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A QUALITATIVE STUDY OF A NEW CLASS

OF COUPLED PANTOGRAPH DIFFERENTIAL EQUATIONS

INVOLVING THE ψ-HILFER FRACTIONAL DERIVATIVE

WITH MULTI-POINT BOUNDARY CONDITIONS

K. GUIDA, L. IBNELAZYZ, K. HILAL and M. OUKESSOU

Abstract. In this paper, we study the existence and uniqueness of solutions of
a coupled system of ψ-Hilfer fractional pantograph differential equations with multi-

point boundary conditions. The existence and uniqueness results are given by using
the fixed point theorems, mainly, Banach’s contraction principle and Krasnoselskii’s

fixed point theorem. Finally, two examples are provided to illustrate the results.

1. Introduction

Differential equations of fractional order have caught the attention of many re-
searchers in the last decade because they are a better tool for describing real-world
problems than the classical order differential equations. The fractional order mod-
els are more realistic and very practical. Fractional differential equations appear
in a lot of disciplines which include physics, chemistry, image processing, con-
trol theory, etc. For more details about fractional differential equations and their
application, we give the following references [8, 10, 11, 12, 14, 20].

There are many definitions involving fractional derivatives, the most popular
ones are the Riemann-Liouville and the Caputo fractional derivatives. A gen-
eralization of both Caputo and the Riemann-Liouville fractional derivatives was
introduced in [4] by R. Hilfer, known as the Hilfer fractional derivative of order α
and type β, which interpolates between the Caputo fractional derivative and the
Riemann-Liouville fractional derivative. Properties and applications of the Hilfer
fractional derivative can be found in [5, 6].

In [2], the authors studied a nonlocal boundary value problem for Hilfer frac-
tional derivative with nonlocal integral boundary conditions:

HDα,βx(t) = f(t, x(t)), t ∈ [a, b], 1 < α < 2, 0 ≤ β ≤ 1,

x(a) = 0, x(b) =

m∑
i=1

δiI
ϕix(ξi), ϕi > 0, δi ∈ R, ξi ∈ [a, b],

(1)
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where HDα,β is the Hilfer fractional derivative of order 1 < α < 2, and parameter
0 ≤ β ≤ 1, Iϕi is the Riemann-Liouville fractional integral of order ϕi > 0,
ξi ∈ [a, b] and δi ∈ R.

In [13], the authors considered the existence and uniqueness of a class of sys-
tem of Hilfer-Hadamard fractional differential equations with two-point boundary
conditions

(
HDα1,β1

1+ + k1
HDα1−1,β1

1+

)
u(t) = f(t, u(t), v(t)), 1 < α1 ≤ 2, t ∈ [1, e],(

HDα2,β2

1+ + k2
HDα2−1,β2

1+

)
v(t) = g(t, u(t), v(t)), 1 < α2 ≤ 2, t ∈ [1, e],

u(1) = 0, u(e) = A1,

v(1) = 0, v(e) = A2,

(2)

where HDα1,β1 is the Hilfer-Hadamard fractional derivative of order 1 ≤ αi ≤ 2,
and type 0 ≤ βi ≤ 1 for i ∈ {1, 2}, k1, k2, A1, A2 ∈ R+, and f, g : [1, e]×R×R→ R
are given continuous functions.

However, a lot of researchers find it difficult to choose the appropriate fractional
derivative for a given problem. That is why a more general fractional derivative was
introduced to solve this problem. Thus, Sousa and de Olivera in [16] proposed the
ψ-Hilfer fractional derivative. For recent results on the existence and uniqueness
of initial value problems involving the ψ-Hilfer fractional derivative, we refer the
readers to [7, 17, 18, 19].

On the other hand, another important class of fractional differential equations
is delay fractional differential equations (FDDEs). They have many applications
in different fields, such as biology, physics, hydraulic networks, and economy. The
pantograph equation is one of the most important kinds of delay differential equa-
tions that are used in deterministic situations, and it plays a crucial role in de-
scribing various phenomena, for more details see references [1, ?].

Motivated by all that we have mentioned above, and by some other research
going in this direction, we consider in this paper a new class of system of panto-
graph differential equations via the ψ-Hilfer fractional derivative with multi-point
boundary conditions of the form:

(
HDα1,β1;ψ1

a+ + k1
HDα1−1,β1;ψ1

a+

)
x(t) = f1(t, x(t), x(λ1t), y(t)), t ∈ [a, b],(

HDα2,β2;ψ2

a+ + k2
HDα2−1,β2;ψ2

a+

)
y(t) = f2(t, x(t), y(t), y(λ2t)), t ∈ [a, b],

x(a) = 0, x(b) =
m∑
i=1

µix(θi),

y(a) = 0, y(b) =

n∑
j=1

νjy(ηj),

(3)

where HDα1,β1;ψ1

a+ is the ψ1-Hilfer fractional derivative of order α1, 1 < α1 < 2,

and parameter 0 ≤ β1 ≤ 1, and HDα2,β2;ψ2

a+ is the ψ2-Hilfer fractional derivative

of order α2, 1 < α2 < 2, and parameter 0 ≤ β2 ≤ 1, f1, f2 : [a, b] × R3 −→ R are
two continuous functions, 0 < λ1, λ2 < 1, a < b, k1, k2, µi, νj ∈ R, i = 1, . . . ,m,
a < θ1 < θ2 < · · · < θm < b and, j = 1, . . . , n, a < η1 < η2 < · · · < ηn < b.
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This research is organized as follows, in Section 2, we provide some definitions
and lemmas that will be used throughout the paper, then, in Section 3, we estab-
lish the existence and uniqueness results employing the fixed point theorems, and
finally, in Section 4, we give two illustrative examples.

2. Preliminaries

We define the space L1([a, b],R) by the space of Lebesgue integrable functions on
a finite closed interval [a, b] of the real line R, ACk[a, b] is the space of continuous
functions, k-times absolutely continuous on [a, b].

Let γ1 = α1+2β1−α1β1 with 1 < α1 < 2, 0 ≤ β1 ≤ 1, and γ2 = α2+2β2−α2β2
with 1 < α2 < 2, 0 ≤ β2 ≤ 1. Then 1 < γ1 < 2 and 1 < γ2 < 2. Let
ψ1, ψ2 ∈ C1([a, b],R) be two increasing functions with ψ′1(t), ψ′2(t) 6= 0 for all
t ∈ [a, b].

Definition 2.1 ([8]). Let α > 0, α ∈ R, and f ∈ L1([a, b],R). The ψ-Riemann-
Liouville fractional derivative of a function f concerning ψ is defined by

Iα;ψf(t) =
1

Γ(α)

∫ t

a

ψ′(s)(ψ(t)− ψ(s))α−1f(s)ds.

Definition 2.2 ([16]). Let n − 1 < α < n, n ∈ N, and f ∈ Cn([a, b],R).
The ψ-Hilfer fractional derivative HDα,β;ψ(·) of a function f of order α and type
0 ≤ β ≤ 1 is defined by

HDα,β;ψ
a+ f(t) = Iβ(n−α);ψ

( 1

ψ′(t)

d

dt

)n
I(1−β)(n−α);ψf(t).

Lemma 2.3 ([16]). Let α, χ > 0 and δ > 0. Then

(i) Iα;ψIχ;ψf(t) = Iα+χ;ψf(t),

(ii) Iα;ψ(ψ(t)− ψ(a))δ−1 =
Γ(δ)

Γ(α+ δ)
(ψ(t)− ψ(a))α+δ−1.

We note also that HDα,β;ψ
a+ (ψ(t)− ψ(a))γ−1 = 0.

The following lemma gives a composition between the Riemann-Liouville frac-
tional integral and the ψ-Hilfer fractional derivative.

Lemma 2.4 ([16]). Let f ∈ L(a, b), n − 1 < α < n, n ∈ N, 0 ≤ β ≤ 1,
γ = α+ nβ − αβ, I(n−α)(1−β)f ∈ ACk[a, b]. Then

(
Iα;ψHDα,β;ψ

a+ f
)
(t) = f(t)−

n∑
k=1

(ψ(t)− ψ(a))γ−k

Γ(γ − k + 1)
f
[n−k]
ψ lim

t→a+

(
I(1−β)(n−α);ψf

)
(t),

where f
[n−k]
ψ =

( 1

ψ′(t)

d

dt

)n−k
f(t).
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For the satisfaction of the readers, we give the fixed point theorems used in the
results.

Lemma 2.5 (Banach’s fixed point theorem, see [3]). Let X be a Banach space,
D ⊂ X, and F : D → D a strict contraction, i.e., |Fx− Fy| ≤ k |x− y| for some
k ∈ (0, 1) and all x, y ∈ D. Then F has a fixed point in D.

Lemma 2.6 (Krasnoselskii’s fixed point theorem, see [9]). Let M be a closed,
bounded, convex, and nonempty subset of a Banach space X. Let A,B be the
operators such that

(a) Ax+By ∈M whenever x, y ∈M ,
(b) A is compact and continuous,
(c) B is a contraction mapping.

Then, there exists z ∈M such that z = Az +Bz.

3. Main results

The space X = {x : x(t) ∈ C([a, b],R)} endowed with the norm ‖x‖ = sup{|x(t)|,
t ∈ [a, b]} and the space Y = {y : y(t) ∈ C([a, b],R)} endowed with the norm
‖y‖ = sup{|y(t)|, t ∈ [a, b]} are two Banach spaces. Moreover, the product space
(X × Y, ‖(x, y)‖) is a Banach space endowed with the norm ‖(x, y)‖ = ‖x‖+ ‖y‖.

We first prove a lemma which is the solution to problem (3).

Lemma 3.1. Let a < b, 1 < α1 < 2, 1 < α2 < 2, γ1 = α1 + 2β1 − α1β1,
γ2 = α2 + 2β2 − α2β2, h1, h2 ∈ C([a, b],R), and

Λ1 := (ψ1(b)− ψ1(a))γ1−1 −
m∑
i=1

µi(ψ1(θi)− ψ1(a))γ1−1 6= 0,(4)

Λ2 := (ψ2(b)− ψ2(a))γ2−1 −
n∑
j=1

νj(ψ2(ηj)− ψ2(a))γ2−1 6= 0.(5)

Then the couple (x, y) ∈ X × Y is a solution to the following problem
(
HDα1,β1;ψ1

a+ + k1
HDα1−1,β1;ψ1

a+

)
x(t) = h1(t), t ∈ [a, b],(

HDα2,β2;ψ2

a+ + k2
HDα2−1,β2;ψ2

a+

)
y(t) = h2(t), t ∈ [a, b],

(6)


x(a) = 0, x(b) =

m∑
i=1

µix(θi),

y(a) = 0, y(b) =

n∑
j=1

νjy(ηj),

(7)
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if and only if

(8)

x(t) = Iα1;ψ1h1(t)− k1I1;ψ1x(t) +
(ψ1(t)− ψ1(a))γ1−1

Λ1

[
− k1

m∑
i=1

µiI
1;ψ1x(θi)

− Iα1;ψ1h1(b) +

m∑
i=1

µiI
α1;ψ1h1(θi) + k1I

1;ψ1x(b)
]
, t ∈ [a, b],

y(t) = Iα2;ψ2h2(t)− k2I1;ψ2y(t) +
(ψ2(t)− ψ2(a))γ2−1

Λ2

[
− k2

n∑
j=1

νjI
1;ψ2y(ηj)

− Iα2;ψ2h2(b) +

n∑
j=1

νjI
α2;ψ2h2(ηj) + k2I

1;ψ2y(b)
]
, t ∈ [a, b].

Proof. Assume that the couple (x, y) is a solution of the problem (6)–(7). Ap-
plying the fractional integral operators Iα1,ψ1 , Iα2,ψ2 on both sides of (6) and using
Lemma 2.4, we obtain for t ∈ [a, b],

x(t)−
2∑
k=1

(ψ1(t)− ψ1(a))γ1−k

Γ(γ1 − k + 1)
x
[2−k]
ψ1

lim
t→a+

(
I(1−β1)(2−α1);ψ1x

)
(t)

+ k1I
1;ψ1x(t) = Iα1;ψ1h1(t),

y(t)−
2∑
k=1

(ψ2(t)− ψ2(a))γ2−k

Γ(γ2 − k + 1)
y
[2−k]
ψ2

lim
t→a+

(
I(1−β2)(2−α2);ψ2y

)
(t)

+ k2I
1;ψ2y(t) = Iα2;ψ2h2(t),

Hence, using the fact that (1− β1)(2− α1) = 2− γ1, we have

x(t) =
(ψ1(t)− ψ1(a))γ1−1

Γ(γ1)

( 1

ψ
′
1(t)

d

dt

)
I2−γ1;ψ1x(t)|t=a

+
(ψ1(t)− ψ1(a))γ1−2

Γ(γ1 − 1)
I2−γ1;ψ1x(t)|t=a − k1I

1;ψ1x(t) + Iα1;ψ1h1(t)

=
(ψ1(t)− ψ1(a))γ1−1

Γ(γ1)
HDγ1−1,β1;ψ1x(t)|t=a +

(ψ1(t)− ψ1(a))γ1−2

Γ(γ1 − 1)
I2−γ1;ψ1x(t)|t=a

− k1I1;ψ1x(t) + Iα1;ψ1h1(t)

= e1
(ψ1(t)− ψ1(a))γ1−1

Γ(γ1)
+ e2

(ψ1(t)− ψ1(a))γ1−2

Γ(γ1 − 1)
− k1I1;ψ1x(t) + Iα1;ψ1h1(t),

where e1 = HDγ1−1,β1;ψ1x(t)|t=a
, e2 = I2−γ1;ψ1x(t)|t=a

.
Similarly, we have

y(t) = e3
(ψ2(t)− ψ2(a))γ2−1

Γ(γ2)
+ e4

(ψ2(t)− ψ2(a))γ2−2

Γ(γ2 − 1)

− k2I1;ψ2y(t) + Iα2;ψ2h2(t),

where e3 = HDγ2−1,β2;ψ2y(t)|t=a
, e4 = I2−γ2;ψ2y(t)|t=a

.
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From the first boundary conditions x(a) = 0 and y(a) = 0, we can obtain that
e2 = e4 = 0. Then we get

x(t) = e1
(ψ1(t)− ψ1(a))γ1−1

Γ(γ1)
− k1I1;ψ1x(t) + Iα1;ψ1h1(t), t ∈ [a, b],(9)

y(t) = e3
(ψ2(t)− ψ2(a))γ2−1

Γ(γ2)
− k2I1;ψ2y(t) + Iα2;ψ2h2(t), t ∈ [a, b].(10)

From the conditions x(b) =

m∑
i=1

µix(θi) and y(b) =

n∑
j=1

νjy(ηj), we have

e1 =
Γ(γ1)

Λ1

[
− k1

m∑
i=1

µiI
1;ψ1x(θi)− Iα1;ψ1h1(b) +

m∑
i=1

µiI
α1;ψ1h1(θi) + k1I

1;ψ1x(b)

]
,

e3 =
Γ(γ2)

Λ2

[
− k2

n∑
j=1

νjI
1;ψ2y(ηj)− Iα2;ψ2h2(b) +

n∑
j=1

νjI
α2;ψ2h2(ηj) + k2I

1;ψ2y(b)

]
.

Substituting the values of e1 and e3 in (9) and (10), respectively, we obtain the
solution (8).

Conversely, we suppose that the couple (x, y) is the solution of the fractional in-

tegral equations (8). Operating the fractional derivatives HDα1,β1;ψ1

a+ andHDα2,β2;ψ2

a+

on both sides of the equations in (8) and using Lemma 2.3, we get

HDα1,β1;ψ1

a+
x(t) = h1(t)−

(
HDα1,β1;ψ1

a+
k1
)
I1;ψ1x(t)

+
1

Λ1

[
− k1

m∑
i=1

µiI
1;ψ1x(θi)− Iα1;ψ1h1(b)

+

m∑
i=1

µiI
α1;ψ1h1(θi) + k1I

1;ψ1x(b)
]
HDα1,β1;ψ1

a+
(ψ1(t)− ψ1(a))γ1−1

= h1(t)− k1Dα1−1,β1;ψ1

a+
x(t), t ∈ [a, b].

Similarly, we get

HDα2,β2;ψ2

a+ y(t) = h2(t)− k2Dα2−1,β2;ψ2

a+ y(t), t ∈ [a, b].

Now we prove that the couple (x, y) satisfies the boundary conditions (7). We can
obviously see that x(a) = y(a) = 0.

From (8) we have, for each i = 1, . . . ,m,
m∑
i=1

µix(θi) =

m∑
i=1

µiI
α1;ψ1h1(θi)−

m∑
i=1

µik1I
1;ψ1x(θi) +

m∑
i=1

µi
(ψ1(θi)− ψ1(a))γ1−1

Λ1

×
[
− k1

m∑
i=1

µiI
1;ψ1x(θi)− Iα1;ψ1h1(b)+

m∑
i=1

µiI
α1;ψ1h1(θi) + k1I

1;ψ1x(b)
]

=

m∑
i=1

µiI
α1;ψ1h1(θi)−

m∑
i=1

µik1I
1;ψ1x(θi) +

[
(ψ1(b)− ψ1(a))γ1−1

Λ1
− 1

]

×
[
− k1

m∑
i=1

µiI
1;ψ1x(θi)− Iα1;ψ1h1(b)+

m∑
i=1

µiI
α1;ψ1h1(θi) + k1I

1;ψ1x(b)
]
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= Iα1;ψ1(b)h1(b)− k1I1;ψ1x(b) +
(ψ1(b)− ψ1(a))γ1−1

Λ1

×
[
− k1

m∑
i=1

µiI
1;ψ1x(θi)− Iα1;ψ1h1(b)+

m∑
i=1

µiI
α1;ψ1h1(θi) + k1I

1;ψ1x(b)
]

= x(b).

Similarly, we show that for each j = 1, . . . , n,
n∑
j=1

νjy(ηj) = y(b).

This completes the proof. �

We define the operator T : C([a, b],R)×C([a, b],R)→ C([a, b],R)×C([a, b],R)
by

T (x, y)(t) = (U(x, y)(t), V (x, y)(t)),(11)

where

U(x, y)(t) = Iα1;ψ1f1(t, x(t), x(λ1t), y(t))− k1I1;ψ1x(t) +
(ψ1(t)− ψ1(a))γ1−1

Λ1

×
[
− k1

m∑
i=1

µiI
1;ψ1x(θi)− Iα1;ψ1f1(b, x(b), x(λ1b), y(b))

+

m∑
i=1

µiI
α1;ψ1f1(θi, x(θi), x(λ1θi), y(θi)) + k1I

1;ψ1x(b)
]
, t ∈ [a, b],

V (x, y)(t) = Iα2;ψ2f2(t, x(t), y(t), y(λ2t))− k2I1;ψ2y(t) +
(ψ2(t)− ψ2(a))γ2−1

Λ2

×
[
− k2

n∑
j=1

νjI
1;ψ2y(ηj)− Iα2;ψ2f2(b, x(b), y(b), y(λ2b))

+

n∑
j=1

νjI
α2;ψ2f2(ηj , x(ηj), y(ηj), y(λ2ηj)) + k2I

1;ψ2y(b)
]
, t ∈ [a, b].

It should be noted that the fractional pantograph boundary value problem (3)
has a solution if the operator T has fixed points.

In the following, for convenience, we are going to set

Θ1 =
[ (ψ1(b)− ψ1(a))α1

Γ(α1 + 1)
+

(ψ1(b)− ψ1(a))γ1−1

|Λ1|

×
( m∑
i=1

|µi|
(ψ1(θi)− ψ1(a))α1

Γ(α1 + 1)
+

(ψ1(b)− ψ1(a))α1

Γ(α1 + 1)

)]
,

Θ2 =
[ (ψ2(b)− ψ2(a))α2

Γ(α2 + 1)
+

(ψ2(b)− ψ2(a))γ2−1

|Λ2|

×
( n∑
j=1

|νi|
(ψ2(ηj)− ψ2(a))α2

Γ(α2 + 1)
+

(ψ2(b)− ψ2(a))α2

Γ(α2 + 1)

)]
,
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and

χ = χ1 + χ2

=
[
|k1| (ψ1(b)− ψ1(a)) +

(ψ1(b)− ψ1(a))γ1−1

|Λ1|

×
(
|k1|

m∑
i=1

|µi| (ψ1(θi)− ψ1(a)) + |k1| (ψ1(b)− ψ1(a))
)]

+
[
|k2| (ψ2(b)− ψ2(a)) +

(ψ2(b)− ψ2(a))γ2−1

|Λ2|

×
(
|k2|

n∑
j=1

|νi| (ψ2(ηj)− ψ2(a)) + |k2| (ψ2(b)− ψ2(a))
)]

Let us consider the following:

(H1) The functions f1, f2 : J × R3 → R are continuous and there exist two con-
stants L1, L2 > 0 such that

|f1(t, x, y, z)− f1(t, u, v, w)| ≤ L1 (|x− u|+ |y − v|+ |z − w|)

|f2(t, x, y, z)− f2(t, u, v, w)| ≤ L2 (|x− u|+ |y − v|+ |z − w|) ,

for all t ∈ J , x, y, z, u, v, w ∈ R.

Theorem 3.2. We suppose that (H1) is satisfied. If we have 3(L1Θ1+L2Θ2)+
χ < 1, then problem (3) has a unique solution (x∗, y∗).

Proof. By applying Banach’s contraction principle, we show that the operator
T has a unique fixed point, which is the solution to problem (3). Let

sup
t∈[a,b]

|f1(t, 0, 0, 0)| = M1 <∞ and sup
t∈[a,b]

|f2(t, 0, 0, 0)| = M2 <∞.

We choose

r ≥ Θ1M1 + Θ2M2

1− χ− 3(L1Θ1 + L2Θ2)

First of all, we show that TBr ⊂ Br, whereBr = {(x, y) ∈ R× R :‖ (x, y) ‖≤ r}.
By using the hypotheses above, we have

|U(x, y)(t)|

≤ sup
t∈[a,b]

[
Iα1;ψ1 |f1(t, x(t), x(λ1t), y(t))|+ |k1| I1;ψ1 |x(t)|+ (ψ1(b)− ψ1(a))γ1−1

|Λ1|

×
(
|k1|

m∑
i=1

|µi| I1;ψ1 |x(θi)|+ Iα1;ψ1 |f1(b, x(b), x(λ1b), y(b))|

+

m∑
i=1

|µi| Iα1;ψ1 |f1(θi, x(θi), x(λ1θi), y(θi))|+ |k1| I1;ψ1 |x(b)|
)]

≤ Iα1;ψ1 (|f1(t, x(t), x(λ1t), y(t))− f1(t, 0, 0, 0)|+ |f1(t, 0, 0, 0)|) + |k1| I1;ψ1 |x(t)|
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+
(ψ1(b)− ψ1(a))γ1−1

|Λ1|

(
|k1|

m∑
i=1

|µi| I1;ψ1 |x(θi)|+ |k1| I1;ψ1 |x(b)|

+ Iα1;ψ1(|f1(b, x(b), x(λ1b), y(b))− f1(b, 0, 0, 0)|+ |f1(b, 0, 0, 0)|)

+

m∑
i=1

|µi| Iα1;ψ1 (|f1(θi, x(θi), x(λ1θi), y(θi))− f1(θi, 0, 0, 0)|+ |f1(θi, 0, 0, 0)|)
)

≤ Iα1;ψ1 (L1(|x(t)|+ |x(λ1t)|+ |y(t)|) +M1) + |k1| I1;ψ1 |x(t)|

+
(ψ1(b)− ψ1(a))γ1−1

|Λ1|

(
|k1|

m∑
i=1

|µi| I1;ψ1 |x(θi)|+ |k1| I1;ψ1 |x(b)|

+ Iα1;ψ1 (L1(|x(b)|+ |x(λ1b)|+ |y(b)|) +M1)

+

m∑
i=1

|µi| Iα1;ψ1 (L1(|x(θi)|+ |x(λ1θi)|+ |y(θi)|) +M1)
)

≤
[ (ψ1(b)− ψ1(a))α1

Γ(α1 + 1)
+

(ψ1(b)− ψ1(a))γ1−1

|Λ1|

×
( m∑
i=1

|µi|
(ψ1(θi)− ψ1(a))α1

Γ(α1 + 1)
+

(ψ1(b)− ψ1(a))α1

Γ(α1 + 1)

)]
(L1(2 ‖x‖+ ‖y‖) +M1)

+
[
|k1| (ψ1(b)− ψ1(a)) +

(ψ1(b)− ψ1(a))γ1−1

|Λ1|

×
(
|k1|

m∑
i=1

|µi| (ψ1(θi)− ψ1(a)) + |k1| (ψ1(b)− ψ1(a))
)]
‖x‖

≤
[ (ψ1(b)− ψ1(a))α1

Γ(α1 + 1)
+

(ψ1(b)− ψ1(a))γ1−1

|Λ1|

×
( m∑
i=1

|µi|
(ψ1(θi)− ψ1(a))α1

Γ(α1 + 1)
+

(ψ1(b)− ψ1(a))α1

Γ(α1 + 1)

)]
(3rL1 +M1)

+
[
|k1| (ψ1(b)− ψ1(a)) +

(ψ1(b)− ψ1(a))γ1−1

|Λ1|(
|k1|

m∑
i=1

|µi| (ψ1(θi)− ψ1(a)) + |k1| (ψ1(b)− ψ1(a))
)]
r

≤ Θ1 (3rL1 +M1) + χ1r ≤
r

2

for any (x, y) ∈ Br.
Similarly, we get

|V (x, y)(t)|

≤
[ (ψ2(b)− ψ2(a))α2

Γ(α2 + 1)
+

(ψ2(b)− ψ2(a))γ2−1

|Λ2|

( n∑
j=1

|νi|
(ψ2(ηj)− ψ2(a))α2

Γ(α2 + 1)

+
(ψ2(b)− ψ2(a))α2

Γ(α2 + 1)

)]
(3rL2 +M2) +

[
|k2| (ψ2(b)− ψ2(a))

+
(ψ2(b)− ψ2(a))γ2−1

|Λ2|

(
|k2|

n∑
j=1

|νi| (ψ2(ηj)− ψ2(a)) + |k2| (ψ2(b)− ψ2(a))
)]
r
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≤ Θ2 (3rL2 +M2) + χ2r ≤
r

2
.

Finally, we obtain the following:

|T (x, y)(t)| ≤ |U(x, y)(t)|+ |V (x, y)(t)| ≤ r

which shows that TBr ⊂ Br.
Next, we show that the operator T is a contraction, we let (x, y), (x, y) ∈ R×R,

then for t ∈ [a, b], we have

|U(x, y)(t)− U(x, y)|

≤ Iα1;ψ1 |f1(t, x(t), x(λ1t), y(t))− f1(t, x(t), x(λ1t), y(t))|+ |k1| I1;ψ1 |x(t)− x(t)|

+
(ψ1(b)− ψ1(a))γ1−1

|Λ1|

(
|k1|

m∑
i=1

|µi| I1;ψ1 |x(θi)− x(θi)|+ |k1| I1;ψ1 |x(b)− x(b)|

+ Iα1;ψ1 |f1(b, x(b), x(λ1b), y(b))− f1(b, x(b), x(λ1b), y(b))|

+

m∑
i=1

|µi| Iα1;ψ1 |f1(θi, x(θi), x(λ1θi), y(θi))− f1(θi, x(θi), x(λ1θi), y(θi))|
)

≤ Iα1;ψ1 (L1(|x(t)− x(t)|+ |x(λ1t)− x(λ1t)|+ |y(t)− y(t)|)) + |k1| I1;ψ1 |x(t)− x(t)|

+
(ψ1(b)− ψ1(a))γ1−1

|Λ1|

(
|k1|

m∑
i=1

|µi| I1;ψ1 |x(θi)− x(θi)|+ |k1| I1;ψ1 |x(b)− x(b)|

+ Iα1;ψ1L1(|x(b)− x(t)|+ |x(λ1b)− x(λ1b)|+ |y(b)− y(b)|)

+

m∑
i=1

|µi| Iα1;ψ1L1(|x(θi)− x(θi)|+ |x(λ1θi)− x(λ1θi)|+ |y(θi)− y(θi)|)
)

≤
[ (ψ1(b)− ψ1(a))α1

Γ(α1 + 1)
+

(ψ1(b)− ψ1(a))γ1−1

|Λ1|

( m∑
i=1

|µi|
(ψ1(θi)− ψ1(a))α1

Γ(α1 + 1)

+
(ψ1(b)− ψ1(a))α1

Γ(α1 + 1)

)]
L1(2 ‖x− x‖+ ‖y − y‖) +

[
|k1| (ψ1(b)− ψ1(a))

+
(ψ1(b)− ψ1(a))γ1−1

|Λ1|

(
|k1|

m∑
i=1

|µi| (ψ1(θi)− ψ1(a)) + |k1| (ψ1(b)− ψ1(a))
)]
‖x− x‖

≤ 3L1

[ (ψ1(b)− ψ1(a))α1

Γ(α1 + 1)
+

(ψ1(b)− ψ1(a))γ1−1

|Λ1|

( m∑
i=1

|µi|
(ψ1(θi)− ψ1(a))α1

Γ(α1 + 1)

+
(ψ1(b)− ψ1(a))α1

Γ(α1 + 1)

)]
(‖x− x‖+ ‖y − y‖) +

[
|k1| (ψ1(b)− ψ1(a))

+
(ψ1(b)− ψ1(a))γ1−1

|Λ1|

(
|k1|

m∑
i=1

|µi| (ψ1(θi)− ψ1(a)) + |k1| (ψ1(b)− ψ1(a))
)]

× (‖x− x‖+ ‖y − y‖)
≤ (3L1Θ1 + χ1)(‖x− x‖+ ‖y − y‖).
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We also get

|V (x, y)(t)− V (x, y)(t)|

≤ 3L2

[ (ψ2(b)− ψ2(a))α2

Γ(α2 + 1)
+

(ψ2(b)− ψ2(a))γ2−1

|Λ2|

( n∑
j=1

|νj |
(ψ2(ηj)− ψ2(a))α2

Γ(α2 + 1)

+
(ψ2(b)− ψ2(a))α2

Γ(α2 + 1)

)]
(‖x− x‖+ ‖y − y‖) +

[
|k2| (ψ2(b)− ψ2(a))

+
(ψ2(b)− ψ2(a))γ2−1

|Λ2|

(
|k2|

n∑
j=1

|νj | (ψ2(ηj)− ψ2(a)) + |k2| (ψ2(b)− ψ2(a))
)]

× (‖x− x‖+ ‖y − y‖)
≤ (3L2Θ2 + χ2)(‖x− x‖+ ‖y − y‖).

Finally, we can obtain

|T (x, y)(t)− T (x, y)(t)| ≤ (3(L1Θ1 + L2Θ2) + χ) (‖x− x‖+ ‖y − y‖).

Since 3(L1Θ1 + L2Θ2) + χ < 1, then the operator T is a contraction.
Therefore, by applying Banach’s contraction principle, we can conclude that T

has a unique fixed point which is the unique solution (x∗, y∗) of problem (3). The
proof is now completed. �

In the next part, we are going to present a result based on Krasnoselskii’s fixed
point theorem.

Let us consider the following:

(H2) Let f1, f2 : J × R3 −→ R be two continuous functions such that:

|f1(t, x(s), x(λ1s), y(s))| ≤ 2Cf1 |x|+Df1 |y|+Mf1

|f1(t, x(s), y(t), y(λ2s))| ≤ Cf2 |x|+ 2Df2 |y|+Mf2

for all (x, y) ∈ R × R, t ∈ J , and Cf1 , Cf2 , Df1 , Df2 ,Mf1 ,Mf2 are positive
real numbers.

Theorem 3.3. We suppose that (H2) is verified, in addition, we suppose that

(12) χ < 1.

Then problem (3) has at least one solution.

Proof. By choosing

r ≥ Θ1Mf1 + Θ2Mf2

1− χ−Θ1(2Cf1 +Df1)−Θ2(Cf2 + 2Df2)

We define Br = {(x, y) ∈ R× R : ‖(x, y)‖ ≤ r}. Br(t) is a closed, bounded, and
convex set in C([a, b],R)× C([a, b],R) for all r > 0.

We define the operator T on Br by T (x, y)(t) = (U(x, y)(t), V (x, y)(t)) for any
(x, y) ∈ Br and t ∈ [a, b], where

U(x, y)(t) = Iα1;ψ1f1(t, x(t), x(λ1t), y(t))− k1I1;ψ1x(t) +
(ψ1(t)− ψ1(a))γ1−1

Λ1
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×
[
− k1

m∑
i=1

µiI
1;ψ1x(θi)− Iα1;ψ1f1(b, x(b), x(λ1b), y(b))

+

m∑
i=1

µiI
α1;ψ1f1(θi, x(θi), x(λ1θi), y(θi)) + k1I

1;ψ1x(b)
]
, t ∈ [a, b],

V (x, y)(t) = Iα2;ψ2f2(t, x(t), y(t), y(λ2t))− k2I1;ψ2y(t) +
(ψ2(t)− ψ2(a))γ2−1

Λ2

×
[
− k2

n∑
j=1

νjI
1;ψ2y(ηj)− Iα2;ψ2f2(b, x(b), y(b), y(λ2b))

+

n∑
j=1

νjI
α2;ψ2f2(ηj , x(ηj), y(ηj), y(λ2ηj)) + k2I

1;ψ2y(b)
]
, t ∈ [a, b].

We are going to split the two operators above, then we get

U1(x, y)(t) = Iα1;ψ1f1(t, x(t), x(λ1t), y(t)) +
(ψ1(t)− ψ1(a))γ1−1

(Λ1

×
[ m∑
i=1

µiI
α1;ψ1f1(θi, x(θi), x(λ1θi), y(θi))−Iα1;ψ1f1(b, x(b), x(λ1b), y(b))

]
,

U2(x, y)(t) = − k1I1;ψ1x(t)+
(ψ1(t)− ψ1(a))γ1−1

Λ1

[
− k1

m∑
i=1

µiI
1;ψ1x(θi) + k1I

1;ψ1x(b)
]
,

V1(x, y)(t) = Iα2;ψ2f2(t, x(t), y(t), y(λ2t)) +
(ψ2(t)− ψ2(a))γ2−1

Λ2

×
[ n∑
j=1

νjI
α2;ψ2f2(ηj , x(ηj), y(ηj), y(λ2ηj))−Iα2;ψ2f2(t, x(b), y(b), y(λ2b))

]
,

V2(x, y)(t) = − k2I1;ψ2y(t)+
(ψ2(t)− ψ2(a))γ2−1

Λ2

[
− k2

n∑
j=1

νjI
1;ψ2y(ηj) + k2I

1;ψ2y(b)
]
.

The operator T can be now written as follows.

T (x, y)(t) = T1(x, y)(t) + T2(x, y)(t),

where

T1(x, y)(t) = (U1(x, y)(t), V1(x, y)(t)) and T2(x, y)(t) = (U2(x, y)(t), V2(x, y)(t)).

We first show that T (x, y) = U(x, y)+V (x, y) is a bounded operator, which means
that T (x, y) ∈ Br.

For any (x, y) ∈ Br, we have

|U(x, y)(t)|

≤ sup
t∈[a,b]

[
Iα1;ψ1 |f1(t, x(t), x(λ1t), y(t))|+ |k1| I1;ψ1 |x(t)|+ (ψ1(b)− ψ1(a))γ1−1

(|Λ1|

×
(
|k1|

m∑
i=1

|µi| I1;ψ1 |x(θi)|+ Iα1;ψ1 |f1(b, x(b), x(λ1b), y(b))|

+

m∑
i=1

|µi| Iα1;ψ1 |f1(θi, x(θi), x(λ1θi), y(θi))|+ |k1| I1;ψ1 |x(b)|
)]
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≤ Iα1;ψ1 (2Cf1 |x|+Df1 |y|+Mf1) + |k1| I1;ψ1 |x(t)|+ (ψ1(b)− ψ1(a))γ1−1

|Λ1|

×
(
|k1|

m∑
i=1

|µi| I1;ψ1 |x(θi)|+ |k1| I1;ψ1 |x(b)|+ Iα1;ψ1 (2Cf1 |x|+Df1 |y|+Mf1)

+

m∑
i=1

|µi| Iα1;ψ1 (2Cf1 |x|+Df1 |y|+Mf1)
)

≤
[ (ψ1(b)− ψ1(a))α1

Γ(α1 + 1)
+

(ψ1(b)− ψ1(a))γ1−1

|Λ1|

( m∑
i=1

|µi|
(ψ1(θi)− ψ1(a))α1

Γ(α1 + 1)

+
(ψ1(b)− ψ1(a))α1

Γ(α1 + 1)

)]
(2Cf1 ‖x‖+Df1 ‖y‖+Mf1) +

[
|k1| (ψ1(b)− ψ1(a))

+
(ψ1(b)− ψ1(a))γ1−1

|Λ1|

(
|k1|

m∑
i=1

|µi| (ψ1(θi)− ψ1(a)) + |k1| (ψ1(b)− ψ1(a))
)]
‖x‖

≤
[ (ψ1(b)− ψ1(a))α1

Γ(α1 + 1)
+

(ψ1(b)− ψ1(a))γ1−1

|Λ1|

( m∑
i=1

|µi|
(ψ1(θi)− ψ1(a))α1

Γ(α1 + 1)

+
(ψ1(b)− ψ1(a))α1

Γ(α1 + 1)

)]
((2Cf1 +Df1)r +Mf1)

[
|k1| (ψ1(b)− ψ1(a))

+
(ψ1(b)− ψ1(a))γ1−1

|Λ1|

(
|k1|

m∑
i=1

|µi| (ψ1(θi)− ψ1(a)) + |k1| (ψ1(b)− ψ1(a))
)]
r

≤ Θ1 ((2Cf1 +Df1)r +Mf1) + χ1r ≤
r

2
.

By doing the same, we obtain

|V (x, y)(t)| ≤ Θ2 ((Cf2 + 2Df2)r +Mf2) + χ2r ≤
r

2
.

Finally,

|T (x, y)(t)| ≤ U(x, y)(t) + V (x, y)(t). ≤ r
Hence, T (x, y) = U(x, y) + V (x, y) is a bounded operator, for all (x, y) ∈ Br.

By using (12), it is easy to show that T2 is a contraction mapping.
The continuity of the functions f1 and f2 implies the continuity of the operator

T1. We show that T1 = (U1, V1) is a compact operator, we are going to apply
the same method that we used in Theorem 3.2. We can easily see that T1(Br) is
uniformly bounded on Br. We now show that T1(Br) is equicontinuous on [a, b].

Let f∗1 = sup
t∈[a,b]

|f1(t, x(t), x(λ1t), y(t))| and f∗2 = sup
t∈[a,b]

|f2(t, x(t), y(t), y(λ2t))|.

Then we have

|U1(x, y)(t2)− U1(x, y)(t1)|

=
1

Γ(α1)

∣∣∣ ∫ t1

a

ψ′1(t2)[ψ1(t2)−ψ1(s))α1−1−(ψ1(t1)−ψ1(s))α1−1]f1(s, x(s), x(λ1s), y(s))ds
∣∣∣

+

∫ t2

t1

ψ′1(s)(ψ1(t2)− ψ1(s))α1−1f1(s, x(s), x(λ1s), y(s))ds|
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+
(ψ1(t2)− ψ1(a))γ1−1 − (ψ1(t1)− ψ1(a))γ1−1

|Λ1|

×
[ m∑
i=1

|µi| Iα1;ψ1 |f1(θi, x(θi), x(λ1θi), y(θi))|
]

+
∣∣∣Iα1;ψ1f1(b, x(b), x(λ1b), y(b))

∣∣∣ ]
≤ f∗1

Γ(α1 + 1)
[2(ψ1(t2)− ψ1(t1))α1 + |(ψ1(t2)− ψ1(a))α1 − (ψ1(t1)− ψ1(a))α1 |]

+ f∗1
(ψ1(t2)− ψ1(a))γ1−1 − (ψ1(t1)− ψ1(a))γ1−1

|Λ1|

×
[ m∑
i=1

|µi|
(ψ1(θi)− ψ1(a))α1

Γ(α1 + 1)
+

(ψ1(b)− ψ1(a))α1

Γ(α1 + 1)

]
,

−→ 0

as t2 → t1, which implies that the operator U1 is equicontinuous on [a, b]. Similarly,
we show that the operator V1 is also equicontinuous on J . Finally, the operator T1
is relatively compact on Br. Hence, by the Arzelà-Ascoli’s theorem, T1 is compact
on Br. Therefore, all conditions of Lemma 2.6 are satisfied, which implies that
problem (3) has at least one solution (x, y). �

4. Examples

Example 1. Consider the multi-point system of pantograph differential equa-
tions via the ψ-Hilfer fractional derivative.

(13)



(
HD

3
2
, 1
2
;t

1+
+ 1

9
HD

1
2
, 1
2
;t

1+

)
x(t)

=
cos |x(t) + y(t)|

50
+

∣∣y( t
3
)
∣∣

(t3 + 5)4
, t ∈ [0, 1],(

HD
3
2
, 1
2
;t

1+
+ 1

9
HD

1
2
, 1
2
;t

1+

)
y(t)

=
t3 + sin |x(t)|+ cos |y(t)|

90
+

sin
∣∣x( t

3
)
∣∣

100
, t ∈ [0, 1],

x(0) = 0, x(1) =
1

8
x
(1

2

)
+

3

7
x
(2

3

)
,

y(0) = 0, y(1) =
1

8
y
(1

2

)
+

3

7
y
(2

3

)
.

Here we have: α1 = α2 = 3
2 , β1 = β2 = 1

2 , k1 = k2 = 1
9 , µ1 = ν1 = 1

8 ,

µ2 = ν2 = 3
7 , θ1 = η1 = 1

2 , θ2 = η2 = 2
3 , and ψ1(t) = ψ2(t) = t. Now, we put

f1(t, x(t), x(λ1t), y(t)) =
cos |x(t) + y(t)|

50
+

∣∣y( t3 )
∣∣

(t3 + 5)4
,

f2(t, x(t), y(t), y(λ2t)) =
t3 + sin |x(t)|+ cos |y(t)|

90
+
sin
∣∣x( t3 )

∣∣
100

.

Hence, f1 and f2 satisfy the hypothesis (H1) as for any x, x, y, y ∈ R, t ∈ J , we
have

|f1(t, x(t), x(λ1t), y(t))− f1(t, x(t), x(λ1t), y(t))| ≤ 0.020 (|x− x|+ 2 |y − y|) ,
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|f2(t, x(t), y(t), y(λ2t))− f2(t, x(t), y(t), y(λ2t))| ≤ 0.0111 (2 |x− x|+ |y − y|) .
Setting L1 = 0.020, L2 = 0.0111, and by calculations we find Λ1 = Λ2 ≈ 0.99813,
Θ1 = Θ2 ≈ 1.715, and χ ≈ 0.52238.

Therefore 3(L1Θ1 + L2Θ2) + χ ≈ 0.682 < 1. It follows from Theorem 3.2 that
the problem (13) has a unique solution (x, y) on [0, 1].

Example 2. Consider the multi-point system of pantograph differential equa-
tions via the ψ-Hilfer fractional derivative:

(14)



(
HD

3
2 ,

1
2 ;t

0+ +
1

9
HD

1
2 ,

1
2 ;t

0+

)
x(t)

=
sin |x(t)|+ sin |x( t4 )|

100
+

sin |y(t)|
90

+ e1−3t, t ∈ [0, 1],(
HD

3
2 ,

1
2 ;t

0+ +
1

9
HD

1
2 ,

1
2 ;t

0+

)
y(t)

=
sin |x(t)|+ sin |y(t)|

90
+

sin |y( t4 )|
100

+ e1−3t, t ∈ [0, 1],

x(0) = 0, x(1) =
11

8
x
(1

2

)
+

14

9
x
(2

3

)
,

y(0) = 0, y(1) = 11
8 y
(1

2

)
+

14

9
y
(2

3

)
.

Here we have: α1 = α2 = 3
2 , β1 = β2 = 1

2 , k1 = k2 = 1
9 , µ1 = ν1 = 11

8 ,

µ2 = ν2 = 14
9 , θ1 = η1 = 1

2 , θ2 = η2 = 2
3 , and ψ1(t) = ψ2(t) = t,

Now, we put

f1(t, x(t), x(λ1t), y(t)) =
sin |x(t)|+ sin |x( t4 )|

100
+

sin |y(t)|
90

+ e1−3t,

f2(t, x(t), y(t), y(λ2t)) =
sin |x(t)|+ sin |y(t)|

90
+

sin |y( t4 )|
100

+ e1−3t.

Hence, f1 and f2 satisfy the hypothesis (H2) and we have χ ≈ 0.8269 < 1.
It follows from Theorem 3.3 that the problem (14) has at least one solution

(x, y) on [0, 1].
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