;en Agn) is in € %(@CZEN HZ) for all n € N, defined by
Al(-") = A, for i € N\ {1,2}, and Ag") € B (H;) for all i € N. We note that this
assumption does not impair the generality of the theorem. If Agn) — A; for all
i €{1,2} as n — oo, then

NA(") k: AH—HA Aé’”®A3®---—A1®A2®A3®...||

i€

—H( ®A '@ A3 ®.. )
+(A1®(Ag —A) @43 .. )H
SH(Ain)7A1)®A2®A3®~~®Ai®...u

+HA1®(ASZ)_A2)®A3®"'®Am®.-.H

= [l = T
=2

—0 as n —» o0.

+ i) || 457 - 4] T || A8
=3

Consequently, it is obtained that the operator sequence ®;cn Agn) converges to
Qien A;- U

Lemma 3.1. Let {m,(g")} be a sequence in Hy, for fired k € N and for alln € N.

If the sequence ®F, defined by QF =21 QL2 ® -+ @ Tp—1 ® w,&n) RTpyp1 @ @

T ® - € Qien Hy for all z; € H; and n,i € N, converges in Q;eny H; to @, =
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T1 QTR QT 1 QT QTp1 R QT; @+ € Qien H; for all x; € Hy, i €N,
then {xén)} converges to xy in Hy.
Proof. Let @7 =21 Q22Q - ®@Tp_1 ®x§€")®xk+1®~~®xi®~~ S ®NHi for
ic
alli € N, z; € H;, where k is a fixed natural number, and for all n € N, xén) € Hyg.

If ®7 converges to ®; =21 ® -+ QT @Tp41 @ -+ € @ H;, then
ieN

|@F — Q| — 0 as  n—> oo.
Because of the following equation
R — Bz = (x1®-~-®x,(€”)®xk+1®...)—(x1®~-~®xk®xk+1®...)
=01 @@ (@) )@ e ®...,
it is obtained that

+oo
(n) _ @1 H:H (n) _ H 1.
Hx1® ®(z) —2p) @ Q1 ® ... o\ —a ’“HH%HZ'
ik
From the last relation, it is seen that {x,(cn)} converges to xy in Hy. 1

Theorem 3.2. Let A; € B(H;) for alli € N and ®;eny A;i € B (®jien Hy). If
®Rnen 4; s a nonzero compact operator, then A; is a nonzero compact operator for
all i € N.

Proof. Suppose that ®;en A; € B (Rieny H;) is a nonzero compact operator.
Thus, ®;en Asx; # ®g for some ®;en x5, and hence A;z; # 0 for all i € N. Consider

an arbitrary bounded sequence {x,g")} of vectors in Hj, for a fixed number k£ € N,
and a sequence {®7} defined by ®” =21 ® - ®zp_1 ®x§€") RTp1 Q- QE; R ..
for all n, 7 € N. Since {w,&n)} is bounded and

sup || @7 || = supf|lz1 @ @ap 1 @2 Qrp @ Rz .|
neN neN
w1 o (n)
~ sup (nx,;’ I I1 ||xi||i) = T Ml sup 127
neN i=1 i=1 neN
ik 2k

{®7} is a bounded sequence. Moreover, when the operator ®,cn A; is compact,
then there exists a subsequence ®" of ®7 such that (®;en 4;) @™ converges in
®ien H;. Therefore, there exists an element y; in Hy and

(® Ai)®;n": ( ® Ai)($1®~--®x,(€m")®--~®$k+1®...)
iEN iEN

=Ae ® Q4" @ AL ® ...

— A1 Q@ QU @ Apr1Ti41 ® ..., as n — +oo.
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Using the last result and Lemma 3.1, the subsequence {Akx( " } is convergent
in Hy. This means that Ay is a compact operator. Similarly, it can be shown that
A; is compact for all 7 € N. O

Remark 3.1. The inverse of the last theorem, that is, if each component is
compact, it is generally not true that the tensor product of operators is compact.
For example, consider H,, := C? and A,, := I (the identity operator) for all n € N.
It is known that A,, is compact for all n € N. However, the tensor product space
®RneN Hy, has infinite dimension, and so the identity operator ®,en I on Qpen Hy,
is not compact operator.

Theorem 3.3. Let A, be a compact operator for all n € N such that
dim Range(A;) > 2 for all i € {k, : n € N} C N. If the operator @pen Ap 1
compact on Qpen Hy, , then 0 € 0p(Qnen An).

Proof. If ®pen A, = 0, it is apparent. Suppose that ®,cn A, is a nonzero
compact operator on ®,enH, and dim Range(A,) > 2 for all n € N. This
assumption does not impair the generality of the theorem. In this case, there is
a nonzero element ®, = 1 ® o ® ... In Queny Hy such that ®peny A @2 # 0.
Moreover, since dim Range(A,) > 2 for all n € N, it can be found at least an
element @, = Y1 QY2 @ - QYn ® -+ € Qpen Hy, such that (Apz,, Apzy)n =0
for all n € N, and specially chosen that ||y,||, = 1 and A,y, # 0. Now, we can
construct a bounded sequence in ®,cy H,, as follows

®Z:x1®"'®1’n71®yn®xn+l®

Since ®pen A is a compact operator, there is a ®( n) subsequence such that

Rien 4; ®( ") s convergent on %(@neN Hn). In addition, the following equality
holds

2 Ak ? 1Ak Yk |?
®© A, ® st - @ A, ® <’“m>H = (e tn b 4 ) Ann?
nen e e e [kt [y ) L1400

kn)

for n # m. Since lim,_, 4 ||Anz,] =1 and ®pen An®x
it has to be such that lim, 4 || A%, Yk, || = 0. Hence,

=TT 14wyl = 0

neN
is obtained, and this means that 0 € 0,(®nen An)- O

is a Cauchy sequence,

Corollary 3.1. Let A, be a compact operator for all n € N such that
dim Range(A;) > 2 for all i € {k, : n € N} C N. If the operator Quen Ay, is
compact on Qnen Hy, , then 0(Qnen An) = 0p(Qnen Ar).
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