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MATRIX DIFFERENCE EQUATIONS WITH JUMP
CONDITIONS AND HYPERBOLIC EIGENPARAMETER

Y. AYGAR aAnD G. B. OZNUR

ABSTRACT. Problems of difference equations with jump (discontinuity) conditions
have an important role for many branches of sciences. They can be used to model a
wide range of real-world applications such as heating, massing in physics, bursting
rhythm models in medicine, optimal control models in economics, and so on. In
this paper, we consider some spectral and scattering properties of matrix difference
equations with jump conditions and hyperbolic eigenparameter. Using the asymp-
totic behavior of Jost function, we find eigenvalues, spectral singularities, resolvent
operator, and spectrum of this problem. Also, we investigate scattering matrix and
get some properties of scattering matrix. Finally, we present an example about the
scattering matrix and the existence of eigenvalues in special cases.

1. INTRODUCTION

The difference equations with jump conditions lie in a special important position
in the theory of difference equations. Within this theory, scattering and spectral
analysis of these equations is an important tool to investigate the qualitative prop-
erties of eigenvalues, spectral singularities, scattering solutions of such equations.
These equations involve some discontinuities during many evolution processes. At
a certain moment, the state may change abruptly and takes a short time compared
to the whole duration. These sudden effects are recognized as instantaneous im-
pulses. The conditions involving impulsive effects are called impulsive conditions
or jump conditions. Such conditions are also called transmission conditions, point
interaction conditions, interface conditions or interior conditions in literature (see
[1, 13, 21, 22, 23]). It is well-known that the theory of difference equations with
jump points takes form under favor of the theory of the differential equations with
jump points or with impulses. Because of this, we refer to the monographs (see
[5, 4, 14, 19, 24]), for the mathematical theory of such equations. In recent years,
spectral and scattering analysis of difference equations with jump conditions has
received a lot of attention (see [2, 3, 7, 8, 9, 10, 11, 12, 15]), and most of the
published works have not been related to matrix form except [6]. In this study,
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we investigate spectral and scattering properties of a matrix difference operator
L generated by a matrix difference expression and with jump conditions. These
spectral and scattering properties contain Jost solution, scattering solutions, scat-
tering matrix, eigenvalues, spectral singularities, resolvent operator and spectrum.
Differently from [6], this work consists of hyperbolic eigenparameter and it pro-
vides a new perspective of the problem. Because analytical region of Jost solution
has changed as a result of hyperbolic eigenparameter and renewed the region of
the problem. This new approach provide wide applications in physics, economics,
and engineering.
Let us introduce the Hilbert space Iy (N, (Ch) such that

I (N,€") = {Y = {Vulyen, Yo €C" V]2 = 3 IVl < oo},
meN

where C" is an h-dimensional (h < co) Euclidian space, || - || denotes the matrix
norm in C". Further, we denote by £ the operator in Iy (N , (Ch) by the following
matrix expression

(1) (ly),, = Y1+ By Yn + Yoia, n € N~ {mo—1,mg,mog+ 1},
and the boundary condition

(2) Yo =0

with the jump conditions

(3) Yie+1 = UYpmy—1, Yiot+2 = VY2,

where B,,, n € N are linear operators (matrices) acting in C", and my is an
arbitrary natural number. Throughout the paper, we assume that B := {B,,}
is a selfadjoint matrix satisfying

(4) > nlBal < oo,

meN

neN

and U, V are selfadjoint diagonal matrices in C" such that all eigenvalues of them
are different and nonzero. Since B is selfadjoint matrix, it is evident that if Y,,(z)
is the solution of (1), then Y,7(z) also will be a solution of (1), where T shows
transpose operator.

Related to the operator £, we consider the matrix difference equation

(5) Yoo1+ BnYn + Y = uYa, n € N~ {mg—1,mg,mo + 1},

with the boundary condition (2) and jump conditions (3), where y = 2cosh z is a
spectral parameter.

The remainder of the manuscript organized as follows: In the second Section,
we give some definitions and preliminaries to help us for other sections. In Sec-
tion 3, we present Jost solution, scattering solutions and scattering matrix of (5).
Then, we investigate the properties of them. In Section 4, we find the resolvent
operator of £ and examine the properties of eigenvalues, spectral singularities and
continuous spectrum of £. Also, we present an asymptotic equation for Jost so-
lution. In Section 5, we are interested in an unperturbated discrete impulsive
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Sturm-Liouville equation with hyperbolic eigenparameter as a special example of
(1)—(3). We determine the eigenvalues and spectral singularities of this example.
Finally, we express some conclusions in Section 6.

2. PRELIMINARIES

In this Section, our goal is to present some basic concepts and definitions concern-
ing the main problem.

Definition 2.1. Wronskian of any two solutions K = {K,(z)} and M =
{M,.(2)} of (1) is defined as

(6) W [K,M"] (n) = M!_| K, — MK,_;.

In this paper, we consider two semi-strips

J:{ZE(C:Rez<O,—g§Imz§3§}, Jo i =J U Jq,

where Jy:= {ZE(C :Rez=0, Imz € [—%, %’r] } Throughout the paper, we shortly

show the set J; by [—Zi, 3Ti]. Assume that P(z) = {P,(2)} and Q(z) = {Qn(2)}

are the fundamental solutions of (5) for z € Jy and n =0, 1,...,mg — 1, satisfying
the initial conditions:

Po(Z)ZO, Pl(z):I,
Qo(z) =1,  Qi(z) =0.
On the other hand, it is well-known that a bounded solution of equation (5)

in C_ := {z €C:Rez <0} for u = 2cosh z exists. We will show this bounded
solution by E(z) = {E,(2)} in this paper. For z € C_, solution is represented by

o0
E,(z)=¢" {I—I— ZAnmemz} n=myg+1,mg+2,...
m=1

where A, is expressed in terms of {B,} and E(z) is called the Jost solution of
the equation (5) in [17].

Jost solution is analytic with respect to z in C_ := {z € C: Rez < 0}, continuous
in C_, and for all 2z in C_, E,(2) = E, (2 + 2r) . Furthermore, E(z) provides the

following asymptotic equalities for z € C_,
7 B2 = [ +o()],  n oo,
@ E,(z)=e"[I+0(1)], Rez — oc.

Besides Jost solution, equation (5) has an unbounded solution E,,(z), which sat-
isfies the following asymptotic equation

(8) E.(z) =e ™[I+ o0(1)], ze€C_, n— 0.
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3. SCATTERING SOLUTIONS AND SCATTERING MATRIX

In this section, we are interested in equation (5) with the conditions (2) and (3).
We shortly call this boundary value problem with jump conditions by BVP.

Firstly, we define the following solution of BVP for z € Jy, by using P(z), Q(z),
and E(z):
©  Fu() P.(2)D1(2) + Qn(2)D2(2), ne€{0,1,...,mg—1}

nl2) =
E.(2), ne{mo+1,mo+2,...},

where D; and Dy are z-dependent coefficients. We can write following equalities
by using jump conditions (3)

(10) U™ Bng+1(2) = Prng—1(2)D1(2) + Qmy—1(2)Da(2),

(11) VﬁlEmo-&-Q(z) = Ping—2(2)D1(2) + Qmo—2(2)D2(2).

By means of (6), it is obvious that W [P(z), PT(z)] = 0, W [Q( (z)] =0,
and W [P(z),QT(z)] = I for all z € C_. Then by using (10) and (11) we get the
coefficients D;(z) and DQ( )

(12) Di(2) =U'V T [VQpy—2Bmy+1(2) = UQpy 1 Bmg42(2)]

(13)  Da(x) = UV [UPL,  Epgra() = VL, B (2)]

respectively, for z € Jy. The function F,(z) is called the Jost solution of BVP and
by using the boundary condition (2), we obtain the Jost function of BVP by

Fy(z) := F(z) = Da(2).
The Jost function F is analytic in C_ and continuous in C_.

Theorem 3.1. For all z € [—51, 37i] < {0,7i}, det F(2) # 0, where F(2) is

the Jost function of BVP given in the last equation.

Proof. We think the following solution G(z) = {G,(2)} of (5) to get the proof
of Theorem 3.1

G(){Pn(z), nE{O,l,...,mo—l}
" Bn(2)Ds(2) + En(—2)Da(2), m€ {mo+1,mo+2,...}
for z € [-Z1i, 27i] \ {0, mi}. Using the jump conditions (3), we write
(14) Enmo+1(2)D3(2) + Emg+1(—2)Da(2) = UPpy-1(2),
(15) Ermg+2(2)Ds(2) + Emg+2(=2)Da(2) = V P, —2(2).
By (6), we get easily that

W [E(2),E"(z)] =0, W [E(-2),E"(2)] = —2sinh 2.

Then using these wronskian equalities in (14) and (15), we obtain

L [UET (=2 Py 1(2) = VBT, 1 (~2) Py 2(2)]

(16) Ds(2) = ~ 2sinh 2
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(0T)  Du(e) = g (VB 4a(2) Py 1(2) = VR 1(2) Py (2)]

for z € [—Zi, 2] \ {0, 7i}. By using (13), (16), and (17), it is clear to show the
following relations between coefficients for all z € [—71, 2Ti] \ {0, 7i}

1
(18) DI(z)=DI(-2) = 2SinthVD2(Z).

To complete the proof of Theorem 3.1, we assume that there exists a point zg
in [—Z1, 2%i] \ {0, 7i} such that detF(zo) = 0. From (18), it is evident that
det D4 (29) = det D3 (z9) = 0. Then the solution G is equal to zero identically.
It gives a trivial solution of BVP, but it is a contradiction. Finally, we obtain

det F(2) # 0 for all z € [—Zi, 2%i] {0, mi}. O

Theorem 3.1 says that the inverse of the function F exists and the following
definition is meaningful.

Definition 3.2. For z € [—Zi, 2Fi] \ {0, wi}, the matrix function
S(z) = F7(2)F(~2)
exists and it is called the scattering matrix of BVP.

Theorem 3.3. The matriz function S(z) is an uniter matriz and for all
z € {f i, —1} ~ {0, i}, it satisfies S(—z) = S71(z) = S*(z), where * denotes
the adjoint operator.

Proof. Using Definition 3.2, we find

S(-)=F (- F(),  ze[- 5 37”1] « {0, i}
Last equation helps to get
S()8(-2)=8(-2)S () =1, z€[-1% 37”1] {0, 7},

and it gives S (—z) = S71(2). Let consider the solutions F,(z), F,, (—2) and G,,(2)
in order to obtain S*(z) = S (—z). Therefore, we write

Gn(2) = Fo(2)y + I (=2) G,
Gni1(2) = Foq1(2)7 + Fay1 (=2) G
where v, ¢ are matrices not depending on n. By using (19), we easily get
Y = WL R (2), F*(2)] {F5(2)Gnt1(2) — Firps (2)Gn(2)}

(= WTHE (=2), F(=2)]| { F (=2)Gnt1(2) = Fpii(=2)Ga(2) } -
Because of the characteristic features of equations with jump conditions, we find
WHE(2), F*(2)] = =W [F(—2), F*(=2)] .

Letting n = 0 in the equation (19), we obtain
(20) F(2)F*(z) = F(—z), F*(—=2).

(19)
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Using Definition 3.2 and (20), we complete the proof of S*(z) = S (—=z). Finally,
it is clear that ||S|| = I and SS* = S*S = I, these equations prove that S is
uniter. 0

Let us give the following Lemma to investigate the relationship between the
wronskians of the scattering solutions of BVP

Lemma 3.4. For all z € [—gi, ‘37”1] ~ {0, 7i}, the following wronskian holds

—Dy(2), ne{0,1,...,mog—1}
WIF(2),G"(2)](n) =
UV Ds(z), ne{mo+1,mo+2,...}.

Proof. Using (6), we find
W [F(z),GT(2)] (n) = G§ (2)Fi(2) — GT (2) Fo(2) for n=0,1,...,mp— 1.
Since Py(2) =0, P1(2) =1, Qo(z) = I and Q1(z) = 0, we obtain
WIF(z),GT(2)](n) = —Dy(2), n=20,1,...,mg— L

Similarly, for n = mg + 1,mg + 2, ..., we get W[F(2), GT(2)](n) = 2sinh DT (2).
Then by using (18), we find

WIF(2),GT(2)](n) =UVDy(2), n=mo+1,mg+2,...
It completes the proof. O

4. RESOLVENT OPERATOR, EIGENVALUES, SPECTRAL SINGULARITIES
AND CONTINUOUS SPECTRUM OF L

Now, we define another solution of BVP

H,(z) = Pu(2), R ne{0,1,...,my—1}
’ En(2)Ds5(2) + En(2)Ds(2), ne{mo+1,mo+2,...}

for z € Jy. Using the jump conditions (3), we get
Erny+1(2)D5(2) + Emg11(2)Dg(2) = UPry-1(2),
Bumyt2(2)D5(2) + Emg12(2)De(2) = UPrg—2(2).
It can be easily calculated from (6),
W [E(2), E7(2)] 0, W [B(2), E7(2)] =0,
w [E’(z),ET(z)] = —2sinh z, w [E(z),ET(z)} = 2sinh z.

For z € Jy, the coefficients Ds(z) and Dg(z) are obtained as

Ds(2) = ~ 5 [UBn2(2) P 1(2) = VB 1(2) Py (2]

and
1

- 2sinh z [UE£O+2(Z)Pm071(z) - VETZ;L0+1(’Z)Pm072(Z)] :
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Note that
1

T _
(21) Dg () = 2SinhZUVD2(z), z € Jp.
For z € Jy, the wronskian of the solutions F'(z) and H(z) is found as

T _DQ(Z), nE{O,l,...,mo—l}
(22)  WIF(2), H" (2)](n) =
UV Dy(z2), ne{mo+1,mog+2,...}.

Theorem 4.1. For all z € Jy and k,n # my, the resolvent operator of L is
defined by

(R (L)), =D Gur(2)(k), ¢ :={wx} €y (N,C"),
k=0

where
Fo(2)A Y (2)HE (2), k<n
gn k=

s

Ho(2) [A1(2)]" FT(2), k>n,

is the Green function of L for k,n # mg, and A:=W [F(z), HT (2)] .
Proof. We need to solve the following equation

(23) v (AY,) + CY, — uYs, =,

to obtain the Green function, where C,, = 2I,, + B,. Since F(z) and G(z) are
linearly independent fundamental solutions of the equation (5), we can write the
general solution of (23)

Yn(z) = LnFn(Z) + Tan(Z)a

where {Ly,,}, oy := L and {T,,},,cy := T are selfadjoint diagonal matrices in C".
To get the coefficients L and T', we use the method of variation of parameters and
obtain them as

" HT () (2) — FL(2)¢n(2)
Lp=Lo+ S 2kEURE g —k R
DS 2 )

where Lo and v are selfadjoint diagonal matrices in C". Since (z) € Iy (N, (Ch),
v must be equal to zero. If we use the boundary condition and Theorem 3.1, we
also find that L is equal to zero. Finally, we obtain Green function and resolvent
operator of L. (]

Theorem 4.1 and (22) show that in order to investigate the quantitative proper-
ties of L, it is sufficient to find the quantitative properties of zeros of the function
det F'(z). Therefore, we define the sets of eigenvalues and spectral singularities of
BVP by 04 and o, as

o4 (L) ={p=2coshz:ze Jdet F(z) =0},

3
—W} ~{0,7}, det F(z) = 0}, respectively.

ass(ﬂ):{,u:2coshz:z€ {—g, 5
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Theorem 4.2. Under the condition (4), the function F(z) satisfies the follow-
ing asymptotic equation for z € Jy

(24) Flz)=U'WV N U-V)[I+0(1)], |z|—= .

Proof. Since the polynomial function P,(z) is of (n —1). degree according to
u, we clearly find that
(25) PT(2)e®= D= = I + o(1)], |z] = 00, 2z € Jp.
Since F'(z) = Dy(z), the following equation is written by using (13)

J(Z) — U71V71 [UPnT;O_l(Z)e(mo72)ze7(m072)zEm0+2 (Z)ef(mo+2)ze(mo+2)z
(26)  —VPL_,(s)emo 9z (mo-9p, | (o) motzgmatz)
By the help of (7), (25) and (26), we obtain the following asymptotic equation
F(z)=e*U V"1 (U - V)[I +0(1)], |z| = o0, z € J. O

Theorem 4.3. Under the condition (4), o. (L) = [2,2], where o, (L) denotes

the continuous spectrum of L.

Proof. We first introduce the difference operators £y and £ generated by the
following difference expressions in I3 (N, C") together with (2) and (3)

(Loy),, = Yn—1 + Yoy, n €N~ {mo—1,mg+ 1},
('Cly)n = BnYn7 n e N N {m0}7
respectively. It is evident that Ly is a selfadjoint operator with o. (Ly) = [-2, 2]

in I (N,C") [20]. On the other hand, under the assumption (4), £; is a com-
pact operator [20]. By using the Weyl theorem of a compact perturbation [16],
the continuous spectrum of the operator £ and the continuous spectrum of the
selfadjoint operator are the same. So, it completes the proof. O

5. UNPERTURBATED EQUATION WITH JUMP CONDITIONS

In this section, we handle an unperturbated discrete impulsive Sturm-Liouville
equation which is the special case of main problem. We find Jost function and
investigate spectral singularities and eigenvalues of this example. It gives a new
perspective to understand our main results.

Example 5.1. Let us consider the following unperturbated discrete Sturm-
Liouville problem with jump conditions
Yn_1+ Y1 = 2cosh 2Y,, n e N\ {2,3,4},
(27) Yo =0,
Yy =UYs, Ys=VV,
where mo = 3, U and V' are selfadjoint diagonal matrices defined as U := [ay;], ..

and V := [B;;],  in C". Differently from BVP, throughout the example, we
assume that the matrix B is a zero matrix in C".
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Then the solution E,(z) turns into ™ and the fundamental solutions P,(z)

and @, (z) of the problem (27) have the following values for n = 0,1, 2:
Py(2) =0,  Pi(z) =1,  Pa(z) =pl,
Qo(z)=1, Qi(z2) =0, Qa2(z) = —1.
From (13), we get the Jost solution of (27) as follows:
F(z)=U"'V'e¥ [Ue”*+U - V].

In order to investigate the eigenvalues and spectral singularities of the problem
(27), it is sufficient to find the zeros of the function det F'(z). Since all eigenvalues
of U and V are different from zero, det F'(z) = 0 if and only if

fa11e%* 4+ aqn — B 0 0 ... 0 .
0 0422622 4+ g — P 0 ... 0
det . . . . =0.
L 0 0 0 ... @ne® + ann — Bund

So it is clear that
(28) IT (aj5e* +ay; = 855) = 0.
j=1

The equation (28) shows that for any j integer in {1,2,...,n}, det F(z) = 0
whenever ozjjeQZ + a;; — Bj; = 0. By using last equation, we write
e2% — Bij — o =R;, z=In+/R;.
Qjj
Now, we analyze two special cases to give information about the eigenvalues and
spectral singularities of (27).

Case 1.: Let aj; > f3;; for all j integer in {1,2,...,n}.
(i) For aj; > 0, we get R; < 0. Since z is not defined, the problem (27)
does not have any eigenvalue and spectral singularity.
(ii) Assume «a;; < 0 and 1 < 5# < 2. Then, we find that 0 < R; <

1. Hence the spectral singularity of (27) does not exist but (27) has
eigenvalues.
Case 2.: Let oj; < ;5 for all j integers in {1,2,...,n}.
(i) Let aj; > 0and 1 < Bii < 2. Similarly to the Case 1 (ii), the problem
Qjj

(27) does not have any spectral singularity but it has eigenvalues.

(i) For aj; < 0, we obtain that R; < 0. Similar to Case 1 (i), there is no
spectral singularity and eigenvalue of (27).
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6. CONCLUSION

This paper is the first and important work that studies the scattering solutions of
a matrix difference equation with jump conditions and hyperbolic eigenparameter.
These solutions help to obtain the scattering matrix of BVP. These solutions and
this matrix inform us about the scattering data of this study. Furthermore, we find
the resolvent operator, continuous spectrum, and discrete spectrum of this BVP.
Finally, we handle an unperturbated equation as an example and apply our main
results on it. This study prepares a groundwork for many researchers working on
scattering theory.
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