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ON THE ENESTROM-KAKEYA THEOREM

N. A. RATHER AND S. GULZAR

ABSTRACT. In this paper, we obtain some refinements of a well-known result of
Enestrom-Kakeya concerning the bounds for the moduli of the zeros of polynomials
with complex coefficients which among other things are also improved upon some
known results in this direction.

1. INTRODUCTION
If P(z) = Z?:o a;jz7 is a polynomial of degree n with real coefficients satisfying
anzanflz"'2a12a0>07

then according to a well-known result of Enestrom-Kakeya (see [9, 10]) all the
zeros of P(z) lie in |z| < 1.
We may apply this result to P(¢z) to obtain the following, more general result.

Theorem A. If P(z) = Z?:o ajz? is a polynomial of degree n with real coef-
ficients satisfying

t"an, > t" ta,_1 > >tag > ag >0
for some t > 0, then all the zeros of P(z) lie in |z| < t.

In literature [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] there exit several extensions of
Enestrom-Kakeya theorem. A. Aziz and Q. G. Mohammad [3] used Schwarz’s
Lemma and proved among other things the following generalization of Theorem A.

Theorem B. Let P(z) = E?:o a;z’ be a polynomial of degree n with real and
positive coefficients. If t1 > to > 0 can be found such that

titoa, + (t1 — ta)ar—1 — ar—2 >0 for r=1,2,....,.n+1, (a_1 =any1 =0),
then all the zeros of P(z) lie in |z| < t;.

For the polynomials with complex coefficients, A. Aziz and Q. G. Mohammad
[4] also proved the following generalization of Theorem A.
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Theorem C. Let P(z) = Z;:O ajzj be a polynomial of degree n with complex

coefficients such that for k=0,1,2,...,n and for somet >0,
t*an| <" Hapa| <o < EFlag] > ag | > - > taa| > aol,
then P(2) has all its zeros in the circle

k n L .
W ] St{zt il —1}+2Z’n?|1

t"‘a"‘ 0|an|t

Rather et. al. [11] extended Theorem B to the polynomials with complex coef-
ficients by proving the following result which is also generalization of Theorem C.

Theorem D. Let P(z) = Z;'L:o ajz? be a polynomial of degree n with complex
coefficients. If t1 > to > 0 can be found such that

titalar| + (t1 — t2)|ar—1] — |ar—2| >0 for r=1,2,...,k+1,
and
titalar| + (t1 — t2)|ar—1] — |ar—2| <0 for r=k+2,...,n+1,
0<k<mn,a_y1 =ant1 =0, then all the zeros of P(z) lie in

2|ak|+2t2|ak 1\ } | |aj|}
2 zl <t E .
( ) | | B 1{ t?_k|an| ‘an‘ =0 tn Cynil

The following generalization of Theorem A is due to A. Aziz and Q. G. Mo-
hammad [4].

Theorem E. Let P(z) = Z?:o ajz? be a polynomial of degree n with complex
coefficients. Let Rea; = o5 and Ima; = B5 for j = 0,1,2,...,n. If for some
t>0,and 0 <k <n,

0<t"ay, <t" ta,_1 < <tragp >ty > > tag > g >0,

then P(2) has all its zeros in the circle

2tk ay, 2 &5
3 <t -1 — .
®) e e R I

Rather et. al [11] also obtained the following generalization of Theorem E.

Theorem F. Let P(z) = Z?:o a;jz? be a polynomial of degree n with complex
coefficients. Let Rea; = o and Ima; = B; for j = 0,1,2,...,n. Ift; > ¢, >0
can be found such that

titaa, + (t1 — t2)ay—1 — a2 >0 for r=1,2,...,k+1,
and

titoc + (t1 — to2)ar—1 — a2 <0 for r=k+2,...,n+1,
0<k<mn, a1 =ant1 =0, a, >0, then all the zeros of P(z) lie in

20 + taog 41 2 «— |5l
4 <t ————1 — :
(@ sn be 2y

n—~k n—j—1"
tl (679 n j=0 tl
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In this paper, we first present the following result which among the other things
provides an interesting refinement of Theorem D for 0 < k < n — 1.

Theorem 1.1. Let P(z) = Z?:o ajzl be a polynomial of degree n > 2 with
complex coefficients. If t1 # 0, t1 > to > 0 can be found such that
t1t2|ar| + (tl - t2)|ar,1| - |a7«,2‘ >0 for r=1,2,...,k+1,
and
t1t2|ar| + (tl — t2)|ar,1\ — |ar,2| <0 for r=k+2,...,n+1,

0<k<n-—1,a_1 =ant1 =0, then all the zeros of P(z) lie in

Gn—1 to|ary1| + |ak|> lay, — |ay ||
z+ —(t1 —t)| < 2| ———
-] <2 () ok e
(5) o t2 + |&n—1| + ‘an—l - ‘an—IH +t1|a'n — |an|’ .
|an|

Remark 1.2. In general, Theorem 1.1 gives much better result than Theorem D
for 0 < k <n — 1. To see this, we show that the circle defined by (5) is contained
in the circle defined by (2). Let z = w be any point belonging to the circle defined
by (5), then

PCEURIN PPy (ETSHEAN, WS N
n B t?ik71|an| V=0 t?_y_l‘anl
to + |an71‘ + |an71 - |an71|’ +t1’an - |an||
— |ty .
|an|
This implies
Ay — Ay —
w| = |w+ == = (t1 — ta) + (t — 1) — ——
n Qp
Ap— Ap—
§‘w+ nl(t1t2)+‘(t1t2) n-1
Qp Gnp
talagy1| + |ak|> |ay — |ay||
¢y g 1|an| ,,Zotn . 1|an|
- t2+ |an71|+|an71_|an71||+t1|an_|an|’
|an|

||an|(t1 - t2) - ‘an—1|| |an - |an||(t1 - t2) + |an—1 - |an—1H
+

|an] ]
t2|ak+1+|ak|) jav — |au || |an—1| + t1]an —|an||
=2 =" to +
( 75 a,| Zt” a7 ]

|an—1| = lan|(ts — t2) | |an = lan]|(t1 —t2)

|an] |an|

_|_
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<ot (tzlak+1| + akl) Z o —lawll
— t?_k|an\ |an| tn T on—v—1

2lax| + 2talakia| } |aw = la||
:t .
1{ t',lz—k|an| ‘an‘ Z tn v—1

This shows that the point z = w belongs to the circle defined by (2). Hence the
circle defined by (5) is contained in the circle defined by (2).

The following corollary follows immediately by taking to = 0 in Theorem 1.1.

Corollary 1.3. Let P(z) = Z?:o a;jz? be a polynomial of degree n with complex
coefficients. If t > 0 can be found such that

t"an| < t" Hap_1| < - < agp| < Flagl,
thlag| > t*ag_1| > -+ > tlas| > |aol,

0 <k <n-—1, then all the zeros of P(z) lie in

n—

iy | 2l Z la, — Ja|
an — tn k— 1|a | |an| tn—v—1
. |an71|+|an71_‘an71||+t‘an_|an||

|an|

zZ+

For polynomial P(z) = Z;‘L:O ajz? with real and positive coefficients, we obtain
the following result.

Corollary 1.4. Let P(z) = Z?:o ajzl be a polynomial of degree n with real
and positive coefficients. If t1 > to > 0 can be found such that

t1t2&T+(t1 —tz)ar_l —Qp_2 >0 for r=1,2,...,k+1,

and
titaa, + (t1 — t2)ap—1 — ar—2 <0 for r=k+2,...,n+1,
0<k<n-—1,a_1=ant1 =0, then all the zeros of P(z) lie in

t _
S2(W>— ty+ =L,
ty [e2% Qp

Next we present the following result which considerably improves upon the
bound of the Theorem F for 0 < k <n — 1.

Gnp—1

z+ —(t1 — t2)

Gn,

Theorem 1.5. Let P(z) = Z?:o a;jz? be a polynomial of degree n with complex
coefficients. Let Rea; = o and Ima; = B; for j = 0,1,2,...,n. If t1 # 0,
ty > to > 0 can be found such that

tthOér—‘r(tl —tg)OéT_l —Qp_2 >0 for r=1,2,...,k+1,
and

tltgar-‘r(tl—tg)ar_l—ar_gSO for r=k+2,...,n+1,
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0<k<n-—1 a1 =ant1 =0, ap >0, then all the zeros of P(z) lie in

n—1 " ty —t n
z+a 1 (al 2)04
6 n
( ) < 2(Oék;+1t2 + Oék Z |BV . tl‘ﬂn| + ant2 + Qp—1
N ‘an‘ '

tnul

‘an‘t?_k_l |an|

Remark 1.6. In general Theorem 1.5 also gives much better result than Theo-
rem F for 0 < k < n — 1. We show that the circle defined by (6) is contained in
the circle defined by (4). Let z = w be any point belonging to the circle defined
by (6), then

an_1 — (t1 — t2)oy,
(07

’uH-

2(ak+1t2+ak)+ 2 Zn: 16y t1|Bn| + ante + an_1
|an|

k=1 - |an|

|an| " tn v—1

This implies
an_1 — (t1 — t2)ay, e (t1 — t2)

ul = +
(02 Qnp
< ‘w n ap_1 — (t1 — t2)ay, n ap_1 — (t1 — t2)an,
Qg Gnp,

o (@n1ts + a) Z 1Bu]  talBnl + antz + an—s
|an| tn v—1

|an |t "1 |an|

p_1 — (t1 — t2)an

|an|
1 apr1te + ag) Byl
= — 2( +n 1 +ZZ n| 5 1+_t1an_t1|ﬁn|
|an| " t"
1 (agq1ta + ag) 1Bu]
S ; {2 tnfkrfl 22 n—v—1 tla"
n 1 v=0 1
20 + 2toap 1 2 <& |6
_tl{ tn—ka -1 +C¥ Ztnul
1 n " y=0

Hence the point z = w belongs to the circle defined by (4) and therefore, the circle
defined by (13) is contained in the circle defined (4).

The following result also follows from Theorem 1.5 by taking to = 0.

Corollary 1.7. Let P(z) = Z?:o a;jzl be a polynomial of degree n with complex
coefficients. Let Rea; = oj and Ima; = B; for j =0,1,2,...,n. Ift > 0 can be
found such that

"oy, <" a, oy <o < FPagy < tRay,
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thap > tFlap_ 1 > >t > g

0<k<n-—1,a_1=ant+1 =0, ay >0, then all the zeros of P(z) lie in

Op—1 _tan
e
20 |5V t|ﬂn|+an 1
7 < =k -
( ) |a |tn k 1 |an| Ztn v—1 |an|

2. PROOF OF THEOREMS

Proof of Theorem 1.1. Consider the polynomial
F(z) = (t1 — 2)(ta + 2) P(2)

= —a,2"?+ (an(ty —t2) — an,l)z"Jrl

n
+ Z(aut1t2 +ay_1(t1 —t2) —ay—2)2”
v=2

+ (&1t1t2 + ao(t1 — tz))z + aotltg
= —a, 2"+ (an(ty — t2) — Gp_1)2" !

n

+ Z(al,tltg + a,,,l(tl - tz) - a,,,g)z” (G,Q = a_1 = 0)
v=0

Let |z| > t1, then

An—1
zZ+

[F(2)] 2 |anll2]" " = (t1 = t2)

n

aytity + ay—1(t1 —t2) — av—2
Gn,

-
8) v

> |an||2["*!

1
|Z|n—1/+1

Gp—1

z+ —(tl—tg)

n

7ii|avtlt2+au 1(t1 —t2) — au— 2|]

tn v+1

Now,

lavtits + ap—1(t1 — t2) — av—2|
Z tnfqul

||au|t1t2 + |ap—1|(t1 —t2) — |au—2||
- Z e v+1
1

+ Z |au - |au||t1t2 + ’a,/,1 - |:71;/_Ul—~|_|1(t1 - t2) + ‘al/72 - |a1/72‘|
v=0
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k+1
lay|tite + a,1|(t1 —t2) — |a, o]
Z th—y+1
1

n
lay—2| — ay—1|(t1 — t2) — |ay |t1t2
+ Z tn—u+1
1

v=k+2

+ i t1|al/—1 - |au—t1n||j’+|1au—2 - ‘au—2||

v=1
<2 (t2“glk+1|a’“> +2Z o = lev el
- (t2|an| + |an—1| + |an—1 - |an—1|| + t1|an - |an||)

Using this in (8), we obtain for |z| > t1,

Ap—1
zZ+

[F(2)] > |an|l2]" " = (t1 —t2)

n
to|aks1] + |(1k) la, — |a||
_ o 2I%k+1] T [Fk]
(e Zt” Tl

+ (tz L ol + |an—1 — lan—1|| + t1]an — “n”> >0,

|an]

if
an-1 tolagia| + |ax| |ay — |ay||
z+ — (t1 — 12 >2<) + 2
L) 0 an| Zt" " Ta,|
to + ‘an71|+|an71_|an71‘|+t1‘an_|an‘|
’ @] '

Therefore, it follows that all the zeros of F(2) whose modulus is greater than t;
lie in the circle

Gn-1 tolags1] + |ak|) lay — |ay|
z+ —(t1 — ¢t <2 (
n ( 1 2) t?*k71|an| Z tn v— 1|an|
9) _ <t2 n |lan—1] + |an—1 - |an_1H +t1‘an — Jay||
|an| ’

We now show that all those zeros of F(z) whose modulus is less than or equal to
t1 also satisfy (9).
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Let |z| < t1,
s Il g ) <t | — )
an n
an|(t1 —t2) — |ap—
§t1+||n|(1|2) |n1|’
an
4 }an - IanH(tl —t2) + |an—1 - ‘an—1||
|an |
_ g,y fanma] = lan|(t — o)
' ]
+ }an - |an‘|(t1 - t2) + |a"rL—1 - ‘an—lu
|an|
(10) ntl)  anes — lano]
= (t2 + ) +
|an| |an|
|an — lan||
F(ty —tg) il
(t1 —t2) ol
e )t
|an| |an|
an — |la Gy
+(t1*t2)7’ n o] - (t2+| - 1|>
|an| |an|
47‘an_1<_|a”_1H
|an| .
Now, by hypothesis,
En: lay|tite + |ay—1|(t1 — t2) — |ay—2| <o
tnfu+1
v=k+2 1
This gives
_ 2t 2
(11) 2<t2+ ot > < 2"1’“*1'_4;_1'@’@', 0<k<n-—L
n |an|t?

Using (11) in (10) for 0 < k < n — 1, we obtain

Gp—1

t Ap—1 — |Ap—
F+ _al_h)§2(2E%ﬂ+mm)+zynl |an—1l]
" 11 |an| |an|
_ <t2 " lan—1] + |an—1 — |an—1||)
|an|
‘an |an|’
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talary1| + |ak|) Z la, — |ay||
<l =
( t’f_k_1|an| (A 1\an|

N (tz + |an—1| + |an—1 - |an—1|| +t1|an - an|>.
‘an‘

Thus, we have shown that if |z| < #1, then for 0 <k <n —1,

t2|ak+1|+ak> la, —|ay||
<2 ———=
<2 (M Zt” s

. <t2 + lan—1] + |an—1 - ‘an—1|| +t1|a'n - |an||)
|an|

Qp—1

z+ —(tl—tg)

n

Hence all the zeros of F(z) lie in the circle defined by (9). But all the zeros of
P(z) are also the zeros of F(z), therefore, we conclude that all the zeros of P(z)
lie in the circle defined by (9). This proves the Theorem 1.1. d

Proof of Theorem 1.5. Consider the polynomial,

F(z) =(t1 — 2)(t2 + 2) P(2)

= — anz”+2 + (an(tl — tQ) — an_l)ZnJrl

n
+ Z(aﬂff@ + ay_l(tl — tz) — Cly_Q)ZV
v=2

+ (art1ta + ao(ts — t2))z + aotits
= — anZnJrZ + (an(tl — tg) — an_l)ZnJrl
n
+ Z(aﬂff@ + Cly_l(tl — tg) — Cl,,_Q)ZU (CL_Q =a_1 = 0)
v=0
Let |z| > t1, then

|F(2)] > 2" | |anz + an—1 — (t1 — t2)ay|

- 1
- VZ:O |aut1t2 + a/ufl(tl - t2) - au—2| W]

> 2" anz + an—1 — (t1 — ta)an| — [Ba—1] — (t1 — t2)|Ba]

1
—Z|al,t1t2+au 1(t1 —t2) —ay— 2|tn PRSI
v=0
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Now by hypothesis,

n
Z laytite + av_1(t1 — t2) — av—o|ty
v=0

n

< Z laytite + ap_1(t1 — ta) — ap_a|t]
v=0

+ ) IButata + Bu1(ts — ta) — Byalt}

k+1

Z laytite + ay_1(ts — ta) — ap_a|ty
v=0

IN

n
+ Z latite + ap_1(t1 — t2) — ap_a|t]
v=k+2

+ 3 (1Bultats + 1Bual(ts — t) + [Bual) £}
v=0
= 2(opq1t2 + ak)tlf“ — (anta + Oznfl)t?Jrl
n—1 ‘6 |
+t;’:+1 <|5n|t2 +2 Z tn_;/_l — |Bn—1|) .
v=0 "1

Using this in (12), we obtain

|F(2)] > |Zn+1{ lanz + an—1 — (t1 — t2)an| — |Bu—1]| — (t1 — t2)|Bul
k1

t
— 2(ak+1t2 + OZk)ltT + (OéntQ + an—l)
1

\ﬂnuz—zz tn'ﬁ: 1+|ﬂn_1|}

_ { lanz + an1 — (t1 — t2)an] — 11]8]

tht1 18,
— 2(agy1ts + ak)T + (apts + ap_1) — 2 Z g T }

if

Qo1 — (t1 —t2)oy
Qn

z+

v g1t + apto + oy
||{t16n|+22tnlﬁy1} lorat o) _ fonta ¥ n)

Jan |77 jan]
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_ gl@kpita ton) Z Bl talBal + antz + ans
|an| tn v—1 .

| n|t;’lL_k_1 |an|

Hence all the zeros of F(z) whose modulus is greater than ¢; lie in the circle

ap—1 — (t1 — t2)ay,
an,

Z+

(13)

S 2 (ak+1t2 + Olk; Z |5V t1|ﬁn| + ant2 + Qp—1 )
|an‘

jan |ty |an]

tnul

We now show that all those zeros of F'(z) whose modulus is less than or equal to
t1 also satisfy (13). Let |z] < t1, then we have

|anz +ap_1 — (tl - t2)an’ S ‘anltl + ‘Oén—l - (tl - t2)an|
(14) < tilan| + t1[Ba] + an—1 — (t1 — t2)an
= t1|5n| + 2(t2an + anfl) - (t2an + anfl)

Again, by hypothesis, we have

Zn: aytite + ay_1(t1 —t2) — _g
n—v+1
(15) v=k+2 t

or 2 (taauy, + 1) <

<0

)

2ty 41 + 20

e , 0<k<n-—1.
1

Using (15) in (14) for 0 < k < n — 1, we obtain

|lanz + a1 — (t1 — t2) |

2toaup 41 + 20

S t1|5n| + - (t204n + an—l)

tn—k—l
1
2to041 + 200 -— |6y ]
k k
< t1|5n| + % - (tgan + Olnfl) +2 Z tnflljlfl

v=0 1

(1t + ag) 1Bu]
=2— = tn k—1 +2Z ’17, v—1
v=0

t1|ﬂn| + ant2 + Qi — 1)

This shows that all the zeros of F(z) whose modulus is less than or equal to t;
also satisfy the inequality (13). Thus we conclude that all the zeros of F(z) and
hence that of P(z) lie in the circle defined by (13). This completes the proof of
Theorem 1.5. g

Acknowledgment. The authors are highly grateful to the referee for his valu-
able suggestions and comments.

The second author is supported by Council of Scientific and Industrial Research,
New Delhi, under grant F.No. 09/251(0047)/2012-EMR-I.



302

10.

11.

N. A. RATHER anD S. GULZAR

REFERENCES

. AndersonN., Saff E. B. and Varga R. S., On the Enestrém-Kakeya theorem and its sharpness,

Linear Algebra Appl. 28 (1979), 5-16.
, An extension of the Enestrom-Kakeya theorem and its sharpness, STAM J. Math.
Anal. 12 (1981), 10-22.

. Aziz A. and Mohammad Q. G., On the zeros of certain class of polynomials and related

analytic functions, J. Math. Anal. Appl. 75 (1980), 495-502.
, Zero free regions for polynomials and some generalizations of Enestrém-Kakeya
theorem, Canad. Math. Bull. 2 (1984), 265-272.

. Cargo G. T. and Shisha O., Zeros of polynomials and fractional order differences of their

coefficients, J. Math. Anal. Appl. 7 (1963), 176-182.

. Govil N. K. and Rahman Q. 1., On the Enestrom-Kakeya theorem, Tohoku Math. J. 20

(1968), 126-136.

. Kovacevi¢ M. and Milovanovi¢ 1., On a generalization of the Enestrém-Kakeya theorem,

Pure Math. Appl. Ser. A 3 (1992), 543-47.

. Krishnaih P. V., On the Enestrém-Kakeya theorem, J. Lond. Math. Soc. 30 (1955), 314-319.
. Marden M., Geometry of Polynomials, Math. Surveys Monogr. No. 3, Amer. Math. Soc.

Providence R. 1. 1966.

Milovanovi¢ G. V., Mitrinovi¢ D. S. and Rassias Th. M., Topics in Polynomials: Extremal
Properties, Inequalities, Zeros, World scientific Publishing Co., Singapore 1994.

Rather N. A., Shakeel A., Simnani and Mir M. 1., On the Enestrom-Kakeya theorem, Int.
J. Pure and Appl. Math. 41 (2007), 807-815.

N. A. Rather, Department of Mathematics, University of Kashmir, Srinagar 190006, India,
e-mail: dr.narather@gmail.com; drratherQuok.edu.in

S. Gulzar, Department of Mathematics, University of Kashmir, Srinagar 190006, India,

e-mail: sgmattoo@gmail.com



