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EXISTENCE RESULTS FOR FRACTIONAL IMPULSIVE

INTEGRO-DIFFERENTIAL EQUATIONS WITH INTEGRAL

CONDITIONS OF KATUGAMPOLA TYPE

P. KARTHIKEYAN, K. VENKATACHALAM and S. ABBAS

Abstract. We study the existence and uniqueness of solutions of impulsive frac-

tional integro-differential equations of order α1 ∈ (2, 3] with the Katugampola inte-
gral boundary conditions. Krasnoselkii’s fixed point theorem and Banach contrac-

tion principle are used to prove the existence and uniqueness results. An example

is also presented at the end.

1. Introduction

Fractional derivative was discovered by Leibnitz in 1695 and it has received in
more attention of many fields of natural science, mathematical science, biological
science, and physical science etc. The most of the generally used in fractional cal-
culus definitions in basic mathematics research are the Riemann-Liouville calculus
definition, Caputo differential definition, Grunwald-Letnikov differential definition,
and so on. Fractional differential equations are commonly used as mathematical
modeling in the dynamical system. It is tool for finding the property materials,
gene, and etc., for more details, see [3, 4, 6, 26, 30]. Many researchers have ded-
icated themselves to the study of fractional-order differential equations can more
accurately explain objective laws and the nature of things than integral differential
equations.

In particular, impulsive differential equations have been useful in explaining the
dynamics of populations, subject to sudden changes, as well as other phenomena
such as harvesting, diseases, and so on. For the fundamentals of impulsive dif-
ferential equations theory, the reader, can refer to the books [8, 12, 20] and the
papers [2, 7, 11, 14, 18].

The Katugampola introduced a new fractional integral in 2011, which is the
combination of the Riemann-Liouville and Hadamard integrals into a single form.
The integrals are special cases when a parameter is defined at various values; when
ρ→ 0, the Riemann-Liouville operators are obtained; when ρ→ 1, the Hadamard
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operators are obtained (see [15]). In [16], the authors presented two Katugam-
pola derivative representations of the generalised derivative. In [17], the authors
proved the existence and uniqueness of solutions to the initial value problem for
a class of generalised fractional differential equations. In [4], the authors studied
fractional boundary value problems with generalized Riemann-Liouville nonlocal
integral boundary conditions. A study of fractional differential equations involving
generalized Caputo-type derivatives with integral and multipoint boundary con-
ditions was discussed in [30]. In [14], the authors discussed impulsive fractional
differential equations via Katugampola fractional derivatives.

Further, in [3], the authors studied the fractional differential equations with
Stieltjes and fractional integral boundary conditions using the generalized deriva-
tives of the form

ρDα1y(t) = f(t, y(t)), t = [0, T ],

y(0) = 0,

∫ T

0

y(s)dH(s) = ι
ρ1−γ

Γ(γ)

∫ ξ

0

αi
sρi−1x(s)

(ξρ − sρ)1−γ
ds,

where ρDα1 -generalized fractional derivative and ρIγ-generalized fractional inte-
gral and H-continuous function.

In [6], the authors discussed Caputo-type fractional differential equations with
Katugampola type generalized fractional integral boundary conditions of the form

ρ
cD

α1

0+y(t) = f(t, y(t)), t ∈ J := [0, T ], 1 < α1 ≤ 2,

y(T ) =

m∑
i=1

σi
ρIβ0+y(ηi) + k, δy(0) = 0, ηi ∈ (0, T ),

where ρ
cD

α1

0+ denotes the Caputo fractional derivative and f is a continuous func-
tion.

In [23], the authors discussed Katugampola-Caputo fractional differential equa-
tions with nonlocal initial value problems involving time scales

ρ∆p
t0x(t) = f(t, x(t)), t ∈ I,

x(0) + g(x) = x0,

where 0 < p < 1.
In [26], the authors studied Riemann-Liouville fractional differential equations

with non local Erdelyi-Kober integral conditions

Dqx(t) = f(t, x(t)), t ∈ (0, T ), 1 < q ≤ 2,

x(0) = 0, x(T ) =

m∑
i=1

βiI
γi,δi
ηi x(ξi)

where Dq is the Riemann-Liouville fractional derivative and the function is con-
tinuous.

Motivated by the works, consider the fractional integro-differential equations
with Katugampola integral boundary conditions of the form:

cDα1x(t) = f(t, x(t), Bx(t)), t ∈ [0, T ], 2 < α1 ≤ 3,(1)
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x(t+k ) = x(t−k ) + yk, yk ∈ R, k = 1, . . . ,m,(2)

x(T ) = ϑ%Iqx(τ), 0 < τ < T,(3)

x′(T ) = χ%Iqx′(ν), 0 < ν < T,(4)

x′′(T ) = ι%Iqx′′(ζ), 0 < ζ < T,(5)

where Dα1 is the Caputo fractional derivative, %Iq-Katugampola integral of q > 0,
% > 0, ϑ, χ, ι ∈ R, f : [0, T ] × R × R → R is a continuous function, Bx(t) =∫ t
0
k(t, s, x(s))ds, k : ∆ × [0, T ] → R, ∆ = {(t, s) : 0 ≤ s ≤ t ≤ T}, 0 = t0 < t1 <

t2 < · · · < tm = 1, ∆x|t=tk = x(t+k ) − x(t−k ), and x(t+k ) = limh→0+ x(tk + h) and

x(t−k ) = limh→0− x(tk+h) represent the right and left hand limits of x(t) at t = tk.
Thus, the main motivation for this work is to present a new class of impulsive

fractional integro-differential equations with Katugampola boundary conditions,
by means of the Caputo fractional derivative, and to investigate the existence and
uniqueness of the solutions of equations (1)–(5), using Krasnoselkii’s and Banach’s
fixed point theorem. We extend the results in ([21]) by involving integral terms
in nonlinear functions and impulsive conditions.

The paper is structured as follows: In Section 2, we present some spaces with
norm and important definitions, lemma that we need to develop the paper. The
existence and uniqueness results of impulsive fractional integro-differential equa-
tions are discussed in Section 3. An example to illustrate the findings is given in
Section 4.

2. Auxiliary results

Consider the set of functions PC(J,R)={x : J→R : x∈C(tk, tk+1],R}, k=0, . . . ,m
and there exist x(t−k ), x(t+k ) with x(t−k ) = x(t+k ) and endowed with the norm

‖x‖PC = sup {|x(t)| : 0 ≤ t ≤ 1} .

Definition 2.1 (Caputo fractional derivative [21]). The Caputo derivative of
order q for the function f : [0,∞)→ R is defined as

cDqf(t) = Dq0+
(
f(t)−

n−1∑
k=0

tk

k!
f (k)(0)

)
, t > 0, n− 1 < q < n.

Remark. If f(t) ∈ Cn[0,∞), then

cDqf(t) =
1

Γ(n− q)

∫ t

0

f (n)(s)

(t− s)q+1−n ds = In−qf (n)(t), t > 0, n− 1 < q < n.

Definition 2.2 (Katugampola fractional derivative [15]). The Katugampola
fractional derivative corresponding to the Katugampola fractional integral is de-
fined by

(µDα1

a+f(x) =
(
x1−µ

d

dx

)n (
µIn−α1

a+ f
)

(x)
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=
µα1−n+1

Γ(n− α1)

(
x1−µ

d

dx

)n ∫ x

a

sµ−1

(tµ − sµ)α1−n+1
ds.

Definition 2.3 (Katugampola fractional integral [15]). Katugampola frac-
tional integral of order q > 0 and % > 0 of a function f is defined by

%Iqf(t) =
%1−q

Γ(q)

∫ t

0

s%−1f(s)

(t% − s%)1−q
ds.

Definition 2.4 (Riemann-Liouville fractional integral [19]). The Riemann-
Liouville fractional integral of order % > 0 of a continuous function f is given
by

J qf(t) =
1

Γ(q)

∫ t

0

(t− s)q−1f(s)ds,

where Γ is defined by Γ(q) =
∫∞
0

e−ssq−1ds.

Definition 2.5 (Riemann-Liouville fractional derivative [19]). The Riemann-
Liouville fractional derivative of order q > 0 of a continuous function f given
by

Dq0+f(t) =
1

Γ(n− q)

( d

dt

)n ∫ t

0

(t− s)n−q−1f(s)ds, n− 1 < q < n.

Lemma 2.6 ([4]). The given constant p, q > 0 and p > 0 then

%Iqtp =
Γ(p+%% )

Γ(p+%q+%% )

tp+%q

%q
.

Lemma 2.7 ([19]). For q > 0 and x ∈ C(0, T ) ∩ L(0, T ). Then, cDqx(t) = 0
has a unique solution

x(t) = c0 + c1t+ · · ·+ cn−1t
n−1

and the following formula holds

IqDqx(t) = x(t) + c0 + c1t+ · · ·+ cn−1t
n−1,

where ci ∈ R, i = 0, 1, . . . , n− 1, and n− 1 ≤ q ≤ n.

Theorem 2.8 (Krasnoselkii’s, [13]). Let K be a closed, bounded, convex, and
nonempty subset of a Banach space X. Let Ξ1 and Ξ2 be two operators such that:

(i) Ξ1x+ Ξ1y ∈ K for any x, y ∈ K,
(ii) Ξ1 is compact and continuous,
(iii) Ξ2 is contraction mapping.

Then there exists z1 ∈ K such that z1 = Ξ1z1 + Ξ2z1.

Lemma 2.9. Let 2 < α1 ≤ 3 and ϑ, χ, ι ∈ R. Then y ∈ PC([0, T ],R), x is a
nonlinear solution of fractional differential equations with Katugampola type:

cDα1x(t) = h(t), t ∈ [0, T ],(6)

x(t+k ) = x(t−k ) + yk, yk ∈ R, k = 1, . . . ,m,(7)

x(T ) = ϑ%Iqx(τ), 0 < τ < T,(8)
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x
′
(T ) = χ%Iqx

′
(ν), 0 < ν < T,(9)

x
′′
(T ) = ι%Iqx

′′
(ζ), 0 < ζ < T,(10)

if and only if

x(t) =



J α1h(t) + 1
$1(ϑ,τ)

(ϑ%IqJ α1h(τ)− J α1h(T ))

− 1
$1(ϑ,τ)

(
$2(ϑ,τ)
$1(ϑ,τ)

− t
)

(χ%IqJ α1−1h(ν)− J α1−1h(T ))

+ 1
$1(ι,ζ)

(
$3(ϑ,τ)
2$1(ϑ,τ)

− $2(ϑ,τ)$2(χ,ν)
$1(ϑ,τ)$1(χ,ν)

+ $2(χ,ν)t
$1(χ,ν)

− t2

2

)
×(J α1−2h(T )− ι%IqJ α1−2h(ζ)) for t ∈ [0, t1),

y1 + J α1h(t) + 1
$1(ϑ,τ)

(ϑ%IqJ α1h(τ)− J α1h(T ))

− 1
$1(ϑ,τ)

(
$2(ϑ,τ)
$1(ϑ,τ)

− t
)

(χ%IqJ α1−1h(ν)− J α1−1h(T ))

+ 1
$1(ι,ζ)

(
$3(ϑ,τ)
2$1(ϑ,τ)

− $2(ϑ,τ)$2(χ,ν)
$1(ϑ,τ)$1(χ,ν)

+ $2(χ,ν)t
$1(χ,ν)

− t2

2

)
×(J α1−2h(T )− ι%IqJ α1−2h(ζ)) for t ∈ (t1, t2),

y1 + y2 + J α1h(t) + 1
$1(ϑ,τ)

(ϑ%IqJ α1h(τ)− J α1h(T ))

− 1
$1(ϑ,τ)

(
$2(ϑ,τ)
$1(ϑ,τ)

− t
)

(χ%IqJ α1−1h(ν)− J α1−1h(T ))

+ 1
$1(ι,ζ)

(
$3(ϑ,τ)
2$1(ϑ,τ)

− $2(ϑ,τ)$2(χ,ν)
$1(ϑ,τ)$1(χ,ν)

+ $2(χ,ν)t
$1(χ,ν)

− t2

2

)
×(J α1−2h(T )− ι%IqJ α1−2h(ζ)) for t ∈ (t2, t3),

...∑m
k=1 yi + J α1h(t) + 1

$1(ϑ,τ)
(ϑ%IqJ α1h(τ)− J α1h(T ))

− 1
$1(ϑ,τ)

(
$2(ϑ,τ)
$1(ϑ,τ)

− t
)

(χ%IqJ α1−1h(ν)− J α1−1h(T ))

+ 1
$1(ι,ζ)

(
$3(ϑ,τ)
2$1(ϑ,τ)

− $2(ϑ,τ)$2(χ,ν)
$1(ϑ,τ)$1(χ,ν)

+ $2(χ,ν)t
$1(χ,ν)

− t2

2

)
×(J α1−2h(T )− ι%IqJ α1−2h(ζ)) for t ∈ (tm, T ],

where

$1(α1, ξ) =
(

1− α1
ξ%q

%q
1

Γ(q + 1)

)
6= 0,(11)

$2(α1, ξ) =

(
T − α1

ξ%q + 1

%q

Γ
(

%
1+%

)
Γ
(
1+%q+%

%

)),(12)

$3(α1, ξ) =

(
T 2 − α1

ξ%q + 2

%q

Γ
(

%
2+%

)
Γ( 2+%q+%

% )

)
.(13)

Proof. Assume that x satisfies (6) and (8)–(10). If t ∈ [0, t1), then

cDα1x(t) = h(t), t ∈ [0, T ], x(T ) = ϑ%Iqx(τ),

x′(T ) = χ%Iqx′(ν), x′′(T ) = ι%Iqx′′(ζ).
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We can obtain

x(t) =
1

Γ(α1)

∫ t

0

(t− s)α1−1h(s)ds+
1

$1(ϑ, τ)
(ϑ%IqJ α1h(τ)− J α1h(T ))

− 1

$1(ϑ, τ)

(
$2(ϑ, τ)

$1(ϑ, τ)
− t
)

(χ%IqJ α1−1h(ν)− J α1−1h(T ))

+
1

$1(ι, ζ)

(
$3(ϑ, τ)

2$1(ϑ, τ)
− $2(ϑ, τ)$2(χ, ν)

$1(ϑ, τ)$1(χ, ν)
+
$2(χ, ν)t

$1(χ, ν)
− t2

2

)
× (J α1−2h(T )− ι%IqJ α1−2h(ζ)).

If t ∈ (t1, t2), then

cDα1x(t) = h(t), x(t+k ) = x(t−k ) + yk.

We have

x(t) = y(t+1 )− 1

Γ(α1)

∫ t1

0

(t− s)α1−1h(s)ds+
1

Γ(α1)

∫ t

0

(t− s)α1−1h(s)ds

+
1

$1(ϑ, τ)
(ϑ%IqJ α1h(τ)− J α1h(T ))

− 1

$1(ϑ, τ)

(
$2(ϑ, τ)

$1(ϑ, τ)
− t
)

(χ%IqJ α1−1h(ν)− J α1−1h(T ))

+
1

$1(ι, ζ)

(
$3(ϑ, τ)

2$1(ϑ, τ)
− $2(ϑ, τ)$2(χ, ν)

$1(ϑ, τ)$1(χ, ν)
+
$2(χ, ν)t

$1(χ, ν)
− t2

2

)
× (J α1−2h(T )− ι%IqJ α1−2h(ζ))

= y(t+1 ) + y1 −
1

Γ(α1)

∫ t1

0

(t− s)α1−1h(s)ds+
1

Γ(α1)

∫ t

0

(t− s)α1−1h(s)ds

+
1

$1(ϑ, τ)
(ϑ%IqJ α1h(τ)− J α1h(T ))

− 1

$1(ϑ, τ)

(
$2(ϑ, τ)

$1(ϑ, τ)
− t
)

(χ%IqJ α1−1h(ν)− J α1−1h(T ))

+
1

$1(ι, ζ)

(
$3(ϑ, τ)

2$1(ϑ, τ)
− $2(ϑ, τ)$2(χ, ν)

$1(ϑ, τ)$1(χ, ν)
+
$2(χ, ν)t

$1(χ, ν)
− t2

2

)
× (J α1−2h(T )− ι%IqJ α1−2h(ζ))

= y1 +
1

Γ(α1)

∫ t

0

(t− s)α1−1h(s)ds+
1

$1(ϑ, τ)
(ϑ%IqJ α1h(τ)− J α1h(T ))

− 1

$1(ϑ, τ)

(
$2(ϑ, τ)

$1(ϑ, τ)
− t
)

(χ%IqJ α1−1h(ν)− J α1−1h(T ))

+
1

$1(ι, ζ)

(
$3(ϑ, τ)

2$1(ϑ, τ)
− $2(ϑ, τ)$2(χ, ν)

$1(ϑ, τ)$1(χ, ν)
+
$2(χ, ν)t

$1(χν)
− t2

2

)
× (J α1−2h(T )− ι%IqJ α1−2h(ζ)).
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If t ∈ (t2, t3), then

x(t) = y(t+2 )− 1

Γ(α1)

∫ t2

0

(t− s)α1−1h(s)ds+
1

Γ(α1)

∫ t

0

(t− s)α1−1h(s)ds

+
1

$1(ϑ, τ)
(ϑ%IqJ α1h(τ)− J α1h(T ))

− 1

$1(ϑ, τ)

(
$2(ϑ, τ)

$1(ϑ, τ)
− t
)

(χ%IqJ α1−1h(ν)− J α1−1h(T ))

+
1

$1(ι, ζ)

(
$3(ϑ, τ)

2$1(ϑ, τ)
− $2(ϑ, τ)$2(χ, ν)

$1(ϑ, τ)$1(χ, ν)
+
$2(χ, ν)t

$1(χ, ν)
− t2

2

)
× (J α1−2h(T )− ι%IqJ α1−2h(ζ))

= y(t+2 ) + y2 −
1

Γ(α1)

∫ t2

0

(t− s)α1−1h(s)ds+
1

Γ(α1)

∫ t

0

(t− s)α1−1h(s)ds

+
1

$1(ϑ, τ)
(ϑ%IqJ α1h(τ)− J α1h(T ))

− 1

$1(ϑ, τ)

(
$2(ϑ, τ)

$1(ϑ, τ)
− t
)

(χ%IqJ α1−1h(ν)− J α1−1h(T ))

+
1

$1(ι, ζ)

(
$3(ϑ, τ)

2$1(ϑ, τ)
− $2(ϑ, τ)$2(χ, ν)

$1(ϑ, τ)$1(χν)
+
$2(χ, ν)t

$1(χ, ν)
− t2

2

)
× (J α1−2h(T )− ι%IqJ α1−2h(ζ))

= y1 + y2 +
1

Γ(α1)

∫ t

0

(t− s)α1−1h(s)ds+
1

$1(ϑ, τ)
(ϑ%IqJ α1h(τ)− J α1h(T ))

− 1

$1(ϑ, τ)

(
$2(ϑ, τ)

$1(ϑ, τ)
− t
)

(χ%IqJ α1−1h(ν)− J α1−1h(T ))

+
1

$1(ι, ζ)

(
$3(ϑ, τ)

2$1(ϑ, τ)
− $2(ϑ, τ)$2(χ, ν)

$1(ϑ, τ)$1(χ, ν)
+
$2(χ, ν)t

$1(χ, ν)
− t2

2

)
× (J α1−2h(T )− ι%IqJ α1−2h(ζ)).

If t ∈ (tm, T ], then

(14)

x(t) =

m∑
k=1

yi + J α1h(t) +
1

$1(ϑ, τ)
(ϑ%I|qJ α1h(τ)− J α1h(T ))

− 1

$1(ϑ, τ)

(
$2(ϑ, τ)

$1(ϑ, τ)
− t
)

(χ%IqJ α1−1h(ν)− J α1−1h(T ))

+
1

$1(ι, ζ)

(
$3(ϑ, τ)

2$1(ϑ, τ)
− $2(ϑ, τ)$2(χ, ν)

$1(ϑ, τ)$1(χ, ν)
+
$2(χ, ν)t

$1(χ, ν)
− t2

2

)
× (J α1−2h(T )− ι%IqJ α1−2h(ζ)) for t ∈ (tm, T ].

Conversely, assume that x satisfies the impulsive fractional integral equation (14).
That completes of this proof. �
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3. Main results

The following results are to be required for main results:

(H1) f is continuous and there exists a constant l > 0 such that

|f(t, u1, v1)− f(t, u2, v2)| ≤ l [|u1 − u2|+ |v1 − v2|]

for any u1, v1, u2, v2 ∈ R and t ∈ J .
(H2) There exists a constant l1 > 0 such that

|k(t, s, u)− k(t, s, v)| ≤ l1 |u− v|

for any u, v ∈ R and t, s ∈ ∆.
(H3) Let f : J × R × R −→ R be a function, and there exists a function µ ∈

PC([0, T ],R) such that

|f(t, x, y)| ≤ µ(t) for any (t, x, y) ∈ [0, T ]× R.

(H4) There exists a constant M∗ > 0 such that
∑m
i=1 |yi| ≤M∗.

We define an operator H : PC([0, T ],R→ PC([0, T ],R) on problem (1)–(5) as

(15)

(Hx)(t) =

m∑
i=1

yi+J α1f(s, x(s), Bx(s))(t)+
1

$1(ϑ, τ)
(ϑ%IqJ α1(τ)f(s, x(s), Bx(s))

− J α1f(s, x(s), Bx(s))(T ))− 1

$1(χ, ν)

(
$2(ϑ, τ)

$1(ϑ, τ)
− t
)

× (χ%IqJ α1−1f(s, x(s), Bx(s))(ν)− J α1−1f(s, x(s), Bx(s))(T ))

+
1

$1(ι, ζ)

(
$3(ϑτ)

2$1(ϑ, τ)
− $2(ϑτ)$2(χ, ν)

$1(ϑ, τ)$1(χ, ν)
+
$2(χ, ν)t

$1(χ, ν)
− t2

2

)
× (J α1−2f(s, x(s), Bx(s))(T )− ι%IqJ α1−2f(s, x(s), Bx(s))(ζ)).

Also

(16)

Θ = M∗ +
Tα1

Γ(α1 + 1)
+

1

|$1(ϑ, τ)|Γ(α1 + 1)
×
(
|ϑ|

Γ(α1+%
%

)

Γ(α1+%q+%
%

)

τα1+%q

%q
+ Tα1

)

× 1

|$1(χ, ν)|Γ(α1)

(
|$2(χ, ν)|
|$1(χ, ν)|+T

)(
|χ|

Γ(α1−1+%
%

)

Γ(α1−1+%q+%
%

)

να1−1+%q

%q
+Tα1−1

)
+

1

|$1(ι, ζ)|Γ(α1 − 1)

×
(
|$3(χ, ν)|

2 |$1(χ, ν)| +
|$2(ϑ, τ)| |$2(χ, ν)|
|$1(ϑ, τ)| |$1(χ, ν)| +

|$2(χ, ν)|T
|$1(χ, ν)| +

T 2

2

)
×
(
|ι|

Γ(α1−2+%
%

)

Γ(α1−2+%q+%
%

)

να1−2+%q

%q
+ Tα1−2

)
.
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and

(17)

Θ1 =
|ϑ|

|$1(ϑ, τ)|Γ(α1 + 1)

Γ(α1+%
%

)

Γ(α1+%q+%
%

)

τα1+%q

%q

+
|χ|

|$1(χ, ν)|Γ(α1)

(
|$2(ϑ, τ)|
|$1(ϑ, τ)| + T

)
Γ(α1−1+%

%
)

Γ(α1−1+%q+%
%

)

να1−1+%q

%q

+
|ι|

|$1(ι, ζ)|Γ(α1 − 1)

( |$3(ϑ, τ)|
2 |$1(ϑ, τ)| +

|$2(ϑ, τ)| |$2(χ, ν)|
|$1(ϑ, τ)| |$1(χ, ν)|

+
|$2|T
|$1(χ, ν)| +

T 2

2

) Γ(α1−2+%
%

)

Γ(α1−2+%q+%
%

)

να1−2+%q

%q
.

Theorem 3.1. Let f be a continuous function. Assume that the hypothesis
(H1) and (H2) is satisfied. If

l(1 + l1)Θ < 1

then the problems (1)–(5) has a unique solution on [0, T ].

Proof. We define the operator H : PC(J ,R) → PC(J ,R) defined in (15), we
get

|(Hx)(t)− (Hy)(t)|
= J α1 |f(s, x(s), Bx(s))− f(s, y(s), Bx(s))| (T )

+
|ϑ|

|$1(ϑ, τ)|
%IqJ α1 |f(s, x(s), Bx(s))− f(s, x(s), Bx(s))|(τ)

+
1

|$1(χ, τ)|J
α1 |f(s, x(s), Bx(s))− f(s, y(s), Bx(s))| (T )

+
|χ|

|$1(χ, ν)|

( |$2(ϑ, τ)|
|$1(ϑ, τ)| + T

)
× %IqJ α1−1 |f(s, x(s), Bx(s))− f(s, y(s), Bx(s))| (T )

+
1

|$1(ι, ζ)|

( |$3(ϑ, τ)|
2 |$1(ϑ, τ)| +

|$2(ϑ, τ)| |$2(χ, ν)|
|$1(ϑ, τ)| |$1(χ, ν)|

+
$2(χ, ν)T

|$1(χ, ν)| +
T 2

2

)
%IqJ α1−2 |f(s, x(s), Bx(s))− f(s, x(s), Bx(s))| (ζ)

≤ l(1 + l1)

{
Tα1

Γ(α1 + 1)
+

1

|$1(ϑ, τ)|Γ(α1 + 1)

(
|ϑ|

Γ(α1+%
%

)

Γ(α1+%q+%
%

)

τα1+%q

%q
+ Tα1

)

+
1

|$1(χ, ν)|Γ(α1)

(
|$2(ϑ, τ)|
|$1(ϑ, τ)| + T

)(
|χ|

Γ
(
α1−1+%

%

)
Γ(α1−1+%q+%

%
)

να1−1+%q

%q
+ Tα1−1

)
+

1

|$1(ι, ζ)|Γ(α1 − 1)

( |$3(ϑ, τ)|
2 |$1(ϑ, τ)| +

|$2(ϑ, τ)| |$2(χ, ν)|
|$1(ϑ, τ)| |$1(χ, ν)|

+
|$2(χ, ν)|T
| |$1(χ, ν)| +

T 2

2

)
×

(
|ι|

Γ
(
α1−2+%

%

)
Γ
(
α1−2+%q+%

%

) ζα1−2+%q

%q
+ Tα1−2

)}
‖x− y‖

≤ l(1 + l1)Θ ‖x− y‖ .



430 P. KARTHIKEYAN, K. VENKATACHALAM and S. ABBAS

The above equation is less than one, therefore, H is a contraction. The problem
stated in (1)–(5) has a unique solution on [0, T ]. �

Theorem 3.2. Assume that the hypothese (H3) and (H4) are fulfilled, then
(1)–(5) problem has at least one solution on [0, T ].

Proof. Define the new operators Ξ1and Ξ2 as

(18)

(Ξ1x)(t) = J α1f(s, x(s), Bx(s))(T )

+
1

$1(χ, ν)

($2(ϑ, τ)

$2(ϑ, τ)
− t
)
J α1−1f(s, x(s), Bx(s))(T )

+
1

$1(ι, ζ)

( $3(ϑ, τ)

2$1(ϑ, τ)
− $2(ϑ, τ)$2(χ, ν)

$1(ϑ, τ)$1(χ, ν)
+
$2(χ, ν)t

$1(χ, ν)
− t2

2

)
× J α1−2f(s, x(s), Bx(s))(T )

and

(19)

(Ξ2x)(t)

m∑
i=1

yi +
ϑ

$1(ι, ζ)
%IqJ α1f(x, x(s), Bx(s))(τ)

− χ

$1(χ, ν)

($2(ϑ, τ)

$1(ϑ, τ)
− t
)
%IqJ α1f(x, x(s), Bx(s))(ν)

− ι

$1(ι, ζ)

( $3(ϑ, τ)

2$1(ϑ, τ)
− $2(ϑ, τ)$2(χ, ν)

$1(ϑ, τ)$1(χ, ν)
+
$2(χ, ν)t

$1(χ, ν)
− t2

2

)
× J α1−2%IqJ α1f(s, x(s), Bx(s))(ζ).

Consider

Bd = {x ∈ PC : ‖x‖ < d} .

For any x, y ∈ Bd, Ξ1x + Ξ2y ∈ Bd, where Ξ1 and Ξ2 are denoted by (18) and
(19), respectively.

‖Ξ1x+ Ξ2y‖

≤ J α1 |f(s, x(s), Bx(s))| ds(T ) +
1

|$1(ϑ, τ)|
× (J α1 |f(s, x(s), Bx(s))| ds(T ) + |ϑ| %IqJ α1 |f(s, x(s), Bx(s))|ds(τ))

+
1

$1(χ, ν)

($2(ϑ, τ)

$1(ϑ, τ)
+ T

)
× (J α1−1 |f(s, x(s), Bx(s))| ds(T ) + χ%IqJ α1−1 |f(s, x(s), Bx(s))| ds(ν))

+
1

$1(ι, ζ)

( $3(ϑ, τ)

2$1(ϑ, τ)
+
$2(ϑ, τ)$2(χ, ν)

$1(ϑ, τ)$1(χ, ν)
+
$2(χ, ν)t

$1(χ, ν)
+
T 2

2

)
× (J α1−2 |f(s, x(s), Bx(s))| ds(T )

+ |ι|% IqJ α1−2 |f(s, x(s), Bx(s))|ds(ζ)) +
m∑
i=1

yi
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≤ J α1µ(t)(T ) +
1

|$1(ϑ, τ)| (J
α1µ(t)ds(T ) + |ϑ| %IqJ α1µ(t)(τ))

+
1

$1(χ, ν)

($2(ϑ, τ)

$1(ϑ, τ)
+ T

)
(J α1−1µ(t)(T ) + χ%IqJ α1−1µ(t)(ν))

+
1

$1(ι, ζ)

( $3(ϑ, τ)

2$1(ϑ, τ)
+
$2(ϑ, τ)$2(χ, ν)

$1(ϑ, τ)$1(χ, ν)
+
$2(χ, ν)t

$1(χ, ν)
+
T 2

2

)
× (J α1−2µ(s)(T ) + |ι|% IqJ α1−2µ(t)(ζ)) +

m∑
i=1

yi

≤ µ(t)
{ Tα1

Γ(α1 + 1)
+

1

|$1(ϑ, τ)|Γ(α1 + 1)
×
(
|ϑ|

Γ(α1+%
%

)

Γ(α1+%q+%
%

)

τα1+%q

%q
+ Tα1

)
× 1

|$1(χ, ν)|Γ(α1)

( |$2(χ, ν)|
|$1(χ, ν)| + T

)
×
(
|χ|

Γ(α1+%
%

)

Γ
(
α1+%q+%

%

)Γ(
α1 − 1 + %q + %

%
)
να1−1+%q

%q
+ Tα1−1

)

+
1

|$1(ι, ζ)|Γ(α1−1)

(
|$3(χ, ν)|

2 |$1(χ, ν)|+
|$2(χ, ν)| |$2(χ, ν)|
|$2(χ, ν)| |$1(χ, ν)|+

|$2(χ, ν)|T
|$1(χ, ν)| +

T 2

2

)

×
(
|ι|

Γ(α1+%
%

)

Γ(α1+%q+%
%

)
Γ(
α1 − 1 + %q + %

%
)
να1−1+%q

%q
+ Tα1−2

)
+

m∑
i=1

yi

}

≤ µ(t)
{ Tα1

Γ(α1 + 1)
+

1

|$1(ϑ, τ)|Γ(α1 + 1)
×
(
|ϑ|

Γ(α1+%
%

)

Γ(α1+%q+%
%

)

τα1+%q

%q
+ Tα1

)
× 1

|$1(χ, ν)|χ(α1)

( |$2(χ, ν)|
|$1(χ, ν)| + T

)
×
(
|χ|

Γ(α1+%
%

)

Γ(α1+%q+%
%

)
Γ(
α1 − 1 + %q + %

%
)
να1−1+%q

%q
+ Tα1−1

)

+
1

|$1(ι, ζ)|Γ(α1−1)

(
|$3(χ, ν)|

2 |$1(χ, ν)|+
|$2(χ, ν)| |$2(χ, ν)|
|$2(χ, ν)| |$1(χ, ν)|+

|$2(χ, ν)|T
|$1(χ, ν)| +

T 2

2

)

×
(
|ι|

Γ(α1+%
%

)

Γ(α1+%q+%
%

)
Γ(
α1 − 1 + %q + %

%
)
να1−1+%q

%q
+ Tα1−2

)
+M∗

}
≤ µ(t)Φ ≤ d.

Thus Ξ1x+ Ξ2y ∈ Bd.
By (H3), Ξ2 is a contraction, and by (H1), the operator Ξ1x is continuous.

Also, Hence Ξ1y is uniformly bounded on Bd.
Now let us prove that (Ξ1)(t) is equicontinuous.
Let t1, t2 ∈ J , t2 ≤ t1 and x ∈ Br. Using the fact that f is bounded on the

compact set,

sup
(t,x,y)∈[0,1]×Bd

‖f(t, x, y)‖ = f̄ ,
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we get

|(Hx)(t2)− (Hx)(t1)|
≤ |J α1f(s, x(s), Bx(s))(t2)− J α1f(s, x(s), Bx(s))(t1)|

+
|t2 − t1|
|$1(χ, ν)|

(
|χ| qJ α1−1 |f(s, x(s), Bx(s))| (ν)

+ J α1−1 |f(s, x(s), Bx(s))| (T )
)

+
1

|$1(ι, τ)|

( |$2(χ, ν)|
|$2(χ, ν)|

|t2 − t1|+
∣∣t22 − t21∣∣

2

)
×
(
J α1−2 |f(s, x(s), Bx(s)| (T ) + |ι| %IqJ α1−2 |f(s, x(s), Bx(s))| (ζ)

)
≤ f̄

Γ(α1)

[ ∫ t1

0

[
(t2 − s)α1−1 − (t1 − s)α1−1

]
ds+

∫ t2

t1

(t2 − s)α1−1ds
]

+ |t2 − t1|
f̄

|$1(χ, ν)|

(
|χ| J α1−1(ν) + J α1−1(T )

+
( |$2(χ, ν)|
|$1(ι, ζ)|

+
|t2 − t1|

2

|$1(χ, ν)|
|$1(ιζ)|

) (
J α1−2(T ) + |ι| %IqJ α1−2(ζ)

) )
≤ f̄

Γ(α1)

[ ∫ t1

0

[
(t2 − s)α1−1 − (t1 − s)α1−1

]
ds+

∫ t2

t1

(t2 − s)α1−1ds
]

+ |t2 − t1|
f̄

|$1(χ, ν)|

{
1

χ(α1)

(
Tα1−1 + |χ|

Γ(α1−1+%
% )

Γ(α1−1+%q+%
% )

να1−1+%q

%q

)
+

1

Γ(α1 − 1)

(
|$2(χ, ν)|
|$1(ι, ζ)|

+
|t2 − t1|

2

|$1(χ, ν)|
|$1(ι, ζ)|

)
×
(
Tα1−2

)
+ |ι|

Γ(α1−1+%
% )

Γ(α1−1+%q+%
% )

να1−1+%q

%q
ζα1−2+%q

%q

}
.

It is clear that the right-hand side of the above inequality → 0 is independent of
u, v ∈ Bd as t2 − t1 → 0. As H satisfies the above assumptions, therefore, by the
Arzela-Ascoli theorem, it follows that H : PC([0, T ],R) → PC([0, T ],R) which is
completely continuous.

We show that the operator (Ξ2x) is a contraction.

‖Ξ2x− Ξ2y‖

=
|ϑ|

|$1(ι, ζ)|
%IqJ α1‖f(x, x(s), Bx(s))− f(x, y(s), By(s))‖(τ)

+
|χ|

|$1(χ, ν)|

( |$2(ϑ, τ)|
|$1(ϑ, τ)| + T

)
%IqJ α1‖f(x, x(s), Bx(s))− f(x, y(s), By(s))‖(ν)

+
|ι|

|$1(ι, ζ)|

( |$3(ϑ, τ)|
2|$1(ϑ, τ)| −

|$2(ϑ, τ)$2(χ, ν)|
|$1(ϑτ)$1(χ, ν)| +

|$2(χ, ν)|T
|$1(χ, ν)| −

T 2

2

)
× J α1−2%IqJ α1‖f(s, x(s), Bx(t))− f(x, y(s), By(s))‖(ζ)
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≤ l(1 + l1) ‖x− y‖
{ |ϑ|
|$1(ιζ)|

%IqJ α1(τ) +
|χ|

|$1(χ, ν)|

( |$2(ϑ, τ)|
|$1(ϑ, τ)| + T

)
%IqJ α1(ν)

+
|ι|

|$1(ι, ζ)|

( |$3(ϑ, τ)|
2|$1(ϑ, τ)| −

|$2(ϑ, τ)$2(χ, ν)|
|$1(ϑ, τ)$1(χ, ν)| +

|$2(χ, ν)|T
|$1(χ, ν)| +

T 2

2

)
× J α1−2%IqJ α1(ζ)

}
≤ l(1 + l1)

{
|ϑ|

|$1(ϑ, τ)|Γ(α1 + 1)

Γ(α1+%
%

)

Γ(α1+%q+%
%

)

τα1+%q

%q

+
|χ|

|$1(χ, ν)|Γ(α1)

( |$2(ϑ, τ)|
|$1(ϑ, τ)| + T

) Γ(α1−1+%
%

)

Γ(α1−1+%q+%
%

)

να1−1+%q

%q

+
|ι|

|$1(ι, ζ)|Γ(α1 − 1)

( |$3(ϑ, τ)|
2 |$1(ϑ, τ)| +

|$2(ϑ, τ)| |$2(χ, ν)|
|$1(ϑ, τ)| |$1(χ, ν)|

+
|$2(χ, ν)|T
| |$1(χ, ν)| +

T 2

2

) Γ(α1−2+%
%

)

Γ(α1−2+%q+%
%

)

να1−2+%q

%q

}
‖x− y‖

≤ l(1 + l1)Θ1 ‖x− y‖ .

So, ‖Ξ1x− Ξ2y‖ ≤ l(1 + l1)Θ1 ‖x− y‖. As l(1 + l1)Θ1 < 1, Ξ2 the operator is a
contraction. Therefore, the problem (1)–(5) has at least one solution on [0, T ]. �

4. Example

Consider the impulsive Katugampola integral boundary value problem as follows:

CD7/3x(t) =
|x|

2(et + 1)2(1 + |x|)
+

1

2

∫ t

0

e
−1
4 x(s)ds t ∈

[
0,

1

2

]
,(20)

x(t+k ) = x(t−k ) +
1

6
,

x
(1

2

)
=

1

2
3I

1
2x(3/8),

x′
(1

2

)
=

1

2
3I

1
2x′(1/3),

x′′
(1

2

)
=

1

2
3I

1
2x′′(2/5).(21)

Set

f(t, u,Bu) =
|x|

2(et + 1)2(1 + |x|)
+Bu(t), (t, u) ∈ J × [0,∞),

and

Bu(t) =
1

2

∫ t

0

e
−1
4 u(s)ds.

Let x, y ∈ R and t ∈ J , we have

|Bx(t)−By(t)| = 1

2

∣∣∣∣∫ t

0

e−
1
2x(s)ds−

∫ t

0

e−
1
4 y(s)ds

∣∣∣∣ ≤ 1

8
|x− y|
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and

|f(t, x,Bx(t))− f(t, y, By(t))| = 1

2(et + 1)2

∣∣∣∣ x

1 + x
− y

1 + y
+

1

8
(Bx(t)−By(t))

∣∣∣∣
≤ |x− y|

2(et + 1)2
+

1

8
|(Bx(t)−By(t))|

≤ 1

8
|x− y|+ |(Bx(t)−By(t))| .

Here α1 = 7/3, T = 1/2, ϑ = 1/2, χ = 1/2, ι = 1/2, τ = 3/8, ν = 1/3,
ζ = 2/5, % = 2, q = 1, $1( 1

2 ,
3
8 ) = 0.9361, $1( 1

2 , 1
3 ) = 0.9475, $1( 1

2 ,
2
5 ) = 0.9289,

$2( 1
2 ,

3
8 ) = 0.4779, $2( 1

2 , 1
3 ) = 0.4838, $3( 1

2 , 3
8 ) = 0.4922, Hence, the hypothesis

H1 holds with l = 1
8 , l1 = 1

2 , and we check that

l(1 + l1)Θ < 1 ≈ 0.312260625.

Thus, the hypothesis H1 and Theorem 3.1 are satisfied, and show that the problem
(20)–(21) has a unique solution on

[
0, 12
]
.

5. Conclusion

In this work, we discuss the existence results for impulsive fractional integro-
differential equations with Katugampola fractional integral boundary conditions.
Our results guarantee the existence of integral solution via fractional calculus
theory and Krasnoselkii’s fixed point theorem. Example shows the efficience of
solution and effectiveness of the theoretical outcome. One can also extend the
problem with more advanced delays.

Acknowledgement. We are thankful to the reviewers for their comments and
suggestions which helped us to improve the manuscript.
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