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EXISTENCE RESULTS FOR FRACTIONAL IMPULSIVE
INTEGRO-DIFFERENTIAL EQUATIONS WITH INTEGRAL
CONDITIONS OF KATUGAMPOLA TYPE

P. KARTHIKEYAN, K. VENKATACHALAM AND S. ABBAS

ABSTRACT. We study the existence and uniqueness of solutions of impulsive frac-
tional integro-differential equations of order a1 € (2, 3] with the Katugampola inte-
gral boundary conditions. Krasnoselkii’s fixed point theorem and Banach contrac-
tion principle are used to prove the existence and uniqueness results. An example
is also presented at the end.

1. INTRODUCTION

Fractional derivative was discovered by Leibnitz in 1695 and it has received in
more attention of many fields of natural science, mathematical science, biological
science, and physical science etc. The most of the generally used in fractional cal-
culus definitions in basic mathematics research are the Riemann-Liouville calculus
definition, Caputo differential definition, Grunwald-Letnikov differential definition,
and so on. Fractional differential equations are commonly used as mathematical
modeling in the dynamical system. It is tool for finding the property materials,
gene, and etc., for more details, see [3, 4, 6, 26, 30]. Many researchers have ded-
icated themselves to the study of fractional-order differential equations can more
accurately explain objective laws and the nature of things than integral differential
equations.

In particular, impulsive differential equations have been useful in explaining the
dynamics of populations, subject to sudden changes, as well as other phenomena
such as harvesting, diseases, and so on. For the fundamentals of impulsive dif-
ferential equations theory, the reader, can refer to the books [8, 12, 20] and the
papers [2, 7, 11, 14, 18].

The Katugampola introduced a new fractional integral in 2011, which is the
combination of the Riemann-Liouville and Hadamard integrals into a single form.
The integrals are special cases when a parameter is defined at various values; when
p — 0, the Riemann-Liouville operators are obtained; when p — 1, the Hadamard
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operators are obtained (see [15]). In [16], the authors presented two Katugam-
pola derivative representations of the generalised derivative. In [17], the authors
proved the existence and uniqueness of solutions to the initial value problem for
a class of generalised fractional differential equations. In [4], the authors studied
fractional boundary value problems with generalized Riemann-Liouville nonlocal
integral boundary conditions. A study of fractional differential equations involving
generalized Caputo-type derivatives with integral and multipoint boundary con-
ditions was discussed in [30]. In [14], the authors discussed impulsive fractional
differential equations via Katugampola fractional derivatives.

Further, in [3], the authors studied the fractional differential equations with
Stieltjes and fractional integral boundary conditions using the generalized deriva-
tives of the form

pDaly(t) = f(t,y(t)), L= [07 T]u

T 1—y & sPi~ly(s
y(0) =0, /0 y(s)dH (s) = L[;‘(W) /0 oy = sP)<11'Y ds,

where PD*!-generalized fractional derivative and PI7-generalized fractional inte-
gral and H-continuous function.

In [6], the authors discussed Caputo-type fractional differential equations with
Katugampola type generalized fractional integral boundary conditions of the form

(Dry(t) = f(t (1)), teJ:=[0,T], 1<a <2,

y(T) = o P y(m) + k. dy(0) =0, n; € (0,T),
=1

where 2Dg! denotes the Caputo fractional derivative and f is a continuous func-
tion.

In [23], the authors discussed Katugampola-Caputo fractional differential equa-
tions with nonlocal initial value problems involving time scales

PAY x(t) = f(t,x(t), tel,
z(0) + g(x) = o,
where 0 < p < 1.

In [26], the authors studied Riemann-Liouville fractional differential equations
with non local Erdelyi-Kober integral conditions

Dix(t) = f(t,z(t)), te(0,7), 1<qg<2,
2(0) =0, o(T) =3 Bl (&)

where D? is the Riemann-Liouville fractional derivative and the function is con-
tinuous.

Motivated by the works, consider the fractional integro-differential equations
with Katugampola integral boundary conditions of the form:

(1) DMx(t) = f(t,x(t), Bx(t)), te€l0,T], 2<a <3,
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(2) z(t)) = z(ty) + k. y€ER, k=1,...,m,
(3) x(T) = 9°I%(1), 0<7<T,
(4) 2'(T) = x°I%' (v), 0<v<T,
(5) 2" (T) =2192" (), 0<(<T,

where D™ is the Caputo fractional derivative, ¢J9-Katugampola integral of g > 0,
0>0, %yt e€R, f:[0,T] x RxR — R is a continuous function, Bz(t) =
[y k(t,s,2(s))ds, k: Ax[0,T] =R, A={(t,s): 0<s<t<T}, 0=ty <t <
ty < or <ty =1, Azlimy, = 2(t]) — 2(t),), and z(t]) = limj, o+ 2(tx + h) and
x(t, ) = limy_,o- x(tx, +h) represent the right and left hand limits of z(t) at t = .

Thus, the main motivation for this work is to present a new class of impulsive
fractional integro-differential equations with Katugampola boundary conditions,
by means of the Caputo fractional derivative, and to investigate the existence and
uniqueness of the solutions of equations (1)—(5), using Krasnoselkii’s and Banach’s
fixed point theorem. We extend the results in ([21]) by involving integral terms
in nonlinear functions and impulsive conditions.

The paper is structured as follows: In Section 2, we present some spaces with
norm and important definitions, lemma that we need to develop the paper. The
existence and uniqueness results of impulsive fractional integro-differential equa-
tions are discussed in Section 3. An example to illustrate the findings is given in
Section 4.

2. AUXILIARY RESULTS

Consider the set of functions PE(J,R)={z: J =R : 2 € C(tx, tg+1], R}, k=0,...,m
and there exist z(¢;,), z(t) with z(t; ) = z(¢}) and endowed with the norm
[2llgge = sup {lz(t)] : 0 <t <1}.

Definition 2.1 (Caputo fractional derivative [21]). The Caputo derivative of
order ¢ for the function f: [0,00) — R is defined as

n—1 g
t
Cqu(t):Dg+(f(t)— Hf<’€>(0)), t>0,n—1<g<n.
k=0
Remark. If f(t) € €"[0,00), then
1 AR O
cDIf(t) = ds =12t t —1 .
10 = s | Gl ds = 0, t>0m-1<q<n

Definition 2.2 (Katugampola fractional derivative [15]). The Katugampola
fractional derivative corresponding to the Katugampola fractional integral is de-
fined by

(D3 f(w) = (240 ) " (I ) (o)
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_ Nlalfnjtl (xlfui)n/m SM*1 s,
I'n—aq) de/ J, (th —sp)oa—ntl

Definition 2.3 (Katugampola fractional integral [15]). Katugampola frac-
tional integral of order ¢ > 0 and ¢ > 0 of a function f is defined by

o749 791711 bosemlf(s)
) = F(Q)/o (te —st)i-i

Definition 2.4 (Riemann-Liouville fractional integral [19]). The Riemann-
Liouville fractional integral of order ¢ > 0 of a continuous function f is given
by

TU(t) = ﬁ / (t— )71 f(s)ds,

where I is defined by I'(q) = [~ e %597 ds.

Definition 2.5 (Riemann-Liouville fractional derivative [19]). The Riemann-
Liouville fractional derivative of order ¢ > 0 of a continuous function f given
by

DI, f(t) = ﬁ(%)/o (t— )" 1f(s)ds, n—1<q<n.

Lemma 2.6 ([4]). The given constant p,q > 0 and p > 0 then
F(%) tp+oq

oJIp — .
ptogto q
D(EEEL) o

Lemma 2.7 ([19]). For ¢ > 0 and z € €(0,7) N £(0,T). Then, <Dix(t) = 0

has a unique solution
z(t)=co+cit+---+ Cnqt" 1
and the following formula holds
I9D9%(t) = x(t) + co+crt + -+ cp1t"

where ¢c; ER,1=0,1,....n—1, andn—1<qg <n.

Theorem 2.8 (Krasnoselkii’s, [13]). Let R be a closed, bounded, convez, and
nonempty subset of a Banach space X. Let 21 and 2y be two operators such that:

(i) E1z+ E1y € R for any x,y € R,

(ii) Zp 4s compact and continuous,

(iil) 2y 4s contraction mapping.
Then there exists z1 € R such that z1 = ZE121 + 2921

Lemma 2.9. Let 2 < ag < 3 and ¥, x,t € R. Then y € PE([0,T],R), = is a
nonlinear solution of fractional differential equations with Katugampola type:
(6) “Da(t) = h(), te(0,7),
(7) (t)) = o)+ g e ER, k=1,...,m,
(8) x(T) = 9°I%(7), 0<7<T,
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(9) 2 (T) = x°I% (v), 0<v<T,

(10) «(T) = 219" (¢), 0<C¢<T,

if and only if

Th(t) + oy (011T 0 h(7) = T 1(T))

~ =) (ZfEZ 3 - t) (X2 g —th(v) — T~ 'n(T))
rols (m(ﬂ 1) ma(@n)manr) | walxm)t L)

X

w1 (e, 2w (9,7) w1 (9,7)w1(x,v) w1 (x,v) 2

Y1+ Th() + ey (019T * (1) — T*h(T))
_w1(119 T) (ZTEZ :% - t) (Xglqjal 1h( ) - jal_lh’(T))
+ 1 ( w3 (9,7) wa (9,7)w2(x,v) wa(x,V)t ﬁ)

w1 (¢,C)
X

2w, (9,7)  wi(9,7)w(x,v) w1 (x,V) 2

z(t) = y1 +y2 + TUh(t) + (197 (1T h(T) — T h(T))

~=b (225 - )(XQIQJ” h(v) = T ()

yo1 (mw) @ (9, )@ () | w2t _ ﬁ)
wl(LC 2

X

2w1(9,7) w1 (9,7)w1(X,v) w1 (x,V)

ke ¥+ TO() + g (9919T 1 h(r) = T h(T))
b (292 ) (erg ) - 7))
+ 1 ( w3 (9,7) w2 (9, 7)wa(x,V) + wa (X, V)t ﬁ)

w1 (t,¢) \ 2w (9,7) w1 (9,7)w1 (x,v) w1 (x,V) 2
X (T 2h(T) — 1211 T ~2h(()) for t € (tm,
where
(g

(11) w1(a1,§) = (1 a1 o T(g+ 1)) # 0,

g +1 T(eH)
(12) ZUQ<OZ1,€) = (T_ 04 F(lJrgqig)

g1 +2 T(z8)
(13) ws(ay,§) = <T2 TN F(zf;;ig) '

o

Proof. Assume that z satisfies (6) and (8)—(10). If t € [0,¢1), then
“D¥x(t) = h(t), tel0,T], x(T) = 9°I%(7),
2(T) = X217/ (v), 2(T) = 219" (C).

(T 72h(T) = 19T ~2h(Q)) for t €10,t),

(T—2h(T) — 1219 T =21 (()) for t€ (t,ts),

(T 2h(T) — 2117 ~2(() for t € (ta,ta),

425
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We can obtain

o) = o / (1= 9" h(s)ds + o (91T h() = T A(T))
_ w2 ?9’7_) _ o7q 7o1—1 V) — a;—1
w1 ( 19 T) <w1 9 7') t) rg hv) =J W)
w3 _ ’WQ ’19 7') 2(X7V) WQ(X, V)t . ﬁ
<2w w1 (9, 7)w1(x, V) + w1(x, V) 2)

(J‘“ 2h(T) LQIQJC“ *h(C))-
If t € (t1,t2), then
‘DYa(t) =h(t),  =(tf) =2(ty)+ v

We have
z(t) = y(t7) — 1 " — )M h(s)ds 1 t — )7 h(s)ds
0= 965 = ey [ = 9m s + s [ =) (e
1 era Ferp () — T
W(ﬁfj h(r) = T 1(T))
o (2o
1 w3 (Y, T) B wa (W, T)wa(x,v)  w2x, V)t 3 ﬁ
+ w1(¢, () (2@1(19,7) w1 (9, T)w1(x, V) + w1(x, V) 2)

X (T 2(T) = 2T 2h(C)
=)+ = g [ =9 s+ s [ = 9™ heas

L Q79 721 (51
b 01T ) — T ()
(e -
1 w3(0,7)  wm(,T)we(x,v) | welov)t
* wl(ba C) (2@1(19,7’) wl(ﬁvT)wl(Xa V) * wl(X7 V) 2 )
X (T2(T) = 2197 2h(())
=1y + F(l / (t—s)*~ 1h( )ds + 1(19 )(ﬁQIQJalh(T) — Jh(T))

wa (9, 7) _ 07q Tai—1 _ gai—1

w1 19 7) \w1 (9,7 t) 7 = "
w3 (Y _ wa (¥, T)wa (X, V) 4 w2 (X, V)t _ t2)
201 ( o (J,T)wi(x,v) wxv) 2

(JC” 2h(T) glqjal *n(Q))-
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Ift e (t2,t3), then

T 1 - — )17 1h(s)ds 71 t — )17 11(s)ds
o) = 3(05) ~ gy [ =9 s+ s [ =™ (e
_ 1 @3 (¥, 7) _ oyq gor=1p () _ qoi—1
o (25 ) 0™ ) = 7
1 w3 (9, 7) _w2(ﬂ,r)w2(x,y) wa(x, V)t _ﬁ
+ w1 (¢, ¢) <2w1(19,7) w1 (W, 7)1 (x, v) + w1 (x, V) 2)

X (T2R(T) — 219 T* 7 2h(())
= y(t2+) + yo — ﬁ/o 2(t - S)al—lh(s)ds + ﬁ/o (t— s)al—lh(s)ds

o I h) = T T))

- (E20D -4 e ) - 7 )

" m(lu 3 (2231%,?) ) Z(ZZ);(&)) ’ Zzl(@,yu))t ) t2>

X (F2R(T) = 21V ()

=yt s [ 9 st b I ) — 7))
- ( E ~ ) (T ) - T )

@(0,7) @@, @) | @t
( @ (0, 1)@ (7)) | wi(x) 2>
(J“l 2hT ngqjal *h(¢)).

If ¢ € (t,,, T, then

= i Yi + Vet h(t) + ﬁ(ﬁ@ﬂqjal h(T) _ g« h(T))
k=1 )
(14) - wl(g ) (Z?EZ:; - t) (21T th(v) — 9 h(T))

1 w3(0,7) @, T)w(x,v) | wmle)t
* @1(t, () <2w1(19,7) w1 (¥, ) (x,v) @i, v) 2)

X (T 2H(T) — LI9T2h(C)) for t € (tn, T).

Conversely, assume that z satisfies the impulsive fractional integral equation (14).
That completes of this proof. O
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3. MAIN RESULTS

The following results are to be required for main results:

(Hy) f is continuous and there exists a constant [ > 0 such that
|f(tur,v1) = f(t uz,v2)| < Ulur — ug| + |vr — val]

for any uq, vy, u2,v2 € Rand t € J.
(Ha) There exists a constant I; > 0 such that

|k(t, s,u) — k(t,s,0)] <lj|u—0v]

for any u,v € R and t,s € A.
(H3) Let f: J x R x R — R be a function, and there exists a function p €
PBE([0,T],R) such that

Ft,a,9)| < p(t)  for any (t,a,y) € [0,7] x R.

(Hy4) There exists a constant M* > 0 such that Y., |y;| < M*.
We define an operator H: BPE([0, T],R — PE([0,T],R) on problem (1)-(5) as

m

(Hz)(t) =) yi+T ™ f(s,2(s), Bx(s)) (1) +

i=1

—TJ* f(s,z(s), Bx(s - L @2(%,7)

T (o), Ba()(T) - b (22T

x (X1 T T f (s, 2(s), Ba(s)) (v) — T f (s, x(s), Bx(s))(T))
1 w3 (07) B wa(IT)w2(x,v)  wa2(x, V)t B i

+ wi(t,C) <2w1 W, 7) w9, 7)wi(x, V) wi(x, V) 2)

x (T2 f(s,2(s), Bx(s))(T) — LT T* 2 f(s,2(s), Bx(s)) ().

(W11 T (1) f (s, 2(s), Ba(s))

w1 (9, 7)

To1 1 F(—C”;g) Fa1teq
0=M" x [ |9 T
T+ Dm0 1) <' NCETT T >

[(ea=1te ar—1+eq
> 1 <|w2(X7V)| +T)<‘X| OE —1-99- +) v _|_Ta1—1>
106 )T @) \ o (s ) T(eierts)
n 1
|1 (e, Q)T (a1 — 1)

l@ws(.v)| | @@, D@ )| | |6 T | T2
X(2|?ﬂ1(><,'/)| (@1 (@, 7)1 06 @ ()l 2)

a1 —2+p a1 —2
y (|L| I( 2 ) par—2+teq +T°‘1*2>,
p(%) 07
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and
19| D(2F2)  ponted
O = (@, T + 1 T(2itecte) oo
LI (mwm)\ T) P(2578) poatves
) o1 O ) Tan) \Jwn(0,7)] ) T(eTkeate) — gn
+ l¢] ( |3 (0, 1) [w2 (9, 7)| [w2(x, V)]
|1(e, Q) T(ar =) \2]@1 (3, 7)| * |@1(d, 7)| @1 (x, v)]

|| T 22) F(QI_QQ-H)) por— e
lmi(x,v)| 2 /T(u=2tectey g0

Theorem 3.1. Let f be a continuous function. Assume that the hypothesis
(Hy) and (Hg) is satisfied. If
l(l + ll)@ <1
then the problems (1)—(5) has a unique solution on [0,T].

Proof. We define the operator H: PE(T,R) — PE(J,R) defined in (15), we
get

|(Hz)(t) — (Hy)(t)]

= T f(s,2(s), Bx(s)) — f(s,y(s), Bx(s))| (T)

&Qq aq s.x(s 2(s)) — s (s (s -

] LT (5209, Be(s) = £(s,2(s), Ba(s)I(7)
- 1| f(s,z(s), Bx(s)) — f(s,y(s), Bz(s

T sa(s). Ba(s) = £(s,y(s). Ba()| (T)

x| |2 (9, 7)|
|1 (x, V)| (Im(ﬁ, )| + T)

x 11T f(s,2(s), Ba(s)) — f(s,y(s), Bx(s))| (T)
41 ( |ws(¥, )| | |w2(¥,7)|[w2(x, V)|
|1 (1, O \2]@1 (9, 7)) [@1(d, 7)] |1 (x, )|
wa(x, V)T = T2

ECTRE )QW 12| f(s,2(s), Ba(s)) — f(s,x(s), Bx(s))| (¢)

T 1 (238) ported
< (1 T
s +h) F(a1+1)+|w1(19,7')|F(a1+1)<|19| D(arterie) g )

—~|—

1 | (9, 7)) P(255) pmtven
+m(xw)F(al)(IW1(19,T)|+T)<|XF(O”13W+Q) )
. 1 (Jmn)l | matt b v)

@1 (6 O =D 2@ @, 7)] w1 (0, 7)1 (6, v)]

~2+0
T | T P(mge) e
+ \w2(X )‘ _,'_7) % |L| - e ¢ 4T 2 ||1’—y||
w1 (x; V)] 2 T (al 2+Qq+g) 09
o

< 1A +0)O [z —yll.
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The above equation is less than one, therefore, H is a contraction. The problem
stated in (1)—(5) has a unique solution on [0, T). O

Theorem 3.2. Assume that the hypothese (Hz) and (Hy) are fulfilled, then
(1)—(5) problem has at least one solution on [0,T].

Proof. Define the new operators =jand =5 as
(Erz)(t) = T f(s,z(s), Bx(s))(T)
s (ET 1) sale) Bae)(7)

w1 (x, V) \wa (¥, T)
(18) N 1 ( @3(V,7) @2 (Y, T)wa(x, V) N w2 (X, V)t ﬁ)
w1(t, () 2w (W, 7)  w (¥, N)wi(x,v)  wilx,v) 2
x T2 f(s,2(s), Bx(s))(T)
and
Ean)t) Yo+ s 1T (s). Ba(s)(7)
wa (U, T o
(19) ey (Bar g )T Sl B
L ( w3(¥,7)  w2(d, T)w2(x, V) . w2 (X, V)t ﬁ)
w1(t, () 2w (W, 7)  w (W, )wi(x,v) wilx,v) 2
X JO TR T O f (s, 2(s), Ba(s))(€)-
Consider

By={zePC: ||z| < d}.
For any x,y € By, E1x + 23y € By, where Z; and =5 are denoted by (18) and
(19), respectively.
[E1z + E2y||
< T |f (s 2(5), Ba() ds(D) + iy
x (T | f(s,2(s), Bx(s))|ds(T) + [9] *I° T | f(s,2(s), Bx(s))| ds(1))
1 w2 (9, 7)
w1 (x, V) (wl(ﬁ,T) +T)
X (T F(s,2(s), Ba(s))| ds(T) + xeT1T ™ " | f (s, 2(s), Ba(s))| ds(v))
1 w3 (¥, 7) @2 (9, )2 (x,v) | w2, V)t | T
+ 100 (2 t o nmeen T ) T2
(s

9, 7) w1
X (T2 | £(s,2(s), Bx(s))| ds(T)

+ el 1T 2| f (s, 2(s), Ba(s))| ds(¢)) + Zyz

2@1
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< T p)(T) + (T u(®)ds(T) + [9] 11T (1) (7))

|w1( 77-)‘
1 2(9, 7) o1 b a ey
T el >( (0, 7) +T)T T uO) + X 1T () ()
L s(0,7) | we(d,T)wa(x,v) | wa(x V)t 22
* @1(t,¢) (2wl(19,T) * @1 (9, T)w1(x, V) + @1 (x, V) B )

X (T2l T) + LT R0 (O) + Y v

1 ajte o1+oq
T 1 < (1 (=52 1)
I + 1) |w1(19,7)|1‘(041 +1) F(%) 0

1 |2 (x, V)|
x |w1<x,u>|r<a1>(\w1<x,u>\ +7)

[(te _ a1 —14eq
% ‘X| ( 4 ) F(al 1+Qq+9)7/ +Ta171
(a1+eq+g) o o
o0

n L (IWP)(XW)I |2 (06 V)| [w2 (x, V)| | w206 0| T Tj)
|1 (6, Q)T (ar=1) \ 2|1 (x, V)| (@200 v)] - o)) 2

F(a1+g) a1 — 14 pg+ o, v 1tee a2 U
(‘ l (a1+gq+g)r( 0 ) 04 +1 >+Zyl}
i=1
T 1 (w' F(m;rg) Fo1teq Tm)
M(ar +1 |w1(19 )| (1 + 1) F(%) 04
1 |2 (x, V)|
X +T
|w1 (x, v)| x(a1) (\Wl(x, V)| )
(ko) ~1 ai—1+eq
(W e e o )
(=552) 4 0
1 ( | (x, V)| Jr|w2(><ﬂ/)||wz(><,'/)|+|7D2(><71/)|T+T:)
|w1( Ol (a1=1) \2|@w1(x, V)] w20 v)|lm (o) o) 2

T °‘1+9 _ a1 —1+4eq
‘ | ( ) F(al 1+QQ+9)V +Ta1_2 +M*
(a1+eq+g) 0 01

< pt)® <d.

Thus Z1z + =5y € By.

By (Hs), Z2 is a contraction, and by (H;), the operator Zjz is continuous.
Also, Hence =y is uniformly bounded on By.

Now let us prove that (Z1)(t) is equicontinuous.

Let t1,t2 € J, to < t; and = € B,. Using the fact that f is bounded on the
compact set,

sup If(t,zy)l = f,

(t,z,y)€[0,1]x Ba
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we get

|(Hz)(t2) — (Hz)(t)]

< |TO (s, 2(s), Bx(s))(ts) — T (s, 2(s), Bx(s))(t1)]
M q 7a1—1 s. 2(s (s y
\wl(x,un("" TN (s, 2(s), Ba(s))| (v)

+ TN f(s,2(s), Ba(s))| (T))

1 @2 (X, V)| |3 — ]
|@1(e,7)] (|w2(XaV)| 2 )
x (T 721 f (s, 2(s), Ba(s)| (T) + o] 2T1T ™72 | £ (5, 2(s), Bz (s))] (¢))

F(il) [/Otl [(t2 —5)M T — (ty — 5)0‘1*1} ds + /:2 (ty — S)al—lds}

_ # al—ly a1 —1
Hlte =il s (I T ) + 7T

ta —t1| +

IN

(el e =t o)
V=0l T2 )

r(zzl) [/ot [(t2 — ) 7" = (t1 — )™ ] ds + /;2 (t2 — 5)™"ds]

fT a1 —1 0
wl(X7V)|{X(O‘1) ( * |X| F(%) 09
1 (lwx’ vl =t wl<x,u>|)

T(ag = 1) \ w1 (s 0 2 J@1(1,0)]

> (Ta1—2> + |L| FF(OQQHQ) par—l4eq Cal—z—&-gq }

(a1—1-gkgq+g) 04 07

) (T2 + il o1 g 2(0)) )

IN

(a171+g)

por—14eq
+ |t2 - t1| )

+

It is clear that the right-hand side of the above inequality — 0 is independent of
u,v € By as to —t; — 0. As H satisfies the above assumptions, therefore, by the
Arzela-Ascoli theorem, it follows that H: BE([0,T],R) — PBE([0,T],R) which is
completely continuous.

We show that the operator (Esz) is a contraction.

HEQI’*EQyH
N |w1|3| a1 [T 1 (@ 2(s), Ba(®) = £(@,y(s), By(s)(7)
x| |2 (9, 7)| 19 71| £(x. 2(s). Bx(s)) — f(x.u(s sN|I(v
le(X’Vﬂ(‘ww)' +T) 21T | f(w,(s), Ba(s)) — f(w,y(s), By(s))l|(v)
N |o] ( |ws (9, 7)|  |w2(¥, T)w2(x,v)| | [w206V)|T T:)
@1 (L O\ 2@ (0,7)]  [m (@)@ (6n)] | o) 2

X jal_Qg[qjal Hf(s,x(s), BCIZ’(t)) - f(x,y(s), By(s))H(C)
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191 o ga gon x| (lwa(,7)]
e+ le = vl o 77" O+ ot G o

G (|w3(19,r)\ _ w2, w2 (x, V)| | w20 )T Tj)
lw1(t, O \2|@1 (9, 7)| | (")) o) 2
x jth*%ﬂjth(g)}

191 (%) qotes

l(1+l1){|w1(19,7')F(a1+1)F(O‘1-"QW)) 09

+ T) qujal (l/)

IN

IN

a1 —1l4eq

x| |2(8, 7)) D)
+Im(xw)lf(al)(\mw»f)l T)r<%> 0

" 4| (|W3(197T)| @2 (3, 7)| |2 (x, V)
[@1 (1, QI T(ar =)\ 2@ (9, 7)]  |@1 (3, 7)] [@1(x, V)|

e ) e e
| |1 (x, V)] 2 r(%) ol

< U1+ 0)01 flz -yl

So, |21z — Eay|| <11 +11)01 ||z —y||. As (1 +11)0; < 1, =5 the operator is a
contraction. Therefore, the problem (1)—(5) has at least one solution on [0,7]. O

4. EXAMPLE

Consider the impulsive Katugampola integral boundary value problem as follows:

(20)  CDx(t) = 2(et+1|)”;(1+|m|) +;/Ote_<ilx(s)ds te [o, %}
o(t) = a(6) + 5,
x(%) - %31%33(3/8),
x(%) - %31%/(1/3),
ey 2(3) =5 /)
Set
fltu Bu) = 5o 1)§L1+ ot D, (B e x[0,00)
and

Let z,y € R and t € J, we have

|Bx(t)—By(t)\:l /0 e*%x(s)dsf/o e iy(s)ds

2
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and

(62 Balt) = F(00. BuO)| = 553 | T~ Ty + 5520 = Bu(t)

< 2(;1?!1')2 T é |(Bx(t) — By(t))|

< Slo =yl +1(Batt) - Byl

Here ay = 7/3, T = 1/2, 9 = 1/2, x = 1/2, + = 1/2, 7 = 3/8, v = 1/3,
(=2/5,0=2q=1,w(},2)=09361, wi(3, §) = 0.9475, @ (1, 2) = 0.9289,
wa(3,3) = 04779, wa(5, 3) = 0.4838, ws(3, 3) = 0.4922, Hence, the hypothesis
H; holds with [ = %, = %, and we check that

(

Thus, the hypothesis H; and Theorem 3.1 are satisfied, and show that the problem

(20)—(21) has a unique solution on [0, 1].

5. CONCLUSION

In this work, we discuss the existence results for impulsive fractional integro-
differential equations with Katugampola fractional integral boundary conditions.
Our results guarantee the existence of integral solution via fractional calculus
theory and Krasnoselkii’s fixed point theorem. Example shows the efficience of
solution and effectiveness of the theoretical outcome. One can also extend the
problem with more advanced delays.

Acknowledgement. We are thankful to the reviewers for their comments and
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