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BIVARIATE ABSTRACT FRACTIONAL MONOTONE
CONSTRAINED APPROXIMATION BY POLYNOMIALS

G. A. ANASTASSIOU

ABSTRACT. Let f € CT’P( [0, 1}2 ), r,p € N, and let L* be an abstract linear left or
right fractional mixed partial differential operator such that L* (f) > 0 for all (z,y)
in a critical region of [0,1]? that depends on L*. Then there exists a sequentce
of two-dimensional polynomials Qmy ms (x,y) with L* (Qm—hm—z (:J:,y)) > 0 there,
where m1, m2 € N such that m1 > r, mg > p, so that f is approximated left or
right abstract fractionally simultaneously and uniformly by Qmy,ms on [0, 1]2. This
restricted left or right abstract fractional approximation is achieved quantitatively
by the use of a suitable integer partial derivatives two-dimensional first modulus of
continuity.

This monotone constrained fractional approximation applies to a wide range of
Caputo type fractional calculi of singular or non-singular kernels.

1. INTRODUCTION

The topic of monotone approximation started in [7] has become a major trend
in approximation theory. A typical problem in this subject is: given a positive
integer k, approximate a given function whose kth derivative is > 0 by polynomials
having this property.

In [4], the authors replaced the kth derivative with a linear differential operator
of order k. We mention this motivating result.

Theorem 1. Let h, k,p be integers, 0 < h < k < p, and let f be a real function,
f®) continuous in [—1,1] with first modulus of continuity wy(f®), ) there. Let
a;j(x), j = h,h+1,...,k, be real functions defined and bounded on [—1,1], and
assume ayp(x) is either > some number a > 0 or < some number 8 < 0 throughout
[—1,1]. Consider the operator

k j
L= ;Laj(x) Lf?}
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and throughout [—1,1], suppose
(1) L(f) = 0.

Then, for every integer n > 1, there is a real polynomial Q(x) of degree < n such
that
L(Qn) >0 throughout [—1,1],

and

_ 1
max |f(z) = Qu(a)] < Cn Py (10, -},

—1<x<1

where C' is independent of n or f.
We need the following definitions.

Definition 2 (D. D. Stancu [8]). Let f € C([0,1]?), [0,1]*> = [0,1] x [0,1],
where (21, 1), (z2,%2) € [0,1]2, and §1, 2 > 0. The first modulus of continuity of
f is defined as follows:

w1 (f,61,02) =  sup |f (z1,91) — f(z2,92)]-

|z —22|<d1
ly1 —y2]<d2

Definition 3. Let f be a real-valued function defined on [0, 1]2 and let m,n be
two positive integers. Let By, , be the Bernstein (polynomial) operator of order
(m,n) given by
S i m n i m—i, j n—j
@) B (Frm) =3 7(5, 1) () ~ ( ) (1 — )iy (1 — )

0

n
i=0 j=0 J

For integers 7,5 > 0, we denote by f(™*) the differential operator of order (r, s)
given by
e fa,y)
(r,8) — ’
f (x7 y) axr 8ys

We use next theorems.

Theorem 4 (I. Badea, C. Badea [5]). It holds that
(3)
15D = (B )

where m >k >0, n > 1 > 0 are integers, f is a real-valued function on [0,1]?
such that f*Y is continuous, and t is a positive real-valued function on Zi =

{0,1,2,... Y%, Here || - ||oo is the supremum norm on [0,1]2.

Denote C™P ([0,1]?) = {f : [0, 11> = R; f® is continuous for 0 < k < r,
0<1<p}.
In [1], the author proved the following motivational result.
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Theorem 5. Let hy,ho,vi,v9,1,p be integers, 0 < hy < vy <r, 0 < hy <
vo < p and let f € C™P ([O, 1]2). Let o (z,y), i = h1,ha +1,...,0, j =
ha, ha+1,. .., vy be real-valued functions, defined and bounded in [0,1]? and suppose
Qhyhy 18 either > a >0 or < 8 < 0 throughout [0,1]2. Consider the operator

ot

(4) L= Z Z a,] x y 63618313

i=hy j=ha
and assume that throughout [0, 1]?,
L(f) = 0.

Then for integers m,n with m > r, n > p, there exists a polynomial Qm, n(x,y) of
degree (m,n) such that L(Qum.n(z,y)) > 0 throughout [0,1]?, and

(k) _ U Prn(L, f) :
6 1740 = Qe < gttt ()

for all (0,0) < (k,1) < (h1,hg). Furthermore we get
(6) 1759 = QEillle < Myiia(F)

for all (hy +1,ha+1) < (k1) < (r,p). Also (6) is true whenever 0 < k < hy,
ho+1<Ii<porhi+1<k<r, 0<1<hy. Here

(7) Myl =My, (f) = t(k 1)

(fm) — \1ﬁ>+max{k(kzm— 1)71(1;1)}.”%'%

and

(8) Ppnn= mn (L, f) = Z Z lij - Mrln]n’

i=hy j=ha

where t is a positive real-valued function on Zi and

(9) lj=  sup oyl (@,y) - ay(z,y)] < oo
(z,y)€[0,1]?

In [2], we extended Theorem 5 to the fractional level. Indeed there L is replaced
by L*, a linear left Caputo fractional mixed partial differential operator. Now the
monotonicity property is only true on a critical region of [0,1]? that depends on
L* parameters. Simultaneous fractional convergence remains true on all of [0, 1]2.

We need the following definitions.

Definition 6. Let aj,as > 0, @ = (ay,a2), f € C’([O,l]z), and let x =
(w1,22) (t1,t2) € [0,1]2. We define the left mixed Riemann-Liouville fractional
two dimensional integral of order « (see also [6]):

(10) (Ig+f) (SL’) = m /Owl/(;x2 (iCl—tl)a1*1($2_t2)a2*1f(t1,t2)dt1dt27

with T1,T9 > 0.
Notice here that I§, (|f]) <
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Definition 7 ([2]). Let oy, a3 > 0 with [a1] = mq, [aa] = ma, ([-] ceiling of
the number). Let here f € C™™2 ([0,1]?). We consider the left (Caputo type)
fractional partial derivative

(a1 az) !
(11) Dy, f(z) = (m1 —a1) T (me — as)

Cag—1 O £ (1 1)
1?171‘/1 mi—ar—l ( thz)mz az—l —7dt1dt2,
/ / oty oty

for all z = (x1,z2) € [0,1]2, where T is the gamma function

(12) I'(v) :/ e ttr1at, v > 0.
0
We set
(13) DOV f(z) = f(a) for all z € [0, 1]2.
(rmama) 3m1+m2f(T) )
1
Definition 8 ([2]). We also set

1 *2 Qo — 8’”2]” ((El tg)
1 DO f(2) = 7/ gyt R gy
( 5) %0 f(:E) T (m2 — 042) o (xQ 2) 8t;n2 2

1 1 o Bmlf (tl 1‘2)
1 plen0) — / _ g ymi—ai—1 J
(16) w0 f() T (m1 —an) /o (1 —t1) o dty,
and

1 2 o — 8m1+m2f (.’)31 tg)
17) D) £y .= 7/ _y)meme2 ! 72) g4t
( ) *0 f(CE) T (m2 — 042) o (1‘2 2) 817;nlat;n2 2,

1 o1 o — 8m1+m2f (tl 1'2)
1 D(a1,m2) — / )i 1 ) dts.
( 8) %0 f(:E) T (ml — al) o (xl 1) at’fn axgm 1

The following result is the main motivation for this work.

Theorem 9 ([2]). Let hy, ha,v1,v9,7,p be integers, 0 < hy < vy < r, 0 <
ho < wy < p, and let f € C™P ([O7 1}2). Let «;; (z,y), i = hi,hi +1,...,v1;
j=ha,ha+1,... vy be real valued functions, defined and bounded in [0,1]?, and
assume au,p, is either > a >0 or < 8 < 0 throughout [0,1]2. Let

Ogalhl§h1<a11§h1+1<a12§h1+2<a13§h1+3
<"'<h1v1§1}1<'~'<0{17-§7‘

with fath :hl,'
0<agp, <hy<ag <hy+1<ap<hy+2<axn<hy+3
<"'<042v2§1)2<-”<012p§p

with [aap, | = ha. Consider the left fractional differential bivariate operator

V1 Vo
1 L= 303 () DI

i=h1 j=ha
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Let integers my, ms with Ty > r, M > p. Set

lij == sup ‘a;ll,m (z,9) - ozij(x,y)‘ < oo.
(z,y)€[0,1]2

Also set ([ou;| =1, [ao;] =4, [-] ceiling of number)

(20) M2 o= My o (f)
1 - 1 1
— t(i, j (m); ,
F(i—ali—&-l)l“(j—agj—kl){ (Z])wl(f \/mil—’& \/mig—j)

s { UL LOZD ey}

mi ma

i:hl,...,vl,j:hg,...,vg.
Here t is a positive real-valued function on Z2, ||-|| . is the supremum norm on

0,1, Call

V1 v2
(21) Pz = Prr s () = > D> lij - M2 .
i=hi1 j=ho

Then there exists a polynomial Qg (z,y) of degree (M1, mz) on [0,1]? such
that

(22)  ||DG = () = DL (Qo )

<
- F(hl — 1k +1)F(h2 — Qg +1) (hl —k)|(h2 —l)'

for (0,0) < (k,1) < (hy, ha).
If (hi+1,ha+1) < (k1) < (mp), or0< k< hy, ha+1<1<p,orh +1<
k<r,0<I[<hg, we get

+ MR

ma,ma

Qg ,Q a1k, k,l

(23) ‘Diolk ) (f) = DG Q) ‘OO S Mt ms
By assuming L*(f(1,1)) > 0, we get L* (Qwmy,mz (1,1)) > 0.

Let 1 > z,y > 0 with aqp, # h1 and aap, 7# he such that

1 1
24) 2> (T (b —amn, + 1)) |y > (T (ho — agp, + 1)) (7o) |
and
L* (f(x,y)) > 0.

Then

L* Qs s (2, y)) 2 0.

Some notation follows.

Definition 10. Let f be a real-valued function defined on [0, 1]2 and let
m1, Mz € N. Let By mz be the Bernstein (polynomial) operator of order (71, mz)
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given by
(25) By s (f;21,72)

BB (i) () (P
11=019—0 my Ty 1 22

In this work, we generalize Theorem 9 to abstract kernels that can be singular or
non-singular, again bivariate constrained monotonicity takes place over a critical
region of [0, 1]2, however bivariate abstract fractional simultaneous approximation
is true over the whole of [0,1]>. We cover both the left and right sides of this
bivariate fractional approximation.

We need the following abstract fractional background.

2. ABOUT BIVARIATE ABSTRACT FRACTIONAL CALCULUS

Let hy, ha,v1,v9,7,p be integers, 0 < hy < v; <7, 0 < he < vy < p, and let
f S C’”’([O, 1]2) Here h1 < ) S U1, hg §] § Va. Let 14, 25 > 0, Q14, 25 ¢ Z+ :
[a1;] =1, oo =4,1=0,1,...,7, 5 =0,1,...,p, ([-] is the ceiling of number),
ayg =0, azg = 0.

Consider also the integrable functions ki; := Ka,,,koj := Ka,;: [0,1] — Ry,
1=0,1,...,r,7=0,1,...,p.

I) We ﬁrst consider the abstract left Caputo type bivariate fractional partial
derivative of orders (ou;, aa;)

(26) ]1:; (ah’azj)f( )= / / kii (z1 —t1) kaj (z2 — t2)
o Jo
for all x = (x1,z2) € [0,1]%. We set

10 DOV f(2) = f(x),

O f(ty,t2)

————=dt;dty
ot ot}

27 az+y
(27) Ilz;;D(l J)f( )= M for all # = (z1,22) € [0,1]%
! dxt o)

We also set

fas pli02:) e I f (x1,t2)
(28) k;] ’ f( ) A k2g (392 - t2) de,

o OHIf (t1,m2)
29 kuD(OélzJ) T ;:/ k(g — t1) ————2"=2dty,
(29) 080w = [ ke ) S
and in particular, we define:
a 2 4 , T

(30) klOD(O 2J)f( )= / koj (zo — t2) %dt ,

(31) ﬁio igh’o)f / kii(x 8f(att1;x2)dt17
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for all z = (z1,22) € [0,1]2.
We assume that there exists a critical region () # ® C [0,1]? such that
(32)

@ y
O = {(a@y) €[0,1)*: /klhl (2) dz, /k2h2 (2)dz > 1,for any of hy, hy # 0} .
0 0

In [2], we got that 0 < I'(hy — aqp, + 1), I'(he — agn, +1) < 1, where I' is the
gamma function, and there is

hi—ain;, —1

(33) kihi (Z) = m, 7= 1’2, fOr all z € [O, 1}7
and it holds
! 1
34 kin. dz=————-—-2>1,
(31) | b0z = gy 2

proving there that ® #( by x =y = 1.
Also in [2], when aqp, # hi and agp, # he, and 0 < z,y < 1, the critical region
® contains all (z,y) such that

1

- (=T
(35) 1>2> T (h1 —oup, +1)) ) )

1>y > (D (he = azy, + 1) (2 70m) |
so again @ # (), non-trivially.
IT) We also consider the abstract right side Caputo type bivariate fractional
partial derivative of orders (ay;, a2;)

(36)
k1 my(a1i,a25) 1+g aH_Jf(tl?tQ)
k2JD J f / / kh — k2] (tg — .%'2) Wdtldtg

for all z = (x1,22) € [0,1]2.
We set

o D0 f(z) = f (x),

(37) i Do) () i (1) 2 (@1, 72)

for all @ = (x1,29) € [0, 1]°.

Ol ox)
We also set
1 . .
7,00 j 81+J i ,t
B9 B @) = (1) [yl e LR g,
x2 8.13118?52
ool i+j
k1 my(o1isg) _ A ) 9] f (tl, mg)
(39) k;JD f( ) 7( ) /Il klz(tlfaa’l) Wdtl,
and in particular, we define:
Qg o 7t
(40) I,:;?Dg(i 2J)f($ = / k’zj to — 132) féle 2)dt27
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(*1)1' /1 ki (tl - gjl) Mdtl

41 b ploan?) f () :
(41) 12 () o

k20

1

for all z = (x1,z2) € [0,1]2.
We assume that there exists a critical region @ # ¥ C [0, 1]? such that
(42)

1—x 1—y
U= {(x,y) €0,1)?: / k1n, (2) dz,/ kan,(z)dz>1, for any of hq, hs 7&0} .
0 0

When = = y = 0, we have the conditions in (42) fulfilled by (33), (34), so there
U £ (), see [3].

Also in [3], when ayp, # by and agp, # ha, and 0 < z,y < 1, the critical region
¥ contains all (x,y) such that

1

(43) 1=z 2> (T (= oan, + 1))(hl—1T,l) 7

1=y > (T (hy — gy, + 1)) (27o2n2) |

equivalently,

1

(44) 0 <o < 1= (T (b —any, +1) ),

0<y<1—(T(hy— g, + 1)) ("2o2ma)

so again ¥ # (), non-trivially.

3. MAIN RESULTS

We present our left side result.

Theorem 11. Let hy,hs, vy, ve,7,p be integers, 0 < h; < wv; <1, 0 < hy <
vo < p, and let f € C™P ([0,1]2). Let ajj(x,y), i+ = hi,hi +1,...,01,
j = ha,ha +1,...,v9 be real valued functions defined and bounded in [0,1]. We
follow the terminology of Section 2. We assume that ap,p, is either > a > 0
or < f < 0 throughout the critical region ®, see (32). Let also ai;, ;) 0,
i ) ¢ Ly : o] =4, [ag;] =34, i=0,1,...,7, § = 0,1,...,p, 10 = 0,
agg = 0. Consider the bivariate left fractional differential operator

v

U1 V2
) L= 303 e p)D .

i=hy j=hs

Let the integers my, Mg with Ty > r, Mg > p. Set

(46) lij = |04;:11h2 (2, y) i (T, Y)| oo j0,1]2 < 00
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Also set

y . 1 1
1,3 e A N (w)
(47)  MEL = MIL__(f) = Ay { (i, j)wr (f Y=y ]>

+ max{i(i_l), J (J;l } Hf(z,[o 12 ]

mq mo

fori=0,1,...,r,5=0,1,...,p
Above it is t: Z2 — Ry, and

1 1
(48) )\11‘ = / kli (Z) dZ, )\Qj = / kzj (2) dz
0 0
fori=1,...;r,5=1,....p, and Mg := Ay :=1. Call
(49) Pm717m2 = WW Z Z ll] ml,mg

i=hy j=ha

Then there exists a polynomial Qm my (z,y) of degree (M, mz) on [0,1]? such
that

i

(50) ||Z;; DG (£) — B DG Q) oo o2
ml,m k1i ari,a25) 5
< Tothgt I3 D) (@1) oo o2 + M

fOT (an) = (Z7j) = (h15h2)7 and

ll) Zf (h1+17h2+1) S (7”]) S (Tvp)a or 0 S { S h17 h2+1 S ] S b, or
h1+1<i<7' 0<j§h2,

(61) DS () — R0 Q) oo fo < Myl

my,mz"

By assuming L* f(x,y) > 0 for all (z,y) € ®, we obtain L* (Qms mz(z,y)) >0 for
all (x,y) € .

Proof. We observe that (m1,m3 € N: 7y > i, g > j):

k1;

ol %)f(m 72) — £ D) (Borg e ) (1, 22)|

I f (41,
klz (z1 — t1)k2j (x2 — t2) 6{1597; 2)dt1dt2
O (Bmy sz f) (t1,t
— /0 /0 ku(m — tl)kgj (372 — tz) ( 81157182té)( ! Z)dtldtz
2 O f (t,t2) O (Bmg,msf) ( t2)>
kii(x1 — t1)ka; (2o — t D — mL,m2J ’ dt1dt
i@ = h)ks; (22 2)< ati o) oti ot e

O f (tr,t2) 0" (Bmymzf) (L1, t2)
ot ot ot ot

dt,dts

B 0
zq To
< / / kli(m — tl)kgj (-’1‘2 — t2)
0 0




214 G. A. ANASTASSIOU

(53)
(3) Tl T2
S (/ / ku(m — tl)kgj (2?2 — tg) dtldtg)
0 0
[ G, 1 1 iG—1) JG=1 60 ]
t
i don (1075 e ) man [ LD ZE D ey,
T T2
= (/ k)li(l‘l — t1)dt1> (/ kgj (332 — tz)dtz)
0 0
[ i 1 1 i(i-1) jG—-1) i |
(4,9). (i,9)
t ) ) k] — - J— ) J— oo
| (Z .])wl <f \/ﬁ \/WT_]) + max{ i M2 Hf || ,[0,1]2_

(54)
= (/011 k1 (2) dz) (/012 kaj (%) dz)
s (1 g ey ) e {22

< (/k (z)dz) (/ sy (z)dz)
(i—1

{t(i Jwi <f<i’j>' ! L ) + max{
’ Vi —i Vmz— ] mr
We have proved that

.
~
<.

J =D\ e
=

.
~
<.

J =D\ s
LG 176 g o]

(55)
k1i Q14,0005 : Q14,25
kl D) fwr,22) - z;}’-Dgol ) By iz ) (@1, 22)
27
’ 1 1
< (/ k1 (2) dz) (/ kaj (%) dz)
0 0
. i 1 1 i(i—1) j(G—-1) 4
(4,9). (4,5)
t - L 7
tt6.9n (1 St e ) max [ LD TO D ey,
for all (z1,22) € [0,1]%,i =1,...,7, 5 = 1,...,p, where my,m3 € N: my > r,
ma > p.
So we have established that
(56)
k14 (au,ag,-) k14 (au,az»')
ijD*o V@) = 3 D (B s f) (5131,172)“007[0,1]2
1 1
0 0
e 1 I iG=1) GG=1 s
(1,9). (4,9)
t - @ <L~ 7
i66.00n (1675 2 o) e { LD LG D ey
fore=1,...,r,5=1,...,p, my,mz € N: Ty > r, Mg > p.
We call

1 1
(57) Ay i / b (2)dz, gy im / oy (2) dz
0 0

fori=1,...,r,j5=1,...,p, as in (48).
We also set A\ig := Ao := 1.
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Thus, the following inequality is valid in general:

k14 Q14,0025 . Q14,0025
G8) D% ) flan ) — DG ) (B ) (1,2 o
2
1 1
< A1 (1])
e e = =)
iGi—1) j(—1 y
s {20 JEZD ey ]
1 m2
ML
mi,m2
fori=0,1,...,r,5=0,1,...,p;m1, M2 € N: 1 > r, My > p, case of Theorem 4.

Case (i): Assume throughout ® that ap,n, (x,y) > « > 0. Call

(59) Q2 (7, Y) = Bz g (32, 9) + Py iy

for all (z,y) € [0,1]2.
To remind, here it is

(60) Lij = [log, b, (@, y) g (2, 9) [ o, 0,12

and

Z Z ll] ml,mz

i=hy j=h2
Therefore, by (58), we obtain
(61) WD@”%”U+P v y)fk@d””%UQf—ﬁH <M
k23 40 LT Tk k2j %0 memA| o2 T mom2?
forall0<i<r, 0<j<p.
Let (0 0) < (i,4) < (h1, h2), by (61), we get
k14 (a1i,025) k1; (oai,az;)
(62) Hk;jD*O ’ (f) - k27D * (QW,W) Hoo7[071]2
m ,ma || ki; (onis25) hy,,h
— h1|1h2|2 Hk; %0 ( 1y 2) H ,[0,1)2 + MmhmZ

proving (50).
If(h1+17h2+1)S(%])S(T,p)a OrOSZShlv h2+1§]§pa or h1+1§
i <r,0<j<hg by (61), we get

kh (O¢1u042) ki y(Qui,azj) 0]
(63) H / f) — k2]D Qe (le mz) Hoo,[O,l]z < MWina

*

proving (51).
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For (z,y) in the critical region ®, we can write
aijllhg (ZC, y)L* (Qlem(x7 y))

— % PWW k a N
_ ah11h2($7y)L (f(l’,y)) 4 1,M2 ( 1hy D£01h1 2h2) (fl}'hlyh2)>

(64) hilha! \F2ho
s (010,02,
_ i Q14,24
+ Z Z ahllhg (.1‘7y)0éij(.l‘7y) ]]z;;D O1 >
i=hy j=ha
hi . ho
X *
Quzmz (2,9) = f (2,9) = Povcooms 1 o (by L' > 0)
hi! ho!
(61) PTVTLW k1n, (oth,cxzhz) h1i_ ho A l Mi,j
Z bt Uk, Do (‘” v ) - Z Z i3 My g
e i=hy j=ho
(65)

kin, (@1rg02ny) o
’“2h;D*o (=) -1
hilhs!

kong

hilha!

LZ;L;ID,E;““W%M)(“ plmy) 1]
— =: .

If hy = hy =0, then aqp, = agp, =0 and ¢ = 0. If hy = 0 and ha # 0, then

k2hg *0 Yy
ha!

)
= PWl,Wz (/ k2h2 (Z)dZ - 1) Z 0.
0

Similarly, we treat the case hy # 0, hy = 0.
When hq, hy # 0, then we have

(67) o= P [(/0 Fan, (2 — 1) dt> </Oy Koy (y — 1) dt) _ 1]
— Prioms [( /0 ’ klhl(z)dz> ( /0  eon, (z)dz) - 1] > 0.

So in all four cases we have proved that

(68) L™ (Qwmymsz) (z,y) >0 for all (z,y) € ®.

-1

k1o D(O’o‘2h2) ha
(66) = Pm172|:

Y
= PW,WQ |:/ k2h2 (y — t)dt — 1:|
0

Case (ii): Assume throughout ® that ap,p, < 8 < 0. Consider

hi b2

Qs 75 (%,Y) = B mz (37, 9) — Py jmz Tl byl

for all (z,y) € [0,1]%.
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Therefore by (58), we obtain
(69)

< MBI
- Mm17m2

1,004 b1y ha ) Q14,0925 ) =
iy (1= P ) = B8 @)

ij mi,m2 hl'hZ' k2j

Hoo,[o,l]2

forall0<i<7r, 0< 5 <p. o
Also both (50) and (51) are valid, just replace Qmy 7z by Qpp 7y in (62), (63).
For (z,y) in the critical region ®, we can write

a;11h2 (‘CE, y)L* (@W,W(m7 y))

_ * P777 k e NeY -
= )L () - T (Do) (o))

hi'lho!
v1 V2 X ( )
-1 i Q14,0025
+ Z Z Uy, (T, y) i (2,Y) 1y Do !
i=hy j=ha
— xhl yh2 *
(70) Qurmz(@y) — f(@.9) + Prrs T 7 (by L f > 0)
hi! ho!
(69) Ptz (kin (th A2k ) hi h o i,j
< B (o) () )+ 3 3 M
i=hy1 j=ho
:;:1 Dgglhl'QQhrz) (:Ehlyh2)
= Pmrmz |1 — 2
T h1!hs!
k e ,0 0,
(il ) (s, 27)
(71) = Prymz |1 — Tl =: 9.

If hy = hy =0, then ayp, = agp, =0 and ¢ =0.
If hl =0 and hg 7é O7 then

kopy %0

k10 D(O’a2h2 ) yhz
e

(72) ¢ = Prymz [1 -

Y Y
= P),—n,il",—ni2 [1 — / k‘th (y - t) dt:| = PWI,WZ |:1 - / k2h2 (Z)dZ:| S 0.
0 0

Similarly, we treat the case hy # 0, ho = 0.
When hq, hy # 0, then we have

(73) o= P [1 _ (/O Fan, (& — 1) dt) (/Oy o, (y — 1) dt)]
— Pos [1 - < /0 ’ klhl(z)dz> ( /0 * kang (z)dz)] <o.

So in all four cases we have proved that

(74) L* (Qmg.mz) (x,y) >0 for all (z,y) € ®. O

Next we give our right side result.
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Theorem 12. Let hy, he be even and vi,vs,r,p be integers, 0 < hy < vy <1,
0 < hy <wvy <p, and let f € C"P([0,1)%). Let ayj (z,y), i = hi,h1 +1,... 01,
j=ha,ha+1,...,09 be real valued functions, defined and bounded in [0,1]%. We
follow the terminology of Section 2. We assume that op,n, is either > a > 0
or < B < 0 throughout the critical region ¥, see (42). Let also an,, 95 > 0,
a4, 025 ¢ Z+ : |—041i~| = i, |—042j-| = j, i = 071,...7’)", ] = 0,1,...,]), a1 = O,
agg = 0. Consider the bivariate right fractional differential operator

v1 V2
= = 30 Y el Dl
i=hyi j=hs

Let the integers my, ma with Ty > r, ma > p. Set

(76) lij = ||04;711h2 (Ivy)aij(xvy)HOC,[O,l]? < 00.
Also set
i agid o (@), 1 1
(77) Mﬁl,wz = MWIWz(f) = A1i A2 {t( J)wi (f \/771717 e ])

e {HD SO e )]

fori=0,1,....,r;5=0,1,...,p
Above it is t : Z2 — Ry and

(78) / k1i(z Agj 1= /O 1 koj(z)dz
1

fori=1,....r,7=1,...,p and A9 := Ay :=
Call

(79) Pry iz 1= Py iz Z lig Mzt o
i1=h1 j=ho

Then there exists a polynomial Qs (z,y) of degree (M1, mz) on [0,1]%, such
that

i)

(80) ”1;;; (Ci1i7a2j)(f) _ Z;;D(QIL;(XZJ) (Qrr7755) ||oo,[0 2
m Jma k;h (a1i,0e2;5)
=T ,lh ,QHI% " (at )Hoo [0,1]2 +Mm1,m2

for (0,0) < (i,7) < (h1,h2), and
ii)

if (hi +1,he +1) < (i,5) < (r,p), or0 < i < hy, ho+1<j<p,orhi+1<i<r,

0 S ] S h27

(81) ||k11D(a11 MJ)(f) _ k17D(011770427) (QW,W) ||oo,[0 G <M ]

k2j my,ma’

By assuming L* f(x,y) > 0 for all (z,y) € ¥, we obtain L* (Qmy sz (x,y)) > 0 for
all (x,y) € V.
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Proof. We observe that (i1, mz € N:my > i, mg > j):

DU ) gy ) — 8 DU ) (B ) (a1, )|
i 1 p1 8i+jf t1,t
= ‘ (=1) I /Il /z2 kvi (t1 — 1) koj (t2 — z2) 7&%’1(8;; 2)dt1dt2
(82)
i [ 9i + j (Bmzms f) (t1,t2)
1+ mi,m )
_ (—1) J /Il L2 k1s (tl — JZl) kzj (t2 — .T,‘Q) atlllatz dtldt2‘
Lot I f (t1,t Ot (B s f) (t1,t
:‘/ / kli(tl_ml)k2j(t2_x2)< fl( lj 2)_ ( 117; 2{)(1 2)>dt1dt2
zq1 Jmg ott ot), ott ot}
Lot I f (t1,t " (B s f) (t1,t
< / / k1i (t1 — l’1) koj (tg — mg) fl( 1]. 2) — ( 1;_ QJf)( ! 2) ’dtldtg
o ott ot} ottty
(83)

(3) 1 1
S </ / ku (tl — 561) ij (tz — .’EQ) dt1dt2>
1 J T2

o i 1 1 i(i—1) j(G—-1) » ]
(4,9). (C¥)]
{t(z’])”l (f ’\/rfl—i’\/mizi—j>+max{ A A Y

_ (/xj s (b1 — xl)dtl) (/x: oy (b2 — xg)dtg)
(84)
_ ( /0 o kh—(z)dz) ( /0 o kzj(z)dz>

i i (), L 1 i(i=1) G- ) ]
i ipon (107 s s ) e { LD LU 6 ]

< (/01 kli(z)dz> (/01 k;Qj(z)dz)

[ i§ 1 1 '(’i—l) _7(_]—1) i T
, (i, (4,3)
_t(l’J) 1 (f ) o — 1 i s — 7 ]) max{ T o Hf ”oo,[O,l]Q_ .

~

We have proved that
(85)
k1; D(O‘li’D‘ZJ')f(

T

< < /0 ' kli(z)dz> < /O 1 k:gj(z)dz>
1

» (@.9), ! (=1 U=y
T e e R s = YEL/

Z1,%2) — }Z;j Dl(iu,azj) (B f) (21, 22)

for all (z1,22) € [0,1)%, i = 1,...,7, j = 1,...,p, where Ty, mz € N : my > r,
mo > p.
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So we have established that

(86)
D Eah ) flay,2a) - Z;Dg_l S0 — )(17175132)H

0,[0,1]2

< (f ) (f o)

s, L 1 i(i=1) JG =D\ s
|: ( ) ( m? \/ﬁﬂ) +max{ ] g ||f ||oo,[0,1]2
fori=1,...,r,j=1,...,p, m,mz € N:m1 > r, Mz > p. We call
1 1
(87) ALi ::/ k1i(2)dz, Az ::/ koj(z)dz
0 0
fori=1,...,r,7=1,...,p, asin (78).

We also set Mg := Agg := 1.
Thus, the following inequality is valid in general:

(88)

k1i ;0005 ) ayi,02;

. Dgfl 2J)f($1’l‘2)— i;;DEJ 2'7)(BW1,W2f) (z1,22) )

2j 00,[0,1]

o w1 1 i(i=1) (-1

<Anidg; {t(w)m <f( P, m,m) +maX{(T1)7(mT2)} 1/ J)Hoo,[o,ﬂ2]

= MBI
my,mg

fort =0,1,...,7,7=0,1,...,p, my,m3 € N: My > r,my > p, case of Theorem 4.

Case (1): Assume throughout ¥ that ap,p, (z,y) > a > 0. Call

xhl ha

Yy
(89) Q2 (7, Y) = Bz (f;7,9) + Pz
hi! hs!

for all (z,y) € [0,1]%. To remind, here it is

(90) lij = |l i, (2 y)aij (@, 9) o 0,112
and
=3 Y M
i=h1 j=h2
Therefore, by (88), we obtain
(91)
k1i (ali,agj) mh th kis (all Otgj) i,
2jD1_ (f+Pm1 2 The! | kay D1 (Qmi.mz) ’oo,[o,1]2 < My vy
foral0<i<r,0<;<
Let (0,0) < (i,5) < (hl,hg) by (91), we get
ki; (O‘liao‘2j) ki (a1i7a2j) o
(92) ’f;lef (f) oy D1 (Qum.mz) ’oo [0,1]2
< D o p(o0es) (g o+ M

proving (80).
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If(h1+1ah2+1)S(Zu])S(rap)70r0§2§h13h2+1§3§p70rh1+1§
1<r,0<j<hyby (91), we get

ku (Ot1z,042 ) k1 py(a1i,az;) 2
(93) H _ ’ f) - k;lef “ (QW»W) Hoo,[O,l]2 < M%)WZ,

proving (81).
For (z,y) in the critical region ¥, we can write

aijllhg (.’L', y)L* (QWTW(%Z/)) = a;11h2 (':C7y)L* (f(xay))
Pz 7z Fan (th ,azp ) hi h
+ hilhs! (k2h;D17 ! 2 ( ty 2)

(94) + Z Z O[h1h;z 7y al]( 7y) k“D(aU QQJ)

i=h1 j=ha
mhl yh2 .
{Qm,m(% y) = f(z,y) — Pmmhfl,hfy] (by L*f > 0)
(91) Pii o = V1 V2
2 (ol ) () = 33 1
hl.hg. 2 i=hy j=ha
kin (th 02, ) hi. h
P kzh;le v 2 (xlly 2) 1
Tomom hilhs! B
k a k 0,
o) (s

= Pmy,ms
(95) 1,m2 hl!hQ.

)1]:%

If hy = hy =0, then ayp, = agp, =0 and ¢ =0.
If h1 =0 and hg ;é 0, then

k 0,a2p
[k;‘;d y 1}
L Tt B A

(96) v .

I
3?

P,

3

e {(—1)“ /yl kon, (t — ) dt — 1}

is even 1=y
(h2 is even) P s (/ kan, (2)dz — 1) .
0

Similarly, we treat the case hy # 0, ho = 0.
When hq, hy # 0, then we have

O7) = P K/l Fan, (£ — ) dt) (/yl o, (1) dt) _ 1}
— P K /0 o klhl(z)dz) ( /O o, (z)dz) - 1} > 0.

So in all four cases we have proved that

(98) L* (Qmgms) (z,y) >0 for all (z,y) € U.
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Case (ii): Assume throughout ¥ that ap,p, < 8 < 0. Consider

a oy
gz (T3 Y) = B (fi2,y) _PW,WTT

for all (z,y) € [0,1]2.
Therefore, by (88), we obtain
(99)

< MY

T, My
0,[0,1]2

k1s (Dtli»042‘) Ty kii (0‘11 0‘2)
oy D1 ] (f PW"TQW) = ko Di- " Q)

forall0<i<7, 0<j5<p. -
Also both (80) and (81) are valid, just replace Qmymz by Qm my in (92), (93).
For (z,y) in the critical region ¥, we can write

aijllhz (17, y)L* (@W,Wg(x7 y))

_ * Pi’i kipn a NeY
= oy, (2, y) L (f(2,y)) — Tthor (k;:;DL““ 2h2)( hlz/”))

Vo
£33 aib (e o)
i=h1 j=hso
(100) Qi) = ) + P o L (by L) > 0)
(99) Pfﬁ h ) i,
< - mll, '2 :;;1 Dgilhl 0<2h2 ( h1 hz) 4 Z Z lZJMmJl,m2
hi'hs! 2 parsiart
klth(ilhl’az’Q }Ll hg
= Py [1 - 2222
oo hi'tho!
(};:Zl Diilhl :0) hl) (]:(; g azhg) )
N P 2ho .
(101) = Prg 3 [1 Tritha! ] =: 9.

If hy = hy =0, then ayp, = agp, =0 and ¢ =0.
If hy =0 and hsy # 0, then

k1o D(O’o‘2h2) ha :|

kop, 71— Y
(102) = Propm |1 — 22
ha!

1 1-y
= Py ms {1 - / kan, (t —y) dt} = Pmyms {1 - / k2hz(z)dz] <0
y 0

Similarly, we treat the case hy # 0, ho = 0.
When hq, hy # 0, then we have

(103) b = Poroms {1 - (/1 T dt) (/y1 Koy (t — y) di }
— Proms {1 - (/Ol_xklhl(z)dz) (/Ol_ykghz (z)dz)} <o.
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So in all four cases we have proved that
(104) L* (Qmg.mz) (x,y) =0 for all (x,y) € . O

Conclusion 13. Theorem 11 generalizes greatly Theorem 9, and Theorem 12
generalizes greatly the main Theorem 2.9 of [3]. These generalizations involve
abstract fractional kernels that can be singular or non-singular kernels. That is,
we cover all kinds of left and right Caputo type fractional calculi of singular and
non-singular kernel.
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