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THE NON-ISOLATED RESOLVING NUMBER OF A GRAPH

CARTESIAN PRODUCT WITH A COMPLETE GRAPH

I. M. HASIBUAN, A. N. M. SALMAN and S. W. SAPUTRO

Abstract. A set of vertices W resolves a graph G if every vertex of G is uniquely

determined by its vector of distances to the vertices in W . A resolving set W
of G is called a non-isolated resolving set if the induced subgraph of G by W

does not contain an isolated vertex. An nr-set of G is a non isolated resolving set

with minimum cardinality and the non-isolated resolving number of G refers to its
cardinality, denoted by nr(G). Let Kn be a complete graph of order n. In this

paper, for any graph G of order m with m ≤ n, we determine the sharp lower and
upper bounds of the non-isolated resolving number of G Cartesian product with

a complete graph, denoted by nr(G ×Kn). We provide the non-isolated resolving

number of G × Kn for some classes of G, namely paths, complete graphs, cycles,
friendship graphs, and star graphs. We also show that for any positive integers

c ≤ bm
2
c, there exists a graph G of order m such that nr(G ×Kn) is equal to the

upper bound minus c.

1. Introduction

Throughout this paper, all graphs are finite, simple, and undirected. The vertex
and edge sets of a graph G are denoted by V (G) and E(G), respectively. To
simplify writing, for two positive integers a and b, we define [a, b] = {n ∈ Z|a ≤
n ≤ b}. We recall some definition, of certain graphs. A path Pn is a graph of
order n with V (Pn) = {v1, v2, . . . , vn} and E(Pn) = {vivi+1|i ∈ [1, n−1]}. A cycle
Cn is a graph of order n with V (Cn) = {v1, v2, . . . , vn} and E(Cn) = {vivi+1|i ∈
[1, n − 1]} ∪ {v1vn}. A complete graph of order n is a graph in which every two
vertices are adjacent, denoted by Kn. A complete bipartite graph is a graph whose
vertex set can be partitioned into two subsets V1 and V2 such that no edge has
both endpoints in the same subset and every possible edge that could connect
vertices in different subsets is part of the graph. In case |V1| = m and |V2| = n, we
denote such graph by Km,n. In case m = 1 or n = 1, a complete bipartite graph
Km,n is called a star graph. A friendship graph of order 2k+ 1 is a graph obtained
by taking k copies of a cycle C3 with a vertex in common, denoted by Fk.
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The distance between two vertices u and v in G, denoted by d(u, v), is the
length of a shortest u− v path in G. For an ordered subset W = {w1, w2, . . . , wk}
of V (G), the representation of a vertex v ∈ V (G) with respect to W is k-vector
r(v|W ) = (d(v, w1), d(v, w2), . . . , d(v, wk)). The set W is said to be a resolving
set of G if r(u|W ) 6= r(v|W ) for every u and v in V (G) with u 6= v. A resolving
set containing a minimum number of vertices is called a basis of G. The number
of elements in a basis of G is called the metric dimension of G and denoted by
dim(G).

The concept of metric dimension was introduced independently by Harary-
Melter [11] and Slater [23]. It is obvious that for every graph G of order n, 1 ≤
dim(G) ≤ n− 1. All connected graphs of order n which have metric dimension 1,
n−1, or n−2 were characterized by Chartrand et al. [8]. Some authors also studied
the metric dimension of certain classes of graph. Chartrand et al. [8] provided the
metric dimension of cycles and paths. The metric dimension of some regular graphs
was determined by Bača et al. [4]. Meanwhile, some authors investigated the
metric dimension of certain graphs obtained by a graph operation [7, 13, 14, 15,
16, 19, 20, 21]. The concept of the resolving set has various applications in diverse
areas including coin weighing problems [22], network discovery and verification [5],
robot navigation [17], mastermind game [6], and problems of pattern recognition
and image processing [18].

In this paper, we consider a specific resolving set W of G, where the induced
subgraph of G by W does not contain an isolated vertex. A non-isolated resolving
set of G with minimum cardinality is called an nr-set of G. The cardinality of
nr-set of G is called the non-isolated resolving number of G, denoted by nr(G).
Since a non-isolated resolving set of G is also a resolving set of G, it is clear
that 1 ≤ dim(G) ≤ nr(G) ≤ n − 1. The non-isolated resolving set problem
was introduced by Chitra and Arumugam [9]. They provided an upper bound of
nr(G) for any graphs G, which is nr(G) ≤ 2 · dim(G). In the same paper, they
characterized all connected graphs of order n with nr(G) = n− 1.

The non-isolated resolving numbers of graphs obtained by graph operations
have been determined by some authors. Chitra and Arumugam [9] proved that
the non-isolated resolving number of corona product graphs between any connected
graph G of order n with a non connected graph of order 2 is 2n. Abidin et al. de-
termined the non-isolated resolving number of corona product of G with H, where
G is any connected graphs and H is a complete graph, a cycle, or a path [1], and
H is a regular graph [2]. Alfarisi et al. [3] determined the non-isolated resolving
number of k-corona product graph. Dafik et al. [10] provided a lower bound and
an upper bound of the non-isolated resolving number of edge comb product and
join product of two connected graphs.

In this paper, we consider the Cartesian product of graphs G and H, denoted by
G×H. The Cartesian product of G and H, denoted by G×H, is a graph with its
vertex set V (G)× V (H) = {(u, v)|u ∈ V (G), v ∈ V (H)}, where (u, v) is adjacent
to (x, y) whenever u = x and {v, y} ∈ E(H), or v = y and {u, x} ∈ E(G). By the
definition, it is clear that G×H is isomorphic to H ×G. Chitra and Arumugam
[9] proved that nr(Pn×Pn) = 4 for any n ≥ 3 and nr(Cn×P2) = 3 for any n ≥ 4.
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They also provided an upper bound of nr(G × P2) for any non trivial connected
graph G. Hasibuan et al. [12] determined the non-isolated resolving number of
G× Pn for some classes of G.

Let Kn be a complete graph of order n ≥ 3. In this paper, for any graph G
of order m with m ≤ n, we determine the sharp lower and upper bounds of non-
isolated resolving number of G×Kn. We provide nr(G×Kn) for some classes of
G, including paths, complete graphs, cycles, friendship graphs, and star graphs.
For any positive integers c ≤ bm2 c, we show that there exists a graph G of order
m such that nr(G×Kn) is equal to the upper bound minus c.

2. Main results

For any u ∈ V (G) and v ∈ V (H), we define G(v) = {(u, v)|u ∈ V (G)} and
H(u) = {(u, v)|v ∈ V (H)}. Note that an induced subgraph of G × H by G(v)
and H(u) is isomorphic to G and H, respectively. We can say, that G(v) and
H(u) as a column of G × H in v and a row of G × H in u, respectively. Let
V (Fk) = {a0, bi, ci|i ∈ [1, k]} and E(Fk) = {a0bi, a0ci, bici|i ∈ [1, k]} be the vertex
set and the edge set of a friendship graph Fk, respectively.

We begin by presenting the following useful facts in Lemma 2.1 and Lemma 2.2.
These lemmas are needed to prove some results in this paper.

Lemma 2.1. For all integers k,m, n, p, and q at least 2, let Kn, Kp,q, Fk, and
H be a complete graph of order n, a complete bipartite graph with the cardinality
of its independent sets p and q, a friendship graph of order 2k+1, and a connected
graph of order m, respectively. Let G be Kn, Kp,q, or Fk, and let W be a resolving
set of G×H. If x and y are different vertices in G satisfying one condition below:

(i) x and y are different vertices in Kn,
(ii) x and y are different vertices in an independent set of Kp,q, or
(iii) x and y are different vertices in Fk with x = bi and y = ci for some

i ∈ [1, k],

then W ∩H(x) 6= ∅ or W ∩H(y) 6= ∅.

Proof. Let t be the order of G. Let V (G) = {u1, u2, . . . , ut} and let V (H) =
{v1, v2, . . . , vm}. Let W be a resolving set of G × H. We prove this lemma
by contradiction. Suppose that there are two vertices x and y in G such that
W ∩H(x) = ∅ and W ∩H(y) = ∅. Let w ∈ W , then w = (ui, vj) ∈ W for some
i ∈ [1, t] and j ∈ [1,m]. We obtain

d((x, v1), w) = d((x, v1), (ui, vj)) = d((x, v1), (ui, v1)) + d((ui, v1), (ui, vj))

= d((y, v1), (ui, v1)) + d((ui, v1), (ui, vj)) = d((y, v1), (ui, vj))

= d((y, v1), w).

So, r((x, v1)|W ) = r((y, v1)|W ). We get a contradiction. �
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For any a ∈ V (G), let x and y be two distinct vertices in the row of a. If z is
another vertex in the same column as y, we show in the following lemma that the
distance of z and y is less than the distance of z and x.

Lemma 2.2. Let (u, a), (u, b), (v, a), and (v, b) be four vertices in V (G × H)
with u 6= v and a 6= b. Then d((u, a), (v, a)) < d((u, a), (v, b)) and d((u, a), (u, b)) <
d((u, a), (v, b)).

Proof. Note that by the definition of G × H, d((u, a), (v, a)) = d((u, b), (v, b))
and d((u, a), (u, b)) = d((v, a), (v, b)). We obtain

d((u, a), (v, a)) < d((u, a), (v, a)) + d((v, a), (v, b)) = d((u, a), (v, b))

and

d((u, a), (u, b)) < d((u, a), (u, b)) + d((u, b), (v, b)) = d((u, a), (v, b)). �

2.1. General bounds

In this subsection, we provide a general bounds of nr(G × Kn). The lower and
upper bounds are given in Theorem 2.3. The sharpness of the lower and upper
bounds can be seen in Theorems 2.4 and 2.5, respectively.

Theorem 2.3. Let m and n be two integers with 3 ≤ m ≤ n. Let G be a
connected graph of order m. Let Kn be a complete graph of order n. Then

n− 1 ≤ nr(G×Kn) ≤


n− 1 if m ≤

⌊n + 1

2

⌋
,

n if m =
n

2
+ 1 and n is even,

m + n−
⌊n

2

⌋
− 2 if m >

⌊n
2

⌋
+ 1.

Proof. Let V (G) = {u1, u2, . . . , um} such that d(u1, ui) ≤ d(u1, ui+1) for every
i ∈ [2,m− 1], and let V (Kn) = {v1, v2, . . . , vn}. Since a Cartesian product of two
graphs is commutative, by Lemma 2.1, we get nr(G×Kn) ≥ n− 1.

We define

W =



W1 if m ≤ n

2
,

W2 if m =
⌊n

2

⌋
+ 1,

W3 if m >
⌊n

2

⌋
+ 1 and n is odd,

W4 if m >
n

2
+ 1 and n is even,

where

W1 = {(ui, v2i−1), (ui, v2i)|i ∈ [1,m− 1]} ∪ {(um−1, vj)|j ∈ [2m− 1, n− 1]},
W2 = {(ui, v2i−1), (ui, v2i)|i ∈ [1,m− 1]},

W3 =
{

(ui, v2i−1), (ui, v2i)|i ∈
[
1,
⌊n

2

⌋]}
∪
{

(uj , vn−1)|j ∈
[⌊n

2

⌋
+ 1,m− 1

]}
,
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W4 =
{

(ui, v2i−1), (ui, v2i)|i ∈
[
1,
⌊n

2

⌋
− 1
]}
∪
{

(uj , vn−1)|j ∈
[⌊n

2

⌋
,m− 1

]}
.

By the definition, for every vertex x ∈W , there exists y ∈W which is adjacent to
x. Thus, W does not contain an isolated vertex. Note that there is only one column
and one row of G×Kn such that its elements are not members of W . Let (ui, vj)
and (uk, vl) be two distinct vertices in V (G×Kn) rW . By Lemma 2.2, we only
need to prove case i 6= k and j 6= l. If d((ui, vj), (u1, v1)) 6= d((uk, vl), (u1, v1)),
it is clear that r((ui, vj)|W ) 6= r((uk, vl)|W ). Suppose that d((ui, vj), (u1, v1)) =
d((uk, vl), (u1, v1)). We distinguish two cases.
Case 1: d((ui, vj), (u1, v1)) = 1.
Without loss of generality, let i = 1 and l = 1. We obtain

d((ui, vj), (u1, v2)) = 1 < 2 ≤ d((uk, vl), (u1, v2)).

Case 2: d((ui, vj), (u1, v1)) 6= 1.
Note that (ui, vr) ∈W or (uk, vt) ∈W for some i and k in [1,m− 1], and r and t
in [1, n− 1]. Without loss of generality, let (ui, vr) ∈W . We obtain

d((ui, vj), (ui, vr)) = 1 < 2 ≤ d((uk, vl), (ui, vr)).

All cases imply r((ui, vj)|W ) 6= r((uk, vl)|W ). �

Theorem 2.4. For any two integers m and n with 3 ≤ m ≤ n, let Pm be a
path of order m and Kn be a complete graph of order n. Then

nr(Pm ×Kn) = n− 1.

Proof. Let V (Pm) = {ui|i ∈ [1,m]} and let V (Kn) = {vi|i ∈ [1, n]}. By
Theorem 2.3, we only need to prove nr(Pm ×Kn) ≤ n− 1. We define a vertex set

W = {(u1, vj)|j ∈ [1, n− 1]}.

By the definition, for every vertex x ∈W , there exists y ∈W which is adjacent to
x. Thus, W does not contain an isolated vertex.

Let x = (ui, vj) and y = (uk, vl) be two distinct vertices in V (Pm ×Kn) rW .
Note that only one column does not contribute to W . Thus, by Lemma 2.2, we
only need to prove two cases.
Case 1: j = l.
Without loss of generality, let i < k. We obtain

d(x, (u1, v1)) < d(x, (u1, v1)) + 1 ≤ d(y, (u1, v1)).

Case 2: i 6= k and j 6= l.
If d(x, (u1, v1)) 6= d(y, (u1, v1)), it is clear that r(x|W ) 6= r(y|W ). We assume that
d(x, (u1, v1)) = d(y, (u1, v1)). We obtain |i − k| = 1. Without loss of generality
x = (ui+1, v1) and y = (ui, vl) for some i and l. We obtain

d(x, (u1, v2)) = i + 1 > i = d(y, (u1, v2)).

All cases imply r(x|W ) 6= r(y|W ). So, nr(Pm ×Kn) ≤ n− 1. �
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Theorem 2.5. Let m and n be two integers with 3 ≤ m ≤ n. Let Kn be a
complete graph of order n. Then

nr(Km ×Kn) =


n−1 if m ≤

⌊n
2

⌋
or m=

⌊n
2

⌋
+ 1, and n is odd,

n if m=
n

2
+ 1 and n is even,

m+n−
⌊n

2

⌋
−2 if m>

⌊n
2

⌋
+ 1.

Proof. By Theorem 2.3, we only need to prove the sharp lower bound of
nr(Km ×Kn). By Lemma 2.1, if m ≤ bn2 c or m = bn2 c+ 1, and n is odd, then we
have done. Now, we assume that m = n

2 + 1 and n is even, or m > bn2 c+ 1. Let
W ′ be an nr-set of Km ×Kn.

For case m = n
2 + 1 with even n, suppose that |W ′| = n − 1. By Lemma 2.1,

we have one vertex for each column among n− 1 columns of Km ×Kn which are
contributed to W ′. Let us consider a row of Km×Kn. If a row R is contributed to
W ′, then |R ∩W ′| ≥ 2. So, there are at most bn2 c − 1 rows which are contributed
to W ′. It implies that at least two rows of Km ×Kn are not contributed to W ′, a
contradiction with Lemma 2.1. Therefore, nr(Km ×Kn) ≥ n.

Now, we prove case m > bn2 c + 1. Suppose |W ′| ≤ m + n − bn2 c − 3. By
Lemma 2.1, at least m − 1 rows and n − 1 columns of Km ×Kn are contributed
to W ′, respectively. We distinguish two cases.
Case 1: m = n.
We can arrange all members of W ′ such that d(x, y) = 2 for every x, y ∈ W ′,
x 6= y. Note that in this case W ′ contains an isolated vertex. Thus, we must
add at least dn−12 e vertices more to W ′ such that W ′ does not contain an isolated

vertex. Therefore, we have nr(Km ×Kn) ≥ (n− 1) + dn−12 e.
If n is odd, we obtain

(n− 1) +
n− 1

2
=

3n− 3

2
> 2n− n− 1

2
− 3 =

3n− 5

2
.

If n is even, we get

(n− 1) +
n

2
=

3n− 2

2
> 2n− n

2
− 3 =

3n− 6

2
.

Case 2: m < n.

We can arrange at most bm2 c of W ′ such that d(x, y) = 2 for x, y ∈W ′. There-
fore, we must add at least m−bm2 c−1 vertices more to W ′ such that W ′ does not
contain an isolated vertex. Therefore, we have nr(Km×Kn) ≥ n−1+m−bm2 c−1 =
n + m− bm2 c − 2.
If m and n are odds, we get

(n + m)− m− 1

2
− 2 =

2n + m− 3

2
> n + m− n− 1

2
− 3 =

2m + n− 5

2
.

If m and n are evens, we obtain

(n + m)− m

2
− 2 =

2n + m− 4

2
> n + m− n

2
− 3 =

2m + n− 5

2
.
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If m is odd and n is even, we obtain

(n + m)− m− 1

2
− 2 =

2n + m− 3

2
> n + m− n

2
− 3 =

2m + n− 6

2
.

If m is even and n is odd, we obtain

(n + m)− m

2
− 2 =

2n + m− 4

2
> n + m− n− 1

2
− 3 =

2m + n− 5

2
.

From all cases, we obtain a contradiction. Hence, nr(Km × Kn) ≥ m + n −
bn2 c − 2. �

Now, we provide some properties of G such that nr(G×Kn) = n− 1 which can
be seen in Theorem 2.6 below.

Theorem 2.6. For any two integers m and n with 3 ≤ m ≤ n, let G be a
connected graph of order m and Kn be a complete graph of order n. Let W be an
nr-set of G. If G satisfies one of conditions below:

(i) m ≤
⌊n

2

⌋
,

(ii) m =
⌊n

2

⌋
+ 1 if n is odd,

(iii) m >
⌊n

2

⌋
and |W | ≤

⌊n
2

⌋
− 1,

(iv) m >
⌊n

2

⌋
and |W | =

⌊n
2

⌋
if n is odd,

then nr(G×Kn) = n− 1.

Proof. Let G be a connected graph of order m and Kn be a complete graph of
order n. If m ≤ bn2 c or m = bn2 c+1 when n is odd, then the theorem is completed
by using Theorem 2.3. Now, we assume that m > bn2 c and |W | ≤ bn2 c − 1,
or m > bn2 c and |W | ≤ bn2 c when n is odd. By Lemma 2.1, we only need to
show that nr(G × Kn) ≤ n − 1. Let V (G) = {u1, u2, . . . , um} and W be an
nr-set of G. If |W | = t, without loss of generality, let W = {u1, u2, . . . , ut}, and
V (Kn) = {v1, v2, . . . , vn}. Since |W | ≤ bn2 c − 1 or |W | ≤ bn2 c for odd n, we can
define a vertex set

W ′ =

 W1 ∪ {(ubn2 c−1, vn−1)} if n is even and |W | ≤
⌊n

2

⌋
− 1,

W2 if n is odd and |W | ≤
⌊n

2

⌋
,

where

W1 =
{

(ui, v2i−1), (ui, v2i)|i ∈
[
1,
⌊n

2

⌋
− 1
]}

,

W2 =
{

(ui, v2i−1), (ui, v2i)|i ∈
[
1,
⌊n

2

⌋]}
.

By the definition, for every vertex x ∈ W ′, there exists y ∈ W ′ which is adjacent
to x. Thus, W ′ does not contain an isolated vertex.

Let (ui, vj) and (uk, vl) be two distinct vertices in V (G × Kn) r W ′.
By Lemma 2.2, we only need to prove case j = l, and case i 6= k and
j 6= l. If d((ui, vj), (u1, v1)) 6= d((uk, vl), (u1, v1)), it is clear that r((ui, vj)|W ′) 6=
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((uk, vl)|W ′). Now, we assume that d((ui, vj), (u1, v1)) = d((uk, vl), (u1, v1)).
Since W is an nr-set of G, there are ui and uk in V (G) such that r(ui|W ) 6=
r(uk|W ). Therefore, there is a vertex u ∈ W such that d(ui, up) 6= d(uk, up) for
some p in [1,m].
Subcase 2a: j = l.
Without loss of generality, let (up, vq) ∈W ′ for some q in [1, n−1], then we obtain

d((ui, vj), (up, vq)) = d((ui, vj), (up, vj)) + d((up, vj), (up, vq))

6= d((uk, vl), (up, vj)) + d((up, vj), (up, vq))

= d((uk, vl), (up, vq)).

Subcase 2b: i 6= k and j 6= l.
We distinguish two subcases.
Subcase 2b(1): d((ui, vj), (u1, v1)) = 1.
Without loss of generality, let i = 1 and l = 1. We obtain

d((ui, vj), (u1, v2)) = 1 < 2 = d((uk, vl), (u1, v2)).

Subcase 2b(2): d((ui, vj), (u1, v1)) 6= 1.

By definition of W ′, (ui, vp) ∈W ′ or (uk, vq) ∈W ′ for some i and k in [1,m− 1],
and p and q in [1, n− 1]. Without loss of generality, let (ui, vp) ∈W ′. We obtain

d((ui, vj), (ui, vp)) < d((ui, vj), (ui, vp)) + 2 ≤ d((uk, vl), (ui, vp)).

All cases imply that r((ui, vj)|W ′) 6= r((uk, vl)|W ′). �

Note that if G satisfies a property given in Theorem 2.6, then nr(G×Kn) = n−1.
On the other hand, we suspect that if nr(G × Kn) = n − 1, then G satisfies a
condition in Theorem 2.6. However, we have not been able to prove it. In this
paper, we present it as an open problem.

Open Problem 2.7. For any two integers m and n with 3 ≤ m ≤ n, let G
be a connected graph of order m, Kn be a complete graph of order n, and W be
an nr-set of G. Prove (disprove) if nr(G × Kn) = n − 1, then G satisfies one of
condition below:

(i) m ≤
⌊n

2

⌋
,

(ii) m =
⌊n

2

⌋
+ 1, if n is odd,

(iii) m >
⌊n

2

⌋
and |W | ≤

⌊n
2

⌋
− 1,

(iv) m >
⌊n

2

⌋
and |W | ≤

⌊n
2

⌋
, if n is odd.

2.2. Some exact values of nr(G×Kn)

In this subsection, we give an exact value of the non-isolated resolving number of
G ×Kn for some graphs G. We consider G is a cycle, a friendship graph, a star
graph, or a complete c-partite graph. The results are as follows.
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Theorem 2.8. For any two integers m and n with 3 ≤ m ≤ n, let Cm be a
cycle of order m and Kn be a complete graph of order n. Then

nr(Cm ×Kn) =

{
n if n ∈ {3, 4},
n− 1 if n ≥ 5.

Proof. Let V (Cm) = {u1, u2, . . . , um} and let V (Kn) = {v1, v2, . . . , vn}. For
the upper bound, we define

W =


{(u1, v1), (u1, v2), (u2, v1)} if n = 3,

{(u1, v1), (u1, v2), (u1, v3), (u2, v1)} if n = 4,

{(u1, v1), (u1, v2), (u2, vj)|j ∈ [3, n− 1]} if n ≥ 5.

By the definition, for every vertex x ∈W , there exists y ∈W which is adjacent to
x. Thus, W does not contain an isolated vertex.

Let (ui, vj) and (uk, vl) be two distinct vertices in V (Cm × Kn) r W . By
Lemma 2.2, we only need to prove case j = l, and case i 6= k and j 6= l. Note
that if d((ui, vj), (u1, v1)) 6= d((uk, vl), (u1, v1)), it is clear that r((ui, vj)|W ) 6=
r((uk, vl)|W ). Now, we assume that d((ui, vj), (u1, v1)) = d((uk, vl), (u1, v1)).
Case 1: j = l.
If n = 3 or n = 4, we obtain

d((ui, vj), (u2, v1)) < d((ui, vj), (u2, v1)) + 1 = d((uk, vl), (u2, v1)).

If n ≥ 5, we obtain

d((ui, vj), (u2, v3)) < d((ui, vj), (u2, v3)) + 1 = d((uk, vl), (u2, v3)).

Case 2: i 6= k and j 6= l.
By definition of W , note that (up, vj) ∈ W or (uq, vl) ∈ W for some p and q in
[1, 2]. Without loss of generality, let (up, vj) ∈W . We obtain

d((ui, vj), (up, vj)) < d((ui, vj), (up, vj)) + 1 = d((uk, vl), (up, vj)).

All cases imply r((ui, vj)|W ) 6= r((uk, vl)|W ).
For the lower bound, we prove it by contradiction. By Theorem 2.3, we only

need to prove nr(Cm×Kn) ≥ n for n ∈ {3, 4}. Suppose W ′ is an nr-set of Cm×Kn

and |W ′| ≤ n− 1. By Lemma 2.1, at least n− 1 columns are contributed to W ′.
Since W ′ does not contain an isolated vertex, all members of W ′ must be in the
same row. For u ∈ V (Cm), let Kn(u) ∩W ′ 6= ∅. Without loss of generality, let

W ′ =

{
{(u1, v1), (u1, v2)} if n = 3,

{(u1, v1), (u1, v2), (u1, v3)} if n = 4.

We obtain

r((u2, v1)|W ′) = r((um, v1)|W ′).
So, we get a contradiction. Therefore, for n ∈ {3, 4}, nr(Cm ×Kn) ≥ n. �

In the next theorem, we determine the non-isolated resolving number of Carte-
sius product of Fk and Kn.
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Theorem 2.9. For any two integers k and n with n ≥ 5 and 2 ≤ k ≤ n−1
2 , let

Fk be a friendship graph of order 2k + 1 and Kn be a complete graph of order n.
Then

nr(Fk ×Kn) = n− 1.

Proof. Note that the order of Fk is 2k + 1. Since k ≤ n−1
2 , we have 2k + 1 ≤ n.

Therefore, by Theorem 2.3, nr(Fk × Kn) ≥ n − 1. So, we only need to prove
the sharp upper bound of nr(Fk × Kn). Let V (Fk) = {u0, u1, u2, . . . , u2k} and
E(Fk) = {u0ui, u0uk+i, uiuk+i|i ∈ [1, k]}, and let V (Kn) = {v1, v2, . . . , vn}. We
define

W =

{
W1 if k =

n− 1

2
and n is odd,

W2 otherwise,

where

W1 = {(ui, v2i−1), (ui, v2i)|i ∈ [1, k]},
W2 = {(ui, v2i−1), (ui, v2i)|i ∈ [1, k]} ∪ {(uk, vj)|j ∈ [2k + 1, n− 1]}.

By the definition, for every vertex x ∈W , there exists y ∈W which is adjacent to
x. Thus, W does not contain an isolated vertex. Then, by definition of W , there
is only one columnn of Fk ×Kn which does not contribute to W . Let x = (ui, vj)
and y = (ul, vm) be two distinct vertices in V (Fk ×Kn) rW . By Lemma 2.2, we
only need to prove r(x|W ) 6= r(y|W ) for case j = m and case i 6= l and j 6= m.
If d(x, (u1, v1)) 6= d(y, (u1, v1)), it is clear that r(x|W ) 6= r(y|W ). Now, we assume
that d(x, (u1, v1)) = d(y, (u1, v1)). For this case, we distinguish two cases.
Case 1: (ui, vp) ∈W or (ul, vq) ∈W for some p and q in [1, n− 1].
Without loss of generality, let (ui, vp) ∈W .
If j = m, we obtain

d(x, (ui, vp)) < d(y, x) + d(x, (ui, vp)) = d(y, (ui, vp)).

If i 6= l and j 6= m, we obtain

d(x, (ui, vp)) < d(x, (ui, vp)) + 1 ≤ d(y, (ui, vp)).

Case 2: (ui, vp) /∈W and (ul, vq) /∈W for every p and q in [1, n− 1].
By the definition of W , there is a vertex (ui−k, vr) ∈W such that uiui−k ∈ E(Fk).
Therefore, we get

d(x, (ui−k, vr)) = d(x, (ui−k, vj)) + d((ui−k, vj), (ui−k, vr))

< d(y, (ui−k, vj)) + d((ui−k, vj), (ui−k, vr))

= d(y, (ui−k, vr)).

All cases imply that r(x|W ) 6= r(y|W ). Hence, nr(Fk ×Kn) ≤ n− 1. �

Now, we determine the non-isolated resolving number of K1,l ×Kn.
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Theorem 2.10. For any two integers l and n with n ≥ 3 and 2 ≤ l ≤ n−1, let
K1,l be a star graph of order l + 1 and Kn be a complete graph of order n. Then

nr(K1,l ×Kn) =


n− 1 if l ≤

⌊n
2

⌋
− 1 or l =

n

2
and n is odd,

n if l =
n

2
and n is even,

l + n−
⌊n

2

⌋
− 1 if l >

⌊n
2

⌋
.

Proof. By using the similar argument with the proof of Theorem 2.5, the proof
is completed. �

For certain m and n, there is a graph G such that nr(G×Kn) = m+n−bn2 c−2−c
for c ≤ bm2 c. We recall the definition of a complete c-partite graph. A complete
c-partite graph Kk1,k2,...,kc

is a graph, where V (Kk1,k2,...,kc
) can be partitioned to

c set V1, V2, . . . , Vc with |Vi| = ki for some i ∈ [1, c] and xy is an edge whenever
x ∈ Vi and y ∈ Vj with i 6= j.

Theorem 2.11. For integers m and n with n ≥ 4 and bn2 c + 1 < m ≤ n, let
Kn be a complete graph of order n. Then there is a graph G of order m such that
nr(G×Kn) = m + n− bn2 c − 2− c, for c ≤ bm2 c.

Proof. Let V (Kn) = {vi|i ∈ [1, n]} and let G = Kk1,k2,...,kc+1
with c ≥ 1 and

ki ≥ 2 for i ∈ [1, c + 1], where Σc+1
i=1ki > bn2 c + (c + 1). Note that m = |V (G)| =

k1 + k2 + · · · + kc+1. Let V (G) = {ui|1 ≤ i ≤ k1 + k2 + · · · + kc+1}. We assume
ui ∈ Vi for some i ∈ [1, c + 1]. We define a vertex set

W =
{

(uc+i, v2i−3), (uc+i, v2i−2), (uc+k, vn−1) |

i ∈ [2,
⌊n

2

⌋
+ 1], k ∈ [

⌊n
2

⌋
+ 2,m− c]

}
.

By the definition, for every vertex x ∈ W , there exists y ∈ W which is adjacent
to x. Thus, W does not contain an isolated vertex. Now, we show that W is a
resolving set of G×Kn.

Note that, only one row of G×Kn in each partition that does not contribute to
W . Let x = (ui, vj) and y = (uk, vl) be two distinct vertices in V (G×Kn) rW .
By Lemma 2.2, we only need to prove case j = l and case i 6= k, and j 6= l.
Case 1: j = l.
We distinguish two subcases.
Subcase 1a: (ui, vp) ∈W or (uk, vq) ∈W for some p and q in [1, n− 1].
Without loss of generality, let (ui, vp) ∈W . We obtain

d(x, (ui, vp)) < d(x, (ui, v + p)) + 1 = d(y, (ui, vp))

or
d(x, (ui, vp)) < d(x, (ui, vp)) + 2 = d(y, (ui, vp)).

Subcase 1b: (ui, vr) /∈W or (uk, vs) /∈W for every r and s in [1, n− 1].
Note that there is ut for some t ∈ [1, ki] in the same partition with ui such that
(ut, vw) ∈W for some w ∈ [1, n− 1]. We obtain

d(x, (ut, vw)) = 2 + d((ut, vj), (ut, vw)) > 1 + d((up, vj), (up, vw)) = d(y, (up, vw)).
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Case 2: i 6= k and j 6= l.
If d(x, (uc+2, v1)) 6= d(y, (uc+2, v1)), it is clear that r(x|W ) 6= r(y|W ). We assume
d(x, (uc+2, v1)) = d(y, (uc+2, v1)). We distinguish three subcases.
Subcase 2a: d(x, (uc+2, v1)) = 1.
We obtain

d(x, (uc+2, v2)) = 1 < 2 = d(y, (uc+2, v2)).

Subcase 2b: d(x, (u1, v1)) = 2.
We obtain

d(x, (uc+2, v2)) = 3 > 2 = d(y, (uc+2, v2))

or

d(x, (u1, v2)) = 3 > 1 = d(y, (u1, v2)).

Subcase 2c: d(x, (u1, v1)) = 3.
Since d(x, (u1, v1)) = 3, ui and uk are on the same partition. Therefore, (ui, va) ∈
W or (uk, vb) ∈ W for some a and b in [1, n − 1]. Without loss of generality, let
(ui, va) ∈W . We get

d(x, (ui, va)) = 1 < 2 = d(y, (ui, va))

or

d(x, (ui, va)) = 1 < 3 = d(y, (ui, va)).

All cases imply r(x|W ) 6= r(y|W ). Thus, for c ≤ bm2 c, we obtain

nr(G×Kn) ≤ 2
(⌊n

2

⌋
+ 1− 2 + 1

)
+
(

(m− c)−
(⌊n

2

⌋
+ 2
)

+ 1
)

= 2
n− 1

2
+ m− c−

⌊n
2

⌋
− 1

= m + n−
⌊n

2

⌋
− 2− c.

Let W ′ be an nr-set of G×Kn and |W ′| ≤ m+n−bn2 c−3− c. By Lemma 2.1,
at least (n − 1) columns and at least (m − c) rows of G ×Kn are contributed to
W ′, respectively. We distinguish two cases.
Case 1: m− c = n− 1.
We can arrange all members of W ′ such that d(x, y) = 2 or d(x, y) = 3 with x
and y in W ′. Note that W ′ contains an isolated vertex. Thus, we must add at
least dn−12 e vertices more to W ′ such that W ′ does not contain an isolated vertex.

Therefore, we get nr(G×Kn) ≥ (n− 1) + dn−12 e.
If n is odd, we get

(n− 1) +
n− 1

2
=

3n− 3

2
> (n− 1 + c) + n− n− 1

2
− 3− c =

3n− 7

2
.

If n is even, we obtain

(n− 1) +
n

2
=

3n− 2

2
> (n− 1 + c) + n− n

2
− 3− c =

3n− 8

2
.
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Case 2: m− c < n− 1.
By using the same argument with the proof of Theorem 2.5, we obtain

nr(G×Kn) ≥ (n− 1) +
⌈n− 1

2

⌉
> m + n−

⌊n
2

⌋
− 3− c.

All cases imply that nr(G×Kn) ≥ m + n− bn2 c − 2− c. �

All results in this paper are restricted to order of G, namely at most the order
of Kn. For order of G larger than n, we provide the following open problem.

Open Problem 2.12. For any integer n at least 3, let G be a connected graph
and Kn be a complete graph of order n. Determine nr(G ×Kn), where order of
G is greater than n.
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