Acta Math. Univ. Comenianae 377
Vol. XC, 4 (2021), pp. 377-386

ON THE COMPLEMENT CONNECTED
STEINER NUMBER OF A GRAPH

J. JOHN anp M. S. MALCHIJAH RAJ

ABSTRACT. For a connected graph G = (V, E) of order p > 3, a Steiner set W C
V(G) is said to be a complement connected Steiner set if W = V(G) or the subgraph
(V(G) — W) is connected. The minimum cardinality of a complement connected
Steiner set of G is the complement connected Steiner number of G and is denoted by
sce(G). Tt is shown that for every triplet a, b, ¢ of integers with 3 < a < b < ¢, there
exists a connected graph G with mec(G) = a, gec(G) = b, and scc(G) = ¢, where
Mmee(G) and gee(G) are the complement connected monophonic number and the
complement connected geodetic number of the graph G, respectively. It is proved
that for any two integers a and b with 3 < a < b, there exists a connected graph
G such that mcec(G) = sce(G) = a and gec(G) = b. Also, we have shown that, for
every triplet a,b, c of integers with 3 < a < b < c and b > a + 1, there exists a
connected graph G with mc.(G) = a, scc(G) = b, and gec(G) = c.

1. INTRODUCTION

We consider finite and simple graphs. The set of vertices and edges of a graph G
are denoted by V(G) and E(G), respectively. Also p = |V(G)| and ¢ = |E(G)|
denote the order and the size of G, correspondingly. If uv € E(G), we say that
u is a neighbor of v and the set of neighbors of v, denote by N(v). The degree
of a vertex v € V(G) is deg(v) = |N(v)|. For basic graph theoretic terminology
we refer to [5]. The minimum and maximum degrees of a graph G are denoted
by 6(G) and A(G), respectively. Let U C V(G). Then G — U denotes the graph
obtained from G by deleting all the vertices of U together with all the edges with
at least one vertex in U. A set U is called a cut-set of G if G — U has more
components than G. The subgraph induced by a set S of vertices of a graph G
is denoted by (S) with V((S)) = S and E({(S)) = {uv € E(G) : u,v € S}. For a
vertex v of G, the eccentricity e(v) is the distance between v and a vertex farthest
from v. The minimum eccentricity among the vertices of G is the radius, rad G,
and the maximum eccentricity is its diameter, diam G, of G. Two vertices = and
y are antipodal if d(z,y) = diamG. A vertex v in G is a peripheral vertex if
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e(v) = diam(G). A vertex v is an extreme vertex of a graph G if the subgraph
induced by its neighbors is complete.

The distance d(u,v) between two vertices v and v in a connected graph G is
the length of a shortest u-v path in G. An u-v path of length d(u,v) is called an
u-v geodesic. It is known that the distance is a metric on the vertex set V(G).
The distance in graphs is studied in [5]. The interval I[u, v] consists of all vertices
lying on some u-v geodesic of G. For S C V(G), I[S] = U, ,es I[u,v]. A set
S of vertices is a geodetic set if I[S] = V(G), and the minimum cardinality of a
geodetic set is the geodetic number g(G). A geodetic set of cardinality g(G) is
called a g-set. The geodetic number of a graph was introduced in [5] and further
studied in [1, 2, 3, 6, 16, 17, 18]. A geodetic set S of a connected graph G
is said to be a complement connected geodetic set it S = V(G) or the subgraph
(V(G) — S) is connected. The minimum cardinality of a complement connected
geodetic set of G is the complement connected geodetic number of G and is denoted
by gee(G). A complement connected geodetic set of minimum cardinality is called
a gee-set of G [19]. Geodetic concepts have applications in game theory, telephone
switching centres, facility location, distributed computing, information retrieval,
and communication networks.

A chord of a path P is an edge joining two non-adjacent vertices of P. A
path P is called a monophonic path if it is a chordless path. The interval J[u, v]
consists of all vertices lying on some w-v monophonic of G. For M C V(G),
JIM] = U, venr Jusv]. A set M of vertices is a monophonic set if J[M] = V(G),
and the minimum cardinality of a monophonic set is the monophonic number
m(G). The monophonic number of a graph was studied in [8, 11, 20]. A mono-
phonic set M of a connected graph G is said to be a complement connected mono-
phonic set if M = V(G) or the subgraph (V(G) — M) is connected. The mini-
mum cardinality of a complement connected monophonic set is the complement
connected monophonic number of G and is denoted by m..(G). A complement
connected monophonic set of minimum cardinality is called the m..-set of G [25].
A graph G is distance-hereditary if it is connected and every induced path is iso-
metric; that is, if the distance function in every induced subgraph of G is the
same as in G itself. Also, a distance-hereditary graph is a graph in which every
monophonic path is a geodesic [10].

Let W C V(G). A Steiner tree for W (Steiner W-tree) is a connected subgraph
of G with a minimum number of edges that contains all vertices of W. The num-
ber of edges in a Steiner W-tree is the Steiner distance d(W) of W in G. The
Steiner interval S(W) contains all the vertices that lie on some Steiner W-tree. If
S(W) =V (G), we call W a Steiner set of G. A Steiner set of minimum cardinality
is a minimum Steiner set or simply an s-set and its cardinality is the Steiner num-
ber s(G) of G. The Steiner number of a graph was introduced in [7] and further
studied in [4, 9, 10, 12, 13, 14, 18, 21, 22, 23, 24]. A Steiner set W of a
connected graph G is said to be a complement connected Steiner set it W = V(G)
or the subgraph (V(G) — W) is connected. The minimum cardinality of a com-
plement connected Steiner set of G is the complement connected Steiner number
of G and is denoted by s..(G). A complement connected Steiner set of minimum
cardinality is called the s..-set of G [19]. Steiner tree problem is a combinatorial
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problem in finding the shortest interconnection possible, given a set of objects. It
has applications in circuit layout, network design, and transportation. Consider
a communication sub-network as a graph model (model of the graph) and each
processor as a vertex. Then the minimum cardinality of a set of leading proces-
sors is a minimum complement connected Steiner set for the graph representing
communication sub-network.

Throughout the following, G denotes a connected graph with at least two ver-
tices. The following theorems are used in the sequel.

Theorem 1.1 ([10]). Every Steiner (geodetic) set of a connected graph G is a
momnophonic set of G.

Theorem 1.2 ([19]). For a connected graph G, g..(G) = 2 if and only if there
exist peripheral vertices u and v such that any one of the following holds:
(i) every vertex of G is on a diametral path joining u and v,
(ii) u or v, or both are extreme vertices,
(iil) degree of at least one vertex in (V(G) — {u,v}) is more than 3 in G.

o

Theorem 1.3 ([15]). Let G be a connected graph of order p > 2. Then
$ce(G) = 2 if and only if there exists a pair of antipodal vertices u and v such
that every vertex of G lies in a u-v geodesic and W = {u,v} is not a cut-set of G.

2. ON THE COMPLEMENT CONNECTED STEINER NUMBER OF A GRAPH

In general, there is no relation between a complement connected Steiner set and a
complement connected geodetic set. In the following, we proved that in a distance-
hereditary graph G, every complement connected Steiner set of G is a complement
connected geodetic set of G.

Observation 2.1. FEvery complement connected geodetic set of a connected
graph G is a complement connected monophonic set of G.

Proof. Let S be a complement connected geodetic set of G. Then S is a geodetic
set of G and (V(G) — S) is connected. By Theorem 1.1, S is a monophonic set of
G. Since (V(G) — S) is connected, S is a complement connected monophonic set
of G. 0

Corollary 2.2. For any connected graph G of order p, 2<m¢.(G) < gee(G) <p.

Observation 2.3. FEvery complement connected Steiner set of a connected
graph G is a complement connected monophonic set of G.

Proof. Let W be a complement connected Steiner set of G. Then W is a Steiner
set of G and (V(G) — W) is connected. By Theorem 1.1, W is a monophonic set
of G. Since (V(G) — W) is connected, W is a complement connected monophonic
set of G. 0

Corollary 2.4. For any connected graph G of order p, 2<m¢.(G) < 8¢c(G) <p.
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Remark 2.5. From Corollaries 2.2 and 2.4, we have m..(G) < g..(G) and
Mee(G) < $ee(G). For the graph G = K 4-1,(a > 3), mee(G) = gee(G) =
Sce(G) = a — 1. From the following examples we observe that there is no relation
between g..(G) and s..(G).

Example 2.6. For the graph G given in Figure 2.1, S = {v1,v4,v6} is an
Mee-set as well as a gee-set of G. Also W = {vy,v4,v6,07} is an s.c-set of G.
Hence mee(G) = gee(G) = 3 < 8¢e(G) = 4. Thus mee(G) = gee(G) < Sce(G).

Example 2.7. For the graph G given in Figure 2.2, W = {vg,vg,v10} is an
Mec-set as well as an sq.-set of G. Also S = {vy4,vs,v9, V10} is a gee-set of G. Hence
Mee(G) = 8ce(G) = 3 < gee(G) = 4. Thus mee(G) = 56¢(G) < gee(G).

Ug
U1
v
4 V6 (%)
(%) Vs
V1 Ve
Us U3
V10 Vg
U7 V4
Figure 2.1. A graph G with Figure 2.2. A graph G with
Mee(G) = gee(G) < Sce(Q). Mee(G) = sce(G) < gee(G).

Proposition 2.8. In a distance-hereditary graph G, every complement con-
nected Steiner set of G is a complement connected geodetic set of G.

Proof. Let G be a distance-hereditary graph and let W be a complement con-
nected Steiner set of G. Then W is a Steiner set of G and (V(G)—W) is connected.
By Theorem 1.1, W is a monophonic set of G. Since G is a distance-hereditary
graph, every monophonic path of G is a geodesic. Therefore, W is a geodetic set
of G. Since (V(G) — W) is connected, W is a complement connected geodetic set
of G. O

Corollary 2.9. In a distance-hereditary graph G, ge.(G) < scc(G).

Theorem 2.10. Let G be a connected graph of order p > 2. Then the following
conditions are equivalent:
(1) gee(G) =2,
(i) see(G) =2,
(iil) There exists a pair of antipodal vertices u and v such that every vertex of
G lies in a u-v geodesic and W = {u,v} is not a cut-set of G.
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Proof. (i) = (ii) This follows from Theorem 1.2.
(ii) == (iii) This follows from Theorem 1.3.
(ili) = (i) The result is trivial. O

Theorem 2.11. There is no connected graph G of order p > 3 with mq.(G) =
9ee(G) = 2 and s..(G) > 3.

Proof. On the contrary, suppose that there exists a connected graph G with
See(G) > 3. Since geo(G) = 2, by Theorem 2.10, we have s..(G) = 2, which is
a contradiction to our assumption. Therefore, there is no connected graph G of
order p > 3 with me.(G) = gee(G) = 2 and s..(G) > 3. O

Theorem 2.12. There is no connected graph G of order p > 3 with m..(G) =
See(G) =2 and g..(G) > 3.

Proof. The proof is similar to the proof of Theorem 2.11. O

3. REALIZATION RESULTS

Since every complement connected geodetic (monophonic, Steiner) set is a
geodetic (monophonic, Steiner) set, we have the following observation.

Observation 3.1. Fach extreme vertex of a graph G belongs to every comple-
ment connected geodetic (monophonic, Steiner) set of G.

In view of Corollaries 2.2, 2.4, and Remark 2.5, we have the following realization
results. For this purpose, we present some graphs from which various graphs aris-
ing in Theorems 3.2, 3.3, and 3.4 are generated using identification. Let P: z,y, z
be a path on three vertices. Let H, = K> 441 be the graph given in Figure 3.1, ob-
tained from P by adding new vertices hq, ha, ..., h, and joining each h;(1 < i < a)
with  and z.

Let P: p,q,r,s,t be a path on five vertices. Let R. be the graph given in
Figure 3.2 obtained from P by adding 2c new vertices uy,usg, . .., Uc, V1,2, .., Ve
and introducing the edges pu;, tu;, rv;, u;v; for (1 <i <c¢) and qu;.

Let P: u,v,w be a path on three vertices. Let P;: w;, x;,y; (1 < i < b) be a copy
of path on three vertices. Let @ be the graph given in Figure 3.3, obtained from
P and P;(1 < i < b) by joining each w;(1 <14 < b) with u and each y;(1 < i <b)
with w.

Theorem 3.2. For any three integers a,b and ¢ with 3 < a < b < ¢, there
exists a connected graph G with me.(G) = a, gec(G) = b, and s..(G) = c.

Proof. Case 1. 3<a=0b=c. Let G = K;,. Then it is clear that m..(G) =
gcc(G) = SCC(G) = a.

Case 2. 3 < a=1b < c. Let G be the graph obtained from H._, by introducing
new vertices xg, 20, 21, 22, - - - , 2Za—2 and the edges xxg, 220, Y21, Y22, - - -, YZa—2. Let
Z ={xo, 20,21, 22, - - -, Za—2 } be the set of all extreme vertices of G. Then by Ob-
servation 3.1, Z is a subset of every complement connected geodetic (monophonic)
set of G and s0 m..(G) > a, and ¢..(G) > a. Since I[Z] = V(G), J[Z] = V(G),
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Figure 3.1. H,. Figure 3.2. R..

u w

Figure 3.3. Q.

and (V(G) — Z) are connected, Z is a complement connected geodetic (mono-
phonic) set of G, so that mc.(G) = g..(G) = a.

Next we prove that s..(G) = ¢. By Observation 3.1, Z is a subset of every
complement connected Steiner set of G. Now, the vertex h; (1 <i < ¢ —a) does
not lie on any Steiner Z-tree of G. We observe that every complement connected
Steiner set of G contains each h; (1 <i<c¢—a), and s0 $..(G) > c—a+a=c.
Now, W = Z U {hy,ha,...,he_q} is a complement connected Steiner set of G so
that s..(G) = c.

Case 3. 3 <a < b= c. Let G be the graph obtained from Q,_, by introducing
new vertices Si, 21,29, ..., 2q—1 and new edges usi, wzy, Wzo, ..., W2qa—1. First we
show that m..(G) = a. Let Z = {s1, 21, 22,...,2a—1} be the set of extreme vertices
of G. Then by Observation 3.1, Z is a subset of every complement connected
monophonic set of G, and so m..(G) > a. Now J[Z] = V(G) and (V(G) — Z) are
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connected. Therefore, Z is a complement connected monophonic set of G, so that
Mee(G) = a.

Next we prove that ¢g..(G) = b. By Observation 3.1, Z is a subset of every
complement connected geodetic set of G. Since the vertices w;, z;,y; (1 < i <
b — a) do not lie on any geodesic joining some pair of vertices of Z, Z is not
a geodetic set of G. Let H; = {w;,z;,y:} (1 <i<b—a). It is seen that every
complement connected geodetic set of G must contain at least one vertex from each
H; (1<i<b—a),and s0 gec(G) > a+b—a=0>. Let S} = ZU{x1,29,...,Tp—qa}-
Then I[S1] = V(G) and (V(G) — S1) is connected and so S; is a complement
connected geodetic set of G, so that g..(G) = b.

Next we prove that s..(G) = b. By Observation 3.1, Z is a subset of every
complement connected Steiner set of G. Since the vertices w;, z;,y; (1 <i<b—a)
do not lie on any Steiner Z-tree, Z is not a Steiner set of G. We notice that every
complement connected Steiner set contains only the vertex z; (1 < i < b —a)
from each H; (1 < i < b—a) and s0 s..(G) > b—a+a = b. Now W =
ZU{x1,22,...,Tp—q} is a Steiner set of G. Since (V(G) — W) is connected, W is
a complement connected Steiner set of G so that s..(G) = b.

Case 4. 3 <a <b<c. Let Hbe the graph obtained from Q,_, and H._; by
identifying the vertex w of Qy_, and = of H._p. Let G be the graph obtained from
H by adding vertices si,t1,21,22,...,24—2 and the edges usi, zt1,y21,y22,. .-,
YZq—o. First we show that m..(G) = a. Let Z ={s1,t1,21,22,...,2q4—2} be the
set of all end-vertices of G. Then by Observation 3.1, Z is a subset of every
complement connected monophonic set of G, and so m..(G) > a. Since J[Z] =
V(G), Z is a monophonic set of G. Also, since (V(G) — Z) is connected, Z is a
complement connected monophonic set of G, so that m..(G) = a.

Next we prove that g..(G) = b. Since the vertices w;, z;,y; (1 < i < b —a)
do not lie on any geodesic joining some pair of vertices of Z, Z is not a geodetic
set of G. Let H; = {w;,z;,y;} (1 < i <b—a). It is easily observed that every
complement connected geodetic set of G contains at least one vertex from each H;
(1<i<b—a)and so g..(G) >b—a+a=0>b. Now S =ZU{x1,29,...,%p_q} is
a geodetic set of G. Since (V(G) — S) is connected, S is a complement connected
geodetic set of G so that ge.(G) = b.

Next we prove that s..(G) = c¢. Since the vertices w;, z;,y; (1 <i<b—a) and
h; (1 <i < c¢—b)do not lie on the Steiner Z-tree of G, Z is not a complement
connected Steiner set of G. We notice that every complement connected Steiner
set of G contains only the vertex x;(1 <i < b—a) from each H; (1 <i<b—a)
and the vertex h; (1 <i < c¢—»b), and 80 s..(G) > b—a+a+c—b=c Let
W =ZU{z1,x2,...,Zp—a,h1,ha,...,he_p}. Then W is a Steiner set of G. Since
(V(G) — W) is connected, W is a complement connected Steiner set of G, so that
See(G) = c. O

Theorem 3.3. For any two integers a,b with 3 < a < b, there exists a connected
graph G such that mq.(G) = s¢.(G) = a and g..(G) = b.

Proof. Case 1. For 3 < a = b, the graph constructed in Case 1 of Theorem 3.2
satisfies the requirements of this theorem.
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Th—a—1 Yb—a—1

Figure 3.4. The Steiner W-tree of G.

Case 2. 3 < a < b. Let H be the graph obtained from Rj,_, by remov-
ing the edge quv;. Let G be the graph obtained from H by adding the vertices
X, Y, 21, 22, - - -, Za—2 and introducing the edges xp, yr, and tz; (1 <i<a—2).

We show that m..(G) = s¢.(G) = a. Let Z = {x,y,21,22,...,24—2} be the set
of all extreme vertices of G. By Observation 3.1, Z is a subset of every complement
connected monophonic (Steiner) set of G. Since J[Z] = V(G) and S(Z) = V(G),
and also (V(G) — Z) are connected, Z is a complement connected monophonic
(Steiner) set of G, so that m..(G) = $¢.(G) = a. Next, we show that g..(G) = b.
Let S be a complement connected geodetic set of G. Then by Observation 3.1,
Z C S. Since the vertices vy, va,...v5_o do not lie on any geodesic joining a
pair of vertices of Z, Z is not a complement connected geodetic set of G. Now,
S = ZU{v1,va,...,0p—q} is a geodetic set of G. Since the subgraph (V(G) —S) is
connected, S is a complement connected geodetic set of G, so that ¢..(G) =b. O

Theorem 3.4. For any three integers a,b and ¢ with 3 < a < b < ¢, and
b > a+1, there exists a connected graph G such that m..(G) = a, sc.(G) = b and
9ec(G) = c.

Proof. Let 3 < a <b < cand b > a+ 1. Let G be the graph obtained from
Qbp—q—1 and R._pio by identifying the vertex u of Qp_q—1 and t of R._py2, and
adding new vertices z1,z2a,...,2,—1 and the edges wz;: (1 < i < a—1). Let
Z = {z1,%2,...,%4—1} be the set of all end-vertices of G. First we show that
mee(G) = a. By Observation 3.1, Z is a subset of every complement connected
monophonic set of G and so, mc.(G) > a — 1. Since J[Z] # V(G), Z is not a
complement connected monophonic set of G, and so m..(G) > a. Let Z; = ZU{q}.
Then J[Z1] = V(G) and (V(G)—Z1) are connected. Therefore, Z; is a complement
connected monophonic set of GG, so that m..(G) = a. Next we show that s..(G) =
b. By Observation 3.1, Z is a subset of every complement connected Steiner set
of G. Since S(Z) # V(G), Z is not Steiner set of G. Let H; = {w;, x;,y;}
(1 <i<b—a-—1). We notice that every complement connected Steiner set
contains only the vertex z;(1 <i<b—a—1) from each H; (1 <i<b—a—1) and
80, $ec(G) 2b—a—14+a—-1=b—2. Let W = ZU{x1,22,...,Zp—q—1}. Then
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the Steiner W-tree of G is given in Figure 3.4. From Figure 3.4, we observe that
SW) = {w,z1,Z2, ... Th—a—1,Y1,Y2s - - - Yb—a—1, 215 22, - - - Za—1}, SO that S(W) #
V(G), and s0 $..(G) > b— 1.

It is verified that W U{x}, where x ¢ W is not a complement connected Steiner
set of G, and s0 s..(G) > b. If z € {w,y1,y2,--,Yp—a—1}, then the Steiner
W U{z}-tree is as shown in Figure 3.4, so that S(WU{z}) # V(G). If = p, then
the vertices ¢, , s,v1, V2, ..., Ve—pt2 do not belong to S(W U {x}). If z = ¢, then
the vertices vy, v3, ..., Ve_py2 do not belong to S(WU{z}). If z = r, then the ver-
tices p, q, Uz, U, . . ., Ue—pt2, U1, V2, - - - , Ve—pt2 do not belong to S(WU{z}). If x =
s, then the vertices p,q,r, ui,ug, ..., Uc—pt2,V1,V2,...,V.—pt2 do not belong to
S(WU{z}). If x = ¢, then the vertices p, g, 7, 8, U1, U, . . ., Ue—pt2, V1, V2, « -+« s Ve—pt2
do not belong to S(W U {z}). If x = v, then the vertices p,q,r, s, t,wi,ws,...,
Whe g1y Uty Uy« vy Ue—pt2, U1, V2, - ., Ue—pto do not belong to S(W U {z}). If x =
u1, then the vertices p,q,r, s, us,us, ..., Uc—pt2,V1,V2, ..., Ve—pt+2 do not belong
to S(W U {z}). If © = us, then the vertices p,q,r, s, u1,us, ..., Ue—pt2,V1, V2, -,
Ve—p+2 do not belong to S(W U {x}). ... If & = wu._pt2, then the vertices
Dy Gy Ty Sy UL, Uy« vy U1, V1, V2, « -« Ve—prz do not belong to S(W U {z}). Simi-
larly, if z = vy, then the vertices p,q,r, s, us, Uz, ..., Uc—pt2,V2,V3, ..., Ve_pt2 dO
not belong to S(W U {z}). If x = v, then the vertices p, q,r, s, u1,us, ..., Ue—pt2,
V1,03, ..., Ue—pt2 do not belong to S(W U {z}). ... If £ = v._pt2, then the ver-
tices p,q, 7, 8, U1, U, .., Ue—pt1, V1, V2, ..., Ve—pt1 do not belong to S(W U {z}).
Therefore, W U {z},x ¢ W is not a complement connected Steiner set. Now let
Wy =W U{p,r}. Then S(W;) = V(G) and (V(G) — W) are connected and so,
W1 is a complement connected Steiner set of G, so that s..(G) = b.

Next we prove that ¢..(G) = ¢. By Observation 3.1, Z is a subset of every
complement connected geodetic set of G. Since I[Z] # V(G), Z is not a comple-
ment connected geodetic set of G. We observe that every complement connected
geodetic set contains at least one vertex from each H; (1 <4 <b—a—1) and the
vertex v; (2<i<c—b+2),and s0 geo(G) >a—1+b—a—1+c—b+1=c—1.
Let S =W U{vg,v3,...,0c—pi2}. Then the vertices p,q,r, s, us,v1 do not belong
to I[W]. Therefore, I[S] # V(G), and so S is not a complement connected ge-
odetic set of G and 80 ¢..(G) > ¢. Let S; = SU{q}. Then I[S;] = V(G) and
(V(G) — Sy) is connected, and so S is a complement connected geodetic set of G,
so that g..(G) = c. O
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