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A QUALITATIVE STUDY OF A NEW CLASS
OF COUPLED PANTOGRAPH DIFFERENTIAL EQUATIONS
INVOLVING THE y-HILFER FRACTIONAL DERIVATIVE
WITH MULTI-POINT BOUNDARY CONDITIONS

K. GUIDA, L. IBNELAZYZ, K. HILAL anp M. OUKESSOU

ABSTRACT. In this paper, we study the existence and uniqueness of solutions of
a coupled system of -Hilfer fractional pantograph differential equations with multi-
point boundary conditions. The existence and uniqueness results are given by using
the fixed point theorems, mainly, Banach’s contraction principle and Krasnoselskii’s
fixed point theorem. Finally, two examples are provided to illustrate the results.

1. INTRODUCTION

Differential equations of fractional order have caught the attention of many re-
searchers in the last decade because they are a better tool for describing real-world
problems than the classical order differential equations. The fractional order mod-
els are more realistic and very practical. Fractional differential equations appear
in a lot of disciplines which include physics, chemistry, image processing, con-
trol theory, etc. For more details about fractional differential equations and their
application, we give the following references [8, 10, 11, 12, 14, 20].

There are many definitions involving fractional derivatives, the most popular
ones are the Riemann-Liouville and the Caputo fractional derivatives. A gen-
eralization of both Caputo and the Riemann-Liouville fractional derivatives was
introduced in [4] by R. Hilfer, known as the Hilfer fractional derivative of order a
and type (3, which interpolates between the Caputo fractional derivative and the
Riemann-Liouville fractional derivative. Properties and applications of the Hilfer
fractional derivative can be found in [5, 6].

In [2], the authors studied a nonlocal boundary value problem for Hilfer frac-
tional derivative with nonlocal integral boundary conditions:

1D (t) = [t 2(1)), tefnt, 1<a<2 0<p<1,

(1) z(a) =0, z(b) = Zéﬂ“”'m(f& wi >0, §; R, & € [a,b],
i=1
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where #D*# is the Hilfer fractional derivative of order 1 < a < 2, and parameter
0 < g <1, I¥ is the Riemann-Liouville fractional integral of order ¢; > 0,
& € la,b] and §; € R.

In [13], the authors considered the existence and uniqueness of a class of sys-
tem of Hilfer-Hadamard fractional differential equations with two-point boundary
conditions

(FDSP 4k HDO 5P Y u(t) = ftu(t), (), 1<ar <2, te[l,e,
(TDS2P2 4+ kD2 1P (t) = g(t,u(t), v(t), 1<as <2, te[l,el,
u(1) =0, u(e) = Ay,
v(l) =0, v(e) = A,,

(2)

where #De1:81 ig the Hilfer-Hadamard fractional derivative of order 1 < a; < 2,
and type 0 < 3; < 1fori € {1,2}, k1,k2, A1, A2 € RT and f,g: [1,e] x RxR = R
are given continuous functions.

However, a lot of researchers find it difficult to choose the appropriate fractional
derivative for a given problem. That is why a more general fractional derivative was
introduced to solve this problem. Thus, Sousa and de Olivera in [16] proposed the
i-Hilfer fractional derivative. For recent results on the existence and uniqueness
of initial value problems involving the ¢-Hilfer fractional derivative, we refer the
readers to [7, 17, 18, 19].

On the other hand, another important class of fractional differential equations
is delay fractional differential equations (FDDEs). They have many applications
in different fields, such as biology, physics, hydraulic networks, and economy. The
pantograph equation is one of the most important kinds of delay differential equa-
tions that are used in deterministic situations, and it plays a crucial role in de-
scribing various phenomena, for more details see references [1, ?].

Motivated by all that we have mentioned above, and by some other research
going in this direction, we consider in this paper a new class of system of panto-
graph differential equations via the -Hilfer fractional derivative with multi-point
boundary conditions of the form:

(DL 4 HDO B0y 0 (8) = fy (8,2 (t), (Mit), (), t € [a,b],
(Do P22 4y HDO2 = bP592) (1) = fo(t, a(t), y(1), y(Nat)), t € [a,b],

(3) z(a) =0, z(b) = Zﬂix(ei)7

yla) =0, y(b) = Z viy(n;),

where HDZ‘i’ﬁ 1% g the o -Hilfer fractional derivative of order ai, 1 < ay < 2,
and parameter 0 < ; < 1, and HDgﬁ’ﬁ 2i%2 g the 1o-Hilfer fractional derivative
of order ag, 1 < ap < 2, and parameter 0 < B2 < 1, f1, fa: [a,b] x R® — R are
two continuous functions, 0 < A1, A2 < 1, a < b, ki, ko, ps,v; € R, i =1,...,m,
a<bp<by<---<Op<band,j=1,....na<ny <m<--<n, <b.
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This research is organized as follows, in Section 2, we provide some definitions
and lemmas that will be used throughout the paper, then, in Section 3, we estab-
lish the existence and uniqueness results employing the fixed point theorems, and
finally, in Section 4, we give two illustrative examples.

2. PRELIMINARIES

We define the space L*([a, b], R) by the space of Lebesgue integrable functions on
a finite closed interval [a, b] of the real line R, AC*[a, b] is the space of continuous
functions, k-times absolutely continuous on [a, b].

Let Y1 = Ol1+251—041ﬁ1 with1 < a3 < 2,0< ﬁl <1, and Yo = a2—|—252—a262
with 1 < ag < 2,0 < s < 1. Thenl < v < 2and 1 < v < 2. Let
1,12 € CL([a,b],R) be two increasing functions with ] (¢),95(t) # 0 for all
t € la,b.

Definition 2.1 ([8]). Let @ > 0, « € R, and f € L'([a,b],R). The 1)-Riemann-
Liouville fractional derivative of a function f concerning v is defined by

50 f(1) l/)w — (s))*" f(s)ds

Definition 2.2 ([16]). Let n — 1 < a < n, n € N, and f € C"([a,b],R).
The +-Hilfer fractional derivative #D®#:¥(.) of a function f of order a and type
0 < B <1 is defined by

@, n—a); ]' d " — n—ao);
HDeBsv (1) = 191 w(w/(t)a) JO=A (=) ¢4y

Lemma 2.3 ([16]). Let o, x >0 and 6 > 0. Then
(i) ISV f(t) = IOV f(1),

INQ)
(@) 100 = D)™ = o s () — b))
We note also that HDZ‘;ﬁ;w(w(t) —Y(a))"t=0.

The following lemma gives a composition between the Riemann-Liouville frac-
tional integral and the w-Hilfer fractional derivative.

Lemma 2.4 ([16]). Let f € L(a,b), n—1 < a<n,neN 0<g<1,
y=a+nB—af, I[P~0=P)f ¢ AC¥[a,b]. Then

(1 HDe5 1) (1) Z (1) = %H));) £ kth+(I(1 D=0 ) 1),
k=1

n— d\n—Fk
where f M= (¢’1(t) dt) f@).
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For the satisfaction of the readers, we give the fixed point theorems used in the
results.

Lemma 2.5 (Banach’s fixed point theorem, see [3]). Let X be a Banach space,
D cC X, and F: D — D a strict contraction, i.e., |Fx — Fy| < k|x — y| for some
k€ (0,1) and all x,y € D. Then F has a fized point in D.

Lemma 2.6 (Krasnoselskii’s fixed point theorem, see [9]). Let M be a closed,
bounded, convex, and nonempty subset of a Banach space X. Let A, B be the
operators such that

(a) Az + By € M whenever x,y € M,
(b) A is compact and continuous,
(¢) B is a contraction mapping.

Then, there exists z € M such that z = Az + Bz.

3. MAIN RESULTS

The space X = {z : z(t) € C([a,b],R)} endowed with the norm ||z| = sup{|z(t)],

t € [a,b]} and the space Y = {y : y(t) € C([a,b],R)} endowed with the norm

lyll = sup{|y(¢)|,¢ € [a,b]} are two Banach spaces. Moreover, the product space

(X xY,||(x,y)]|) is a Banach space endowed with the norm ||(z,y)|| = ||z| + ||y]|-
We first prove a lemma which is the solution to problem (3).

Lemma 3.1. Leta < b, 1 < a; < 2,1 < a3 <2, 11 =a1+28 —a15,
Y2 = g + 202 — azf2, h1,ho € C([a,b],R), and

(4) = (¥u(b) - et Zm D1(0:) — 1 (a) T £ 0,

n

(5) = (¥2(0) = ¥2(a))* ™" = v (Va(my) = ¥a(@)) " £ 0.

Then the couple (z,y) € X XY is a solution to the following problem

HDZéi-ﬂl;lbl + leDji*Lﬁl;dil z(t) = hi(t), tE€a,b]
HDZV%B%lZJz + szD(Oﬁfl,ﬁznbz y(t) = ho(t), t€[ab],

z(a) =0, z(b) = Zuix(Q
yla) =0, y(b)=> vy(n;),
j=1

(6)
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if and only if

m(t) _ Ial;wlhl(t) _ klll;d)lx(t) + (a(t) — ¢1(a))71—1 [_ by i’uljl;wlx(g )

Ay
— I°V Ry (b) + Z/Li]’al;d)lhl(ei) + k111;¢1x(b)], t € [a,b],
(8) =1 (w (t) 3 w (a))’Yz_l n
y(t) = I"‘Q”"zhz(t) _ kﬂl;wzy(t) + 2 2 [_ ks Zyjll;wzy(ﬁ )
Ao et
— I ha(b) + S v I e () + kT y(0)], t € [,
Jj=1

Proof. Assume that the couple (z,y) is a solution of the problem (6)—(7). Ap-
plying the fractional integral operators I%1:%1, [*2:%2 on both sides of (6) and using
Lemma 2.4, we obtain for ¢ € [a, ],

2
Z (¥ (t (a))™ x[j H lim (10-#DE-e0w ) ()
- ’71*k+ 1) bot—at

+ kI8 () = I°VY by (),

2

(ha(t) = ¥2(a))> ™% i . (1-B2)(2—az)s
1 I 2 2):%2 t
= I(v2—k+1) Yo t—lg,l'*' ( y)( )

+ kg[l;wy(t) — Jo2iv2 ha(t),

(]

y(t)—

Hence, using the fact that (1 — 81)(2 — a1) = 2 — 1, we have

(Y1 (t) = Ya(a))™ ! ( 1

a:(t) — ) i)]Q_"/lﬂ/)lx(t)‘t:a

() P (t) dt
(i (t) — 1/11(a))“_2 2—v1;91 15eh1 a1
+ o 1) PP (), — kI () + TV by (1)
_ (@) =i(a) g M—1,615%1 (Y1(t) — ¢ (a))" 2 215t
= F(’Yl) D (t)\t=a + F(’Yl — 1) I (t)\tza

_ kljl;mx(t) + Jo1vt h1 (t)

(P1(t) = r(a))™ "
()

where e; = # D=1 2(¢)
Similarly, we have

(1/11 (t) — U1 (a))’n - Ly ar;dy
+ ea F(’yl — 1) — kil $(t) + 1 ]’Ll(t),
€9 = [2—W1§¢1x(t)

= e

|t=a,7 |t=a'

(2(t) — 9p2(a)) ™"} 4o, (2(t) — P2(a))??
L'(y2) L(y2—1)

y(t) =es3

— k2 I"2y(8) + 172 ha (1),
where eg = H Dv2=LP2v2y(p) ey = [2T1202y(1)

—a? [t=a"



340 K. GUIDA, L. IBNELAZYZ, K. HILAL axp M. OUKESSOU

From the first boundary conditions z(a) = 0 and y(a) = 0, we can obtain that
eo = e4 = 0. Then we get

(9) z(t) = er (1 () _F(qill()“))%_l — ke IV g (8) + T°VYLha (1), ¢ € [a,b],

(10) y(t) = e3 (1/12( ) 1—‘(1{};2() ))727 7 k‘z[lqwzy(t) +Ia2;¢2h2(t), te [a,b].

m

From the conditions x(b) = Z,uix(ﬁi) and y(b) = Z v;jy(n;), we have

j=1
_ F(fyl) _ G 1591 @131 i ranidn ‘ Ly
e =—p [ k1;u1 w(6:) — 17" ha( )+;M ha(0:) + ki Tz (b) |
63: [ ko ZV & lbz e ¢2h2 )+Zl’jja2;w2h2(nj)+k2[1;w2y(b):|.
j=1

Substituting the values of e; and ez in (9) and (10), respectively, we obtain the
solution (8).

Conversely, we suppose that the couple (z,y) is the solution of the fractional in-
tegral equations (8). Operating the fractional derivatives HDgi’ﬂ %1 andHD:i’ﬁ 2%
on both sides of the equations in (8) and using Lemma 2.3, we get

HDngr,Bl;mx(t) — () — (HDal,Bmhkl) 1591 5(¢)

[ klZMzII 1111 By LR w1h1(b)

DI 0) 4 R T 0] D (1) — )

=1
= hi(t) — ki DO V(1) t € [a,b).
Similarly, we get
HDo2 0202y (1) = hy(t) — ke DE2 7220 (), t € [a,b).

Now we prove that the couple (z,y) satisfies the boundary conditions (7). We can
obviously see that z(a) = y(a) = 0.

From (8) we have, for each i =1,...,m,
o ari s (1(0:) — r(a)) !
;ﬂzx(z Zul Y hy (0 Zukll tx +Zﬂz A1
[ Ky Z/‘ I501(8;) — T2 hy ( b)+Zp 1%y (6) + klﬂ‘*"lx(b)]

i=1

Zu [, (0, zu bl {(m( )@t 1}

[ k1 Z i Il wl _ o ¢1h )+§: “Z_Iaud)l h1 (91) + k:lll‘““:c(b)]

i=1



SHORT HEADLINE TITLE 341

— Ial;wl(b)hl(b) _ klfl;wlzr(b) + (¥1(b) — wl(a))7171

Ay
x [ k> I (0:) — TP (0) 4 I ha (6) + klll“”la:(b)}
=1 i=1
= z(b).
Similarly, we show that for each j =1,...,n,
n
> vi(mn) = y(b).
j=1
This completes the proof. O

We define the operator T': C([a, b],R) x C([a,b],R) = C([a,b],R) x C([a,b],R)
by

(11) T(z,y)(t) = (U(z,y)(1), V(z,y)(1)),

where

U ) (0) = 1% a0, 20t), y(0) a1 a(e) 4 O =@

<[~k imﬂ%xwi) 1P (b, (B), 2 (), y (b))

3 (0, 2(60:), 2(00:),y(0.)) + I T ) |, e [ab),

=1

Ya(t) —1ha(a))? "
Ao

V(a,y)(t) = 19272 fo(t 2(t), y(t), y(Nat)) — k2D 2y (t) + (

X [ — ks Z viI¥2y(n;) — 1°%%2 fo(b, 2(b), y(b), y(A2b))
j=1

+) I fo(ny, 2 (), y(ng), y(amy)) + k211;w2y(b)] ;. t€lab].

j=1

It should be noted that the fractional pantograph boundary value problem (3)
has a solution if the operator T has fixed points.
In the following, for convenience, we are going to set

_[@i(d) —i(a)*t (b)) —hi(a)) !
o= Tlar+1) ™

- (¥1(0:) — ¥1(a))** | (¥1(b) — ¥1(a))™?
X(;"“' Tai+1) T+ D) )]

[ (2(b) — ¥2(a))** | (Ya(b) — a(a))” !
@2_[ Tlaz+1) Aq]
= (2(ny) — 2(a))*® | (2(b) — P2(a))™?
X(;"’i‘ D(az + 1) P a1 D) )]
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and
X = X1+ X2

= [|k1| (1 (b) — 11 (a)) + (11(b) — ’lb1(a))7171

[Aq]

(el 3o lpl ((62) — s (@) + k| (1 (8) = w1 (a)))

(2(b) — pa(a))> "
[Az]

[ ool (2(b) = v2(0)) +
< (el 32l (o) = (@) + ko] (¥2(0) = 2(0))) ]

Let us consider the following:
(Hy) The functions fi, fo: J x R® — R are continuous and there exist two con-
stants Ly, Lo > 0 such that

|f1(t,1’,y,Z) *fl(t,’lhl),ll))‘ < Ll (|.’,E7’U,| + |yiv| + |Z*’LUD

|f2(t,$>y72) _f2(t7u7v7w)‘ < L2 (|LL’—U| + |y—’U| + |Z—’LUD7
forallt € J, z,y,z,u,v,w € R.

Theorem 3.2. We suppose that (Hy) is satisfied. If we have 3(L1©1+ L2Os)+
X < 1, then problem (3) has a unique solution (x*,y*).

Proof. By applying Banach’s contraction principle, we show that the operator
T has a unique fixed point, which is the solution to problem (3). Let

sup |f1(¢,0,0,0)]=M; <oco and sup |f2(¢,0,0,0)] = My < 0.
t€la,b] t€la,b]

We choose
. ©1M; + O3Ms
—1l—x- 3(L1@1 + L2®2)

First of all, we show that TB,. C B,., where B, = {(z,y) € R x R || (z,y) ||<r}.
By using the hypotheses above, we have

U@ m)()]
< sup (17 a0, 20nt) y(@) + o 1 ()] + S \(a))n

(30 bl 2 20 4+ 177 3 (0,28 201 y0)

3 Ll T 101, w(80), 5 (Aa0:), y(8))] + ke | 15 [ (b)) ]

=1

ST fut, 2 (E), w(Aat), y (1) = F1(8,0,0,0)] + | f1(£,0,0,0)]) + [ka| 75 |2(2)]
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melok Kl'(a))“‘l (I i 1l 750 10(62)| + | 1591 [ (3)
I Ia1?¢1(|f1(b,x(b),x()\lb)z,;(b)) — f1(6,0,0,0)| + [ f1(b,0,0,0)|)
+ i sl %50 (1201, 2(00), 2(A0:),9(8:)) = [1(6:,0,0,0)] +11(6:,0,0,0)]) )
< [“1;1;;(L1(|x(t)| +lzat)] + ly(@)]) + M) + [k 750 [a(2)]

+ QOO (G S 19 1200+ Il 1 o)

[As]
4 [orv (L1(|Jz(d)| 4+ |x(A10)]| + |y(b)]) + Mq)

3l I (La(J2(00)] + Je (M) + [y (6:)]) + Ml))

< [(%(b) —P1(a)* | (Wa(b) — ¢a(a) !
- |A1]

(a1 +1)

(Zm =t L= )] (a2l + i) + M)

(1(b) — 1 (a) "~
+ [l @1(0) = v (a)) + v

+

(el 0 sl (61(62) = 1 (@) + [k (1 (8) = wr () ] Il

< [(wl(b) —¥1(a)* | (a(b) — ¢a(a) !
- (a1 +1) |A1]

+

1 1 1(b) — ¥1(a))™
(S PO ]

(1(b) ~ 1 (@)~
+ [l @1(0) — v (a)) + o

(el Dl (.(82) = s (@) + [k (1 (8) = wn(a))) |

<O:1(3rLi+ Mi)+ xar <

N3

for any (x,y) € B,.
Similarly, we get

Vi) (0)
(4a0) = Ya(@)** | (a(b) = a(@) ™™ (g (Was) — ha(a))”
<[rary Az (X =
- %)] (3rLa -+ M) + [ izl (4200) — (@)

(42(0) ~ va(a

(el (|’f2|;|wl(w2(m) — 0a(@) + lka] (¥2(0) = ¥ (a) |
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< @2 (3rLa + My) + xar < 7.
Finally, we obtain the following:

1T (z,y)(&)| < Uz, 9)(@)] + [V(z,9)(t)| <7
which shows that T'B, C B,.

Next, we show that the operator T is a contraction, we let (z,y), (Z,7) € RxR,
then for ¢ € [a,b], we have

|U(z,y)(t) — Uz, 9)]
< IOV f(t a(t), (Alt) y() = [t T (), T(at), GO)| + [k 17 [2(t) — 2(2))|

+ O T (57 19 a(0) = 70+ il 1 0) — 7(0)
T b0, 2 u), y(6) — 1 0 70), 708, 7))
B3 I 1 300200, 20000, 9(00) — 1 01,760, 7000, 560.)

< 1 (Lo (|2 (t) = Z(O)] + Je(Aat) = Z(Aat)] + [y(8) = F(O]) + ko 77 a(t) — 2 (8)]

4 LD = O (a5 i 1 260 = (60 + s | 1" o) = 200

+ IV Ly (Jo(b) — T(t)| + |2(A1b) — T(A1b)| + [y(b) — H(b)])

1 TV Ly (|(60:) — T(6:)| + (M 6s) — T(M16s)] + |y (6:) —ﬂ(eiﬂ))

i=1

(alh) — (@) | () — ) (| (4(0) — )
<| Tlai+1) T ™ (ZM D)
+ Ll =Bl L2l =+ =31 + [l (1) = )

L () - iﬁ;\(a»“’ (s sl (10 = (@) + lha| (1(0) = 1 (@)] o =]

(P1(b) = ¥1(a)™ | (1(b) —1(a))™ m Y1(a))*!
<3l Tai+1) ™ (Z““ @t 1)

+ QO =A™ oy ) + [l (11 0) - w1 (@)

F(Oél —+ 1)
4 LD Z O (| 5 ] (6408 = @)+ ol (01 8) = 1)

X ([l =zl +lly — 9l
< BL1O1 + xa)(llz — 2| + lly — wlD)-
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We also get
V(z,y)(t) - V(z,5)@)]
< ora[(20) — (@) | @a0) —al@) T (| (alr) = vala))”

I(az +1) |Az] (a2 +1)
+ L2 =Bl (o~ -+l = ) + [ ol (206) — ()
4 LD = O (ol 5 oy () = (@) + kol (2(8) = 12(a)))]

X ([l =zl + lly — 9l
< (3L202 + x2)([lz — 2| + lly — wlD)-
Finally, we can obtain
Tz, y)(t) = T(@,7)(#)| < B(L1©1 + L202) + X) ([l — Z|| + lly — 7l

Since 3(L101 + L20O3) + x < 1, then the operator T is a contraction.

Therefore, by applying Banach’s contraction principle, we can conclude that T
has a unique fixed point which is the unique solution (z*,y*) of problem (3). The
proof is now completed. U

In the next part, we are going to present a result based on Krasnoselskii’s fixed
point theorem.
Let us consider the following:

(Hy) Let fi, fo: J x R® — R be two continuous functions such that:

[f1(t,2(s), x(Ms), y(s))| < 2Cy, |2 + Dy, [yl + My,

[f1(t,2(s),y(t), y(A2s))| < Cp, [x[ + 2Dy, [yl + My,
for all (z,y) € R xR, t € J, and Cy,,Cy,,Dy,,Dy,, My, , My, are positive
real numbers.
Theorem 3.3. We suppose that (Hs) is verified, in addition, we suppose that
(12) x < L.
Then problem (3) has at least one solution.

Proof. By choosing
©1My, + O2My,
r>
~ 1=x—=01(2Cs, + Dyg,) — 02(Cy, +2Dy,)
We define B, = {(z,y) € R xR : ||(z,y)|| < r}. B.(t)is a closed, bounded, and
convex set in C([a,b],R) x C([a,b],R) for all r > 0.

We define the operator T on B, by T'(z,y)(t) = (U(x,y)(t), V(x,y)(t)) for any
(z,y) € B, and t € [a,b], where

U )(0) = I it a0, (). (1) — k1) 4 L (@)
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X [ =k Yo (0:) — 17 i (b, 2(0), 2(Mb), y (1))
i=1

+ Zuilal;wlfl(eh $(91)ax(A101)7y(91)) + kl[l;wl‘r(b)], te [CL, b]7

=1

(¥2(t) = a(a))™
A2

X [ — ko ZVj11;¢2y(nj) — 1972 fo (b, (), y(b), y(A2b))

Vi, y)(t) = 17272 fo(t, 2(t), y(1), y(Nat)) — koI 2y (8) +

+ ) vI 2 fo(ny, w(ny), y(y), y(Aamy)) + szl"hy(b)] . tefab).

j=1
We are going to split the two operators above, then we get

(1 (t) = ¢pr(a)) !
(A1

Ui(z,y)(8) = I fut (), z(Mat), y (1) +

[ D0 ™ (0020, 2 (0a00),y(0:) = I (b 2(b), 2(Mib). y(B))|.

=1

Uz(z,y)(t) = — kl]l;mm(t)+ (1t _}\/Jj (a))7171 [ -k iﬂi]l?% x(6:) + k! x(b)] )
Ve, y)(6) = 122 fy (2, (), y(0), y(hat)) + 220 —;\ﬁj(a))”’

X [Z ijaw"‘fz(m»ﬂﬁ(m)w(ﬁj%y(Aznj))—fa”sz(tw(b),y(b%y()\2b))],

Vala)(t) = — el "y () 2O [y Do) + k)]

The operator T can be now written as follows.
T(‘Tv y)(t) =T (CIZ’, y)(t) + TQ(xv y)(t)7

where

Ti(z,y)(t) = (Ur(z, 9) (1), Vi(z,y)(t) and Ta(x, y)(t) = (Uz(z,y)(t), Va(z,y)(1))-
We first show that T'(z,y) = U(x,y)+V (z,y) is a bounded operator, which means

that T'(z,y) € B,
For any (z,y) € B,, we have

UG )(0)
< sup [17 £t 0,200 (0] + a1 o)+ (RO
t€(a,b] 1

X (Ikll Z i T [@(8:)| + 171 | f1.(b, 2(b), z(Mb), y(b)))]

3 sl T | (600,2060),2(00),y (0)] + ki | 1% 2(0) )]

i=1
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o ) b) — Y1—1
< Iy, ol + D ol + M)+l 1 ()] + (A= ()
1

x (Ikll Dol I |2 (60)] + [k | 5 Ja(b)| + 1% (2Cy, |l + Dy, [yl + My,)

+ > il 197 (2C, [z + Dy yl + My,) )

i=1

(1(b) —1(a))** | (h1(b) — b1 (a)) 7 (¥1(6:) — p1(a))™?
<| Tlai+1) ™ (2 I T(a: + 1)

+ L=l 20, ol + Dy, Iyl + M) + [l (1(8) = w1 ()
+ LD O (a3 ] (6408 = @) + il (1) = ) ]
(W (8) — (@)™ (Wa(b) (@) N (a8 — (@)
< Tl 1 1) ™ (Z““ a1+1)
+ L= BTN (205 + D)+ M) [l (1 0) = )

e (a1 D2l (0189 = (@) + sl 50 = (o)

<O1((205, + Dp)r + M) +xar < 5.

By doing the same, we obtain
-
V(. 9)(8)] < 2 ((Cp, +2Dp,)r + Mp,) + xar < 5.

Finally,
T(z,y) ()] < U(z,y)(t) + V(z,y)(t). <

Hence, T'(x,y) = U(x,y) + V(z,y) is a bounded operator, for all (z,y) € B,.
By using (12), it is easy to show that T3 is a contraction mapping.

The continuity of the functions f; and fo implies the continuity of the operator
Ty. We show that T3 = (U3, V;) is a compact operator, we are going to apply
the same method that we used in Theorem 3.2. We can easily see that T} (B,) is
uniformly bounded on B,. We now show that T} (B,) is equicontinuous on |[a, b].

Let fi = sup |fi(t,z(t),x(A\it),y(?))| and f3 =t2pr] | f2(t, 2(t), y(t), y(Aat))]-

t€la,b]
Then we have

|Ur (z, y)(t ) Ui (z,y)(t1)]
- % UL [ (t2)— (s D @) =)™ fa s, (5), 2 Ovas), ()|
/ WL() (1 (12) — 1(5))™ ™ 1 (5, 2(5), (M 5), (s))ds|
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(1 (t2) — 1(a)) ™1 — (1 (t2) — 1 (@)™~
* ]

X[l I 11200, 0(0), 2(0a04), y(0) | +

.;1*1 a1 [e5] (o3}
< mp(%(tz) —P1(t1)* + (P (t2) — ¥1(a)™ — (P1(t1) — ¥1(a))*]
L (i(t2) —1(a) ! = (Wi (t) — Ya(a) !
+ fi I
S (¥1(0i) —P1(a))?* | (P1(b) = Y1(a))™
X [Z"“' Tar+1) | Tt J

15 f1(b,2(6), (M), y(0))| |

—0

as ta — t1, which implies that the operator U; is equicontinuous on [a, b]. Similarly,
we show that the operator V; is also equicontinuous on J. Finally, the operator T3
is relatively compact on B,.. Hence, by the Arzela-Ascoli’s theorem, T} is compact
on B,. Therefore, all conditions of Lemma 2.6 are satisfied, which implies that
problem (3) has at least one solution (z,y). O

4. EXAMPLES

Example 1. Consider the multi-point system of pantograph differential equa-
tions via the v-Hilfer fractional derivative.

HpR3 5t 1HRS 3t
( D1+ +§ D1+ )x(t)

cos|z(t) +y(®)| | |y(§)]
— t 1
“ + g € [0,1],
3 1. 1 1.,

("DEF" + 5D () J(4)]

(13) £3 + sin |z(t)] + cos |y(1)| | sin|z(})
= 1
o0 + 00 te[0,1],

20 =0, () = ga(5) + 7o(5).

1 1
Here we have: a1 = o :2,61—62—2,k1:k =35, M1 =V = 3,

/LQ—I/Q—%,QZ’O:%; 2, and 91 (t) = ¥2(t) = t. Now, we put
ty
At (0. 5(nt), (1) = COS'“QJ vl , Wl
5, t
bt 2(8), (8, 5 at)) = t° + sin |x(t9)(|)+ cos |y(t)] N smllgfégﬂ

Hence, f; and f, satisfy the hypothesis (H;) as for any z,Z,y,7 € R, t € J, we
have

|f1(t, 2(t), 2(Aat), y(t) — fr(t, Z(2), T(Ait), y(2))] < 0.020 (|l — | + 2|y — 7)),
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[fa(t, (1), y(t), y(Aat)) — fa(t, Z(1),5(2), Y(A2t))| < 0.0111 2]z — Z| + [y — 7).
Setting L; = 0.020, Lo = 0.0111, and by calculations we find A1 = Ay ~ 0.99813,
0, =05 =~ 1.715, and x =~ 0.52238.

Therefore 3(L1©1 + L203) + x ~ 0.682 < 1. It follows from Theorem 3.2 that
the problem (13) has a unique solution (z,y) on [0, 1].

Example 2. Consider the multi-point system of pantograph differential equa-
tions via the -Hilfer fractional derivative:
3

Y TN L
(HDg;2 +§HD02+2 ) (t)
sin |z (t)| +sin|2(3)|  sin[y(6)] | 4

= tel0,1

100 t—5 T¢ € [0,1],
.4t lg 14
(D3 + 5 7Dg: (1)
(14) sin |z ()| + sin | i 1
y@)| | sinly()l g

= tel0,1

90 + 100 +e , € [0,1],

Here we have: oy = ap = 3, =1,
pe=vy =" 0 =m =1, 60, =ny =2, and ¢1(t) = ¥a(t) =1,
Now, we put

ult0),2(nt) ) = OS] sinvO] 1o
. . . £
Falt,a(t), y(t) y(at)) = LTS O] SV oo

Hence, f1 and fy satisfy the hypothesis (Hs) and we have x ~ 0.8269 < 1.
It follows from Theorem 3.3 that the problem (14) has at least one solution

(z,y) on [0,1].

REFERENCES

1. Alrabaiah H., Ali G., Ali A. and Shah K., On Existence and Stability Results for Pantograph
Fractional Boundary Value Problems, World Scientific Publishing Co., 2022.

2. Asawasamrit S., Kijjathanakorn A., Ntouyas S. K. and Tariboon J., Nonlocal boundary value
problems for Hilfer fractional differential equations, Bull. Korean Math. Soc. 55(6) (2018),
1639-1657.

. Deimling K., Nonlinear Functional Analysis, Springer-Verlag, New York, 1985.

. Hilfer R., Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.

. Hilfer R., Ezxperimental evidence for fractional time evolution in glass forming materials,
Chemical Physics 284 (2002), 399-408.

6. Hilfer R., Luchko Y. and Tomovski Z., Operational method for the solution of fractional

differential equations with generalized Riemann-Liouville fractional derivatives, Frac. Calc.
Appl. Anal. 12 (2009), 299-318.

oUW



350 K. GUIDA, L. IBNELAZYZ, K. HILAL axp M. OUKESSOU

7. Kharade J. P. and Kucche K. D., On the impulsive implicit 1-Hilfer fractional differential
equations with delay, Math. Methods Appl. Sci. 43(4) (2020), 1938-1952.

8. Kilbas A. A., Srivastava H. M. and Trujillo J. J., Theory and Applications of fractional
Differential Equations, Elsevier, Amsterdam, 2006.

9. Krasnoselskii M. A., Two remarks on the method of successive approximations Uspekhi Mat.
Nauk 10 (1955), 123-127.

10. Lakshmikantham V., Leela S. and Devi J. V., Theory of Fractional Dynamic Systems,
Cambridge Scientific Publishers, Cambridge, 2009.

11. Miller K. S. and Ross B., An Introduction to the Fractional Calculus and Differential Equa-
tions, Wiley, New York, 1993.

12. Podlubny I., Fractional Differential Equations, Academic Press, New York, 1999.

13. Saengthong W., Thailert W. E. and Ntouyas S. K., Existence and uniqueness of solutions
for system of Hilfer-Hadamard sequential fractional differential equations with two point
boundary conditions, Adv. Difference Equ. 2019 (2019), Art. ID 525.

14. Samko S. G., Kilbas A. A. and Marichev O. 1., Fractional Integrals and Derivatives, Gordon
& Breach, Yverdon, 1993.

15. Shah K., Ahmad I., Nieto J. J., Rahman G. U. and Abdeljawad T., Qualitative investigation
of nonlinear fractional coupled pantograph impulsive differential equations, Qual. Theory
Dyn. Syst. 21 (2022), Art. ID 131.

16. Sousa J. V. C. and de Oliveira E. C., On the ¢-Hilfer fractional derivative, Commun.
Nonlinear Sci. Numer. Simul. 60 (2018), 72-91.

17. Sousa JVC. and de Oliveira E. C., On the Ulam-Hyers stabilities of the solutions of ¢-Hilfer
fractional differential equation with abstract Volterra operator, Math. Methods Appl. Sci.
42(9) (2019), 3021-3032.

18. Sousa J. V. C. and de Oliveira E. C., Stability of 1-Hilfer impulsive fractional differential
equations, Appl. Math. Lett. 88 (2019), 73-80.

19. Sousa J. V. C. and de Oliveira E. C., Initial time difference quasilinearization method for
fractional differential equations involving generalized Hilfer fractional derivative, J. Fixed
Point Theory Appl. 20(3) (2018), Art. ID 96.

20. Zhou Y., Basic Theory of Fractional Differential Equations, World Scientific, Singapore,
2014.

K. Guida, Department of Mathematics, Sultan Moulay Slimane University, Beni Mellal, Morocco,
e-mail: guida.karim@gmail.com

L. Ibnelazyz, Department of Mathematics, Sultan Moulay Slimane University, Beni Mellal, Mo-
rocco,
e-matl: ibnelazyzlahcen@gmail.com

K. Hilal, Department of Mathematics, Sultan Moulay Slimane University, Beni Mellal, Morocco,
e-matl: hilalkhalid2005@yahoo.fr

M. Oukessou, Department of Mathematics, Sultan Moulay Slimane University, Beni Mellal, Mo-
rocco,

e-mail: ouk_mohamed@yahoo.fr



