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ON STATISTICAL CONVERGENCE IN MODULAR

VECTOR SPACES

F. NURAY

Abstract. This paper extends the statistical convergence of real or complex num-

bers to the elements of a modular vector space equipped with a convex modular. In
this context, we investigate the relation between the statistical convergence, statis-

tical Cauchy condition, strong Cesàro summability, and ρ-convergence. This leads

us to an initial analysis of the Tauberian conditions for the statistical convergence
in the modular sense. We touch on an application to the fixed point theory via the

ergodic theory.

1. Introduction

The density of a set K of positive integers is defined by

δ(K) := lim
n→∞

1

n

n∑
j=1

χK(j),

whenever the limit exists, where χK is the characteristic function of K. If {xk} is
a sequence, which satisfies a property P for all k except a set of density zero, then
we say that {xk} satisfies P for “almost all k”, and we abbreviate this by “a.a. k.”
Statistical convergence of sequences of real or complex numbers was introduced
by Steinhaus in [41] and Fast in [17] in 1951. A sequence {xk} of real or complex
numbers is said to be statistically convergent to the number a, and denoted by
st-limxk = a, if for every ε > 0, δ({k ∈ N : |xk−a| ≥ ε}) = 0, or equivalently, there
exists a subset K ⊂ N with δ(K) = 1 and n0 such that for any k ∈ K, k > n0, we
have |xk−a| < ε, see, e.g., [12, 31, 39]. It is known that any convergent sequence
is statistically convergent, but not conversely. As an interpretation of this notion,
we can say that a sequence is statistically convergent for however small ε > 0
the frequency of elements of the sequence that differ from the statistical limit of
more than ε > 0, can be made arbitrarily small, provided we take an enough
large sample. Similarly, a sequence {xn} of real or complex numbers is said to be
statistically Cauchy if for each ε > 0, there is a positive integer N = N(ε) such
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that δ({k ∈ N : |xk−xN | ≥ ε}) = 0. Basic properties of the statistical convergence
and of some related summability methods were established in [5, 10, 40].

Over almost 70 years since its inception, the concept of statistical convergence
has been studied in the context of numerous mathematical disciplines including:
the summability theory [5, 12, 13], number theory [10], trigonometric series the-
ory [42], probability [15], measure theory [31], optimization [35], and approxima-
tion theory [18], to give just a few prominent examples.

In the approximation theory context, the authors of [18] extended the definition
of statistical convergence from the number sequences to the sequences of elements
from some function spaces to use this convergence for proving generalizations of
Korovkin and Weierstrauss type approximation theorems. With an eye on fur-
ther applications in the approximation theory, and keeping in mind very recent
results on approximation in modular spaces with convergence [28], the author of
the current paper prove some fundamental results for further development of the
theory of statistical convergence in abstract vector spaces, and its applications in
approximation and beyond.

The interest in convex modulars (a form of generalised norms) reflects the fact
that the notions of “norm like”, but possibly lacking the triangle inequality prop-
erty, and not necessarily homogeneous. Constructs to measure a level of proximity
between complex objects have been used extensively in statistics, see, e.g., [20],
and applied in many empirical scientific projects requiring an objective differ-
entiation between different classes of objects, see, e.g., [9]. Such constructs are
efficiently applied to many modern clustering, data visualisation, and Artificial
Intelligence related computer algorithms. Besides normed spaces, our flagship ex-
amples are variable Lebesgue spaces that have been studied for many years from
both viewpoints, the perspective of the pure mathematics and several also appli-
cations. The theory of these spaces, built upon solid foundations of the theory of
Orlicz spaces, modular spaces and modular function spaces (see, e.g., [26, 33, 34]),
has found important applications in the modelling of electrorheological fluids and
in the study of image processing, see, e.g., [3, 11, 21, 38]. It is also important
to remember that in our case, we deal with sequences of elements of an abstract
vector space where the convergence is defined by a very general notion of a convex
modular. In our important example of variable Lebesgue spaces, the ρ-convergence
can be understood as a generalised form of a convergence in mean of stochastic
processes. In this case, the statistical ρ-convergence can be interpreted as a very
general form of statistical convergence in mean of stochastic processes, opening a
large window of interesting and important applications, especially in cases when
a sequence of stochastic processes is not convergent in by itself mean, but is sta-
tistically convergent in mean, refer also to [36].

The paper is organised as follows:

(a) Section 2 “Preliminaries” introduces necessary concepts and facts related
to the theory of modular spaces.
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(b) Section 3 “Statistical ρ-Convergence and its Equivalence” provides defini-
tions of major concepts related to statistical ρ-convergence and First Equiv-
alence Theorem 3.4 for the statistical convergence in the modular sense.

(c) In Section 4 “Summability and Tauberian Properties”, we define the strong
p-Cesàro ρ-summability and discuss its relationship with the statistical ρ-
convergence introduced in the previous section (Second Equivalence Theo-
rem 4.3 and Decomposition Theorem 4.6). This is followed by a Tauberian
Theorem 4.9.

2. Preliminaries

Let X be a real vector space. Following the classical work by Nakano, [34] (see
also [33]), we start with the following definition.

Definition 2.1. A functional ρ : X → [0,∞] is called a convex modular if

1. ρ(x) = 0 if and only if x = 0,
2. ρ(−x) = ρ(x),
3. ρ(αx+βy) ≤ αρ(x) +βρ(y) for any x, y ∈ X, and α, β ≥ 0 with α+β = 1.

Let X be a vector space and ρ a convex modular defined on X. The vector
space Xρ = {x ∈ X ρ(λx) → 0, as λ → 0+} is a vector subspace of X known as
the associated modular vector space. On it, we define the Luxemburg norm

‖x‖ρ = inf
{
λ > 0 : ρ

(x
λ

)
≤ 1
}

for any x ∈ Xρ.

Remark. It is clear from the above definition that any norm in a vector space
is a convex modular. Hence, all results of this paper can be applied to normed
spaces. Note also that in this case, the ρ-convergence defined below, becomes
simply the convergence in the sense of the norm, and a ρ-complete modular space
translates to a Banach space. However, in view of applications discussed later
in this paper and also possible future extensions, we find it important to show
that the convex modular technology is quite sufficient to deal with the statistical
convergence in abstract vector spaces.

The notion of the ρ-convergence has been proven extremely useful, see, e.g., [22,
23, 24, 25]. Note that, in general, ρ-convergence is, different from the modular
convergence as defined in [33, 34]. The concepts defined in Definition 2.2 below
were introduced for general modular spaces in [27]. They follow the same pattern
as their equivalents in modular function spaces (see, e.g., [25], [24, Definition 3.4]).
For the foundational exposition of the theory of modular function spaces, the
reader is referred to the book [26].
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Definition 2.2. Let ρ be a convex modular defined on a vector spaces X.

(a) We say that {xn}, a sequence of elements, of Xρ is ρ-convergent to x and write

xn
ρ→ x if ρ(xn − x)→ 0.

(b) A sequence {xn}, where xn ∈ Xρ, is called ρ-Cauchy if ρ(xn − xm) → 0 as
n,m→∞.

(c) Xρ is called ρ-complete if every ρ-Cauchy is ρ-convergent to an x ∈ Xρ.
(d) A set B ⊂ Xρ is called ρ-closed if for any sequence of xn ∈ B, the convergence

xn
ρ→ x implies that x belongs to B.

(e) A set B ⊂ Xρ is called ρ-bounded if its ρ-diameter δρ(B) = sup{ρ(x − y) :
x ∈ B, y ∈ B} is finite.

(f) A set K ⊂ Xρ is called ρ-compact if for any {xn} in K, there exists a subse-
quence {xnk

} and an element x ∈ K such that ρ(xnk
− x)→ 0.

(g) Let x ∈ Xρ and C ⊂ Xρ. The ρ-distance between x and C is defined as
dρ(x,C) = inf{ρ(x− y) : y ∈ C}.

(h) A ρ-ball Bρ(x, r) is defined by Bρ(x, r) = {y ∈ Xρ : ρ(x− y) ≤ r}.
(i) A set E ⊂ Xρ is called ρ-open if for every x ∈ E, there exists r > 0 such that

Bρ(x, r) ⊂ E.

Remark. It is easy to see that F ⊂ Xρ is ρ-closed if and only if Xρ r F is
ρ-open.

It can easily be proven that the ρ-limit is well (uniquely) defined (c.f. [24,
Proposition 3.2]), and that if a sequence {xn} of elements of Xρ is ρ-convergent to
x ∈ X, then x ∈ Xρ (c.f., [24, Proposition 3.2]). However, there are some essential
differences between ρ-convergence and convergence in the sense of normed spaces.
First of all, ρ-convergence does not necessarily imply the ρ-Cauchy condition. Also,

xn
ρ→ x does not imply in general that λxn

ρ→ λx, where λ > 1. In the context of
the current paper, we need some of these properties, and hence we need to restrict
our consideration to a subclass of convex modulars, those that satisfy the ∆2-type
condition.

Definition 2.3 ([24, Definition 3.6]). We say that a modular ρ satisfies the
∆2-type condition if there exists a constant 0 < M < ∞ such that for every
x ∈ Xρ, we have ρ(2x) ≤Mρ(x).

Example 2.4. A very relevant, from the applications point of view, class of
modular spaces that satisfy the ∆2-type condition is the class of the variable
Lebesgue spaces generated by modulars of the form ρ(x) =

∫
E
|x(t)|p(t)dm(t),

where E ⊂ R is a set measurable in the sense of the Lebesgue measure m and
p(t) ≥ 1. A discrete equivalent is defined as the set of all sequences equiped with
the modular ρ(x) =

∑∞
i=1 |xi|pi , where pi ≥ 1. Such spaces are frequently used in

several applications, see, e.g., [7, 8, 11, 38].

The following useful facts about the ∆2-type condition are well known, see, e.g.,
[24] and references therein.

Proposition 2.5. Let ρ be a convex modular satisfying the ∆2-type condition.
Then the following are true:
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1. ρ(x) <∞ for all x ∈ Xρ,
2. ρ-convergence is equivalent to the convergence with respect to the Luxemburg

norm ‖x‖ρ = inf{α > 0 : ρ(x/α) ≤ 1},
3. Vector space algebraic operations in Xρ are ρ-continuous,
4. ρ-convergence implies the ρ-Cauchy condition,
5. C ⊂ Xρ is ρ-bounded if and only if it is ‖ · ‖ρ- bounded,

6. ρ(xn)→ ρ(x) if xn
ρ→ x,

7. ρ-balls Bρ(x, r) are ρ-closed,
8. ρ-diameter of a C ⊂ Xρ is the same as the ρ-diameter of its ρ-closure.

3. Statistical ρ-Convergence

In this section, ρ denotes a convex modular defined on a vector spaces X. We
always assume that ρ satisfies the ∆2-type condition, see Definition 2.3. Let us
start with the following definition.

Definition 3.1. Let ρ be a convex modular defined on a vector spaces X.

(a) We say that {xn}, a sequence of elements of Xρ, is statistically ρ-convergent to

x ∈ Xρ and write xn
ρ−st−→ x if for every ε > 0, δ({k ∈ N : ρ(xk − x) > ε}) = 0.

(b) A sequence {xn} of elements of Xρ is called statistically ρ-Cauchy if for each
ε > 0, there is a positive integer N such that δ({k ∈ N : ρ(xk−xN ) > ε}) = 0.

Let us note that in Definition 3.1 we used “> ε” rather than “≥ ε” as it is
usually defined in case of number sequences. This form of the definition makes its
easier to formulate results in the language of the modular space theory. It is easy
to see that such definitions are equivalent. Observe also that the density of K ⊂ N
is equal to limn→∞

1
n card{k ≤ n : k ∈ K}, where in this context, card means the

number of elements of a finite set of natural numbers.

Proposition 3.2. The statistical limit in modular sense is unique.

Proof. Assume to the contrary that there exist x, y, x 6= y such that xn
ρ−st−→ x

and xn
ρ−st−→ y. Since x 6= y, there exists ε > 0 such that ρ

(
x−y
2

)
= ε. Hence by

the convexity of ρ, for every k ∈ N, ρ(x− xk) + ρ(y − xk) > ε. Observe that

{k ≤ n : ρ(x− xk) + ρ(y − xk) > ε}
⊂ {k ≤ n : ρ(x− xk) > ε/2} ∪ {k ≤ n : ρ(y − xk) > ε/2},

and hence,

1 = δ({k : ρ(x− xk) + ρ(y − xk) > ε})
≤ δ({k : ρ(x− xk) > ε/2}) + δ({k : ρ(y − xk) > ε/2}) = 0.

Contradiction. �

Remark. (a) It is easy to observe that xn
ρ−st−→ x if and only if for every ε > 0,

the ρ-ball B(x, ε) contains xk a.a. k.
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(b) Similarly, a sequence {xn} is statistically ρ-Cauchy if and only if for each ε > 0
there is a positive integer Nε such that the ρ-ball B(xNε

, ε) contains xk a.a. k.

The following result is used in the proof of the main result of this section.

Lemma 3.3. Let Xρ be a ρ-complete modular space. Assume that {Bm} is
a sequence of nonempty ρ-closed subsets of Xρ such that Bm+1 ⊂ Bm for every
m ∈ N, and such that diamρ(Bm)→ 0 as n→∞. Then there exists x0 ∈ Xρ with

(1)
⋂
m∈N

Bm = {x0}.

Proof. Denote B =
⋂
m∈NBm. For every m select an element xm ∈ Bm. Note

that {xm} is ρ-Cauchy because diamρ(Bm) → 0. By the ρ-completeness, there

exists x0 ∈ Xρ such that xm
ρ→ x0. We need to show that x0 ∈ B. Assume to

the contrary that x0 /∈ B. Then there exists m0 with x0 /∈ Bm0
, which means

that x0 belongs to an ρ-open set Xρ rBm0 , and hence by Definition 2.2 part (i),
there exist, r > 0 such that the ρ-ball Bρ(x0, r) ∩Bm0 = ∅. Observe that for any
m ≥ m0, we have Bm ⊂ Bm0

, which implies that Bρ(x0, r)∩Bm = ∅. On the other

hand, xm
ρ→ x0, and hence xm ∈ Bρ(x0, r) for all m ≥ m1 ≥ m0. Contradiction.

To show the uniqueness, let us assume that there exists another element x′0 ∈ B.
Hence, x0, x

′
0 ∈ Bm for every m, which yields that ρ(x0 − x′0) ≤ diamρ(Bm)→ 0,

implying immediately that x0 = x′0. �

We are now ready to prove a modular version of the equivalence theorem.

Theorem 3.4 (First Equivalence Theorem). Let Xρ be a ρ-complete modular
space with the ∆2-type property. Let {xn} be a sequence of elements of Xρ. The
following statements are equivalent:

(i) {xn} is statistically ρ-convergent;
(ii) {xn} is statistically ρ-Cauchy;

(iii) There is a ρ-convergent sequence {yn} such that xk = yk a.a. k.

Proof. To prove that (i) implies (ii), we need to show that for every ε > 0, there
exists Nε ∈ N such that

(2) lim
n→∞

1

n
card{k ≤ n : ρ(xk − xNε

) > ε} = 0.

By (i), there exists x0 ∈ Xρ such that xk
ρ−st−→ x0. Let us fix arbitrarily ε > 0 and

note that ρ(xk − x0) ≤ ε

M
a.a. k, where M > 0 is such that ρ(2x) ≤ Mρ(x) for

all x, existing by the ∆2-type property. It is easy to see that, there must exists
Nε ∈ N such that

(3) ρ(xNε
− x0) ≤ ε

M
.

For any k ∈ N, in view of the convexity of ρ and the ∆2-type property, we get

(4)
ρ(xk − xNε) ≤ 1

2
ρ(2(xk − x0)) +

1

2
ρ(2(xNε − x0))

≤ 1

2
Mρ(xk − x0) +

1

2
Mρ(xNε

− x0) ≤ 1

2
Mρ(xk − x0) +

ε

2
.
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From (3) and (4), we see that for a k ∈ N to be such that ρ(xk − xNε
) ≥ ε, xk

must satisfy ρ(xk − x0) ≥ ε

M
. Hence,

δ({k : ρ(xk − xNε}) ≥ ε) ≤ δ({k : ρ(xk − x0) ≥ ε

M
}) = 0,

which means that {xn} is statistically ρ-Cauchy.

Let us assume now (ii), that is {xn} is statistically ρ-Cauchy. By part (b) of
Remark 3, there exists a ρ-ball B1 with radius equal to 1 and center at some
xN1 such that B1 contains xk a.a. k. Similarly, we can choose a ρ-ball B′2 with
radius equal to 1

2 and center at some xN2
such that B′2 contains xk a.a. k. Define

B2 = B1 ∩ B′2 and observe that B2 is a nonempty, convex, ρ-closed subset of B1

with diamρ(B2) ≤ 1
2 . Observe that B2 contains xk a.a. k because for every n ∈ N,

{k ≤ n : xk /∈ B1 ∩B′2} = {k ≤ n : xk /∈ B1} ∪ {k ≤ n : xk /∈ B′2},
and hence,

δ({k : xk /∈ B1 ∩B′2}) ≤ δ({k : xk /∈ B1}) + δ({k : xk /∈ B′2}) = 0.

By induction, we can obtain a sequence {Bn} of nonempty, convex, ρ-closed
sets such that Bn+1 ⊂ Bn, and diamρ(Bn) → 0 and each Bn contains xk a.a. k.

By Lemma 3.3, there exists x0 ∈ Xρ such that
⋂
m∈N

Bm = {x0}. Because for every

m, xk ∈ Bm a.a. k, we can choose an increasing sequence {pm} of natural numbers
such that for every n > pm

(5)
1

n
card{k ≤ n : xk /∈ Bm} ≤

1

m
.

Define the sequence {zk} as a subsequence of {xk}k>p1 such that if pm < k < pm+1,
then xk /∈ Bm. Define now {yk} by

(6) yk =

{
x0 if xk is a term of {zn},
xk otherwise,

and observe that either yk = x0 or yk = xk ∈ Bmk
, where pmk

is the largest
term of the sequence {pm} for which pm < k. Hence, either ρ(yk − x0) = 0 or
ρ(yk − x0) ≤ diamρ(Bmk

) → 0, which means that {yk} is ρ-convergent to x0. It
remains to show that xk = yk a.a. k. Observe that if pm < n ≤ pm+1, then

(7) {k ≤ n : yk 6= xk} ⊂ {k ≤ n : x /∈ Bm},
and hence, by (5),

(8)
1

n
card{k ≤ n : yk 6= xk} ≤

1

n
card{k ≤ n : x /∈ Bm} ≤

1

m
,

and finally,

(9) lim
n→∞

1

n
card{k ≤ n : yk 6= xk} = 0,

which means that xk = yk a.a. k, as claimed.
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To prove that (iii) implies (i), let us assume that, there exists a sequence {yk}
which ρ-converges to x0 and xk = yk a.a. k. We prove that xk

ρ−st−→ x0. Let us fix
ε > 0 and take any n ∈ N. Observe that

(10) {k ≤ n : ρ(xk − x0) ≥ ε} ⊂ {k ≤ n : xk 6= yk} ∪ {k ∈ N : ρ(yk − x0) ≥ ε}.

Since ρ(yk − x0)→ 0, it follows that, there exists l = l(ε) ∈ N such that

card{k ∈ N : ρ(yk − x0) ≥ ε} = l,

and hence,

lim
n→∞

1

n
card{k ≤ n : ρ(xk − x0) ≥ ε} ≤ 1

n
card{k ≤ n : xk 6= yk}+ lim

n→∞

l

n
= 0,

because xk = yk a.a. k, proving that xk
ρ−st−→ x0, as claimed. �

As already suggested in Introduction, the statistical convergence can be inter-
preted as a condition, where while the sequence itself may not be convergent, but
taking however small ε > 0, the frequency of elements of the sequence that differ
from the statistical limit of more than ε > 0 can be made arbitrarily small pro-
vided, we take an enough large sample. In our case, we measure the difference
by taking a value of a modular ρ of a difference between elements of the sequence
and its statistical limit. The First Equivalence Theorem (Theorem 3.4) says that
such a condition is equivalent to the same condition but for tails of the sequence
(statistical ρ-Cauchy condition), and to the condition that, from a given sequence,
we can construct a statistically equivalent sequence, which actually ρ-converges to
the same element.

4. Summability and Tauberian Properties

In this section, we introduce a notion of the strong p-Cesàro ρ-summability and
discuss its relationship with the statistical ρ-convergence introduced in the previ-
ous section. This leads us to establishing Tauberian type results.

First let us define formally ρ-bounded sequences and note that in the ∆2-type
case, this definition is consistent with the the definition of the ρ-bounded sets
(Definition 2.2), from which follows that

(11) ρ(x− y) ≤ 1

2
ρ(2x) +

1

2
ρ(2y) ≤ 1

2
Mρ(x) +

1

2
Mρ(y)

for any x, y ∈ Xρ.

Definition 4.1. Let ρ be a convex modular defined on a vector spaces X. We
say that {xn}, a sequence of elements of Xρ, is ρ-bounded if supn ρ(xn) <∞.

Definition 4.2. Let ρ be a convex modular defined on a vector space X and
p be a positive real number. We say that {xn}, a sequence of elements of Xρ, is
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strongly p-Cesàro ρ-summable to x ∈ Xρ if

(12) lim
n→∞

1

n

n∑
k=1

ρ(xk − x)p = 0.

The following results, according to patterns of [5], demonstrate a close connec-
tion between the statistical ρ-convergence and the strong p-Cesàro ρ-summability.
Note that for ρ-bounded sequences both notions are equivalent (under the overar-
ching assumption of the ∆2-type condition).

Theorem 4.3 (Second Equivalence Theorem). Let ρ be a convex modular sat-
isfying the ∆2-type condition and p ∈ R, 0 < p <∞.

(i) If a sequence is strongly p-Cesàro ρ-summable to x ∈ Xρ, then it is statisti-
cally ρ-convergent to x ∈ Xρ.

(ii) If a ρ-bounded sequence is statistically ρ-convergent to x ∈ Xρ, then it is
strongly p-Cesàro ρ-summable to x ∈ Xρ.

Proof. For any sequence {xn} of elements of Xρ and ε > 0, we have

n∑
k=1

ρ(xk − x)p =

n∑
k=1

ρ(xk−x)>ε

ρ(xk − x)p +

n∑
k=1

ρ(xk−x)≤ε

ρ(xk − x)p

≥
n∑

k=1

ρ(xk−x)>ε

ρ(xk − x)p ≥ card{k ≤ n : ρ(xk − x) > ε}εp.

It follows that if {xn} is strongly p-Cesàro ρ-summable to x, then {xn} is statis-
tically ρ-convergent to x, proving (i).

Now suppose that {xn} is ρ-bounded and statistically ρ-convergent to x. Since
{xn} is ρ-bounded and ρ satisfies the ∆2-type condition, using (11), there exists
0 < Q <∞ such that ρ(xn − x) < Q. Let ε > 0 be given and select nε such that

1

n
card

{
k ≤ n : ρ(xk − x) >

(ε
2

) 1
p
}
<

ε

2Qp

for all n > nε, and set Sn =
{
k ≤ n : ρ(xk − x) >

(
ε
2

) 1
p
}
. Now, for n > nε, we

have

1

n

n∑
k=1

ρ(xk − x)p =
1

n

( ∑
k∈Sn

ρ(xk − x)p +
∑
k∈Sn
k≤n

ρ(xk − x)p
)

<
1

n

( nε

2Qp

)
Qp +

1

n
n
ε

2
= ε.

Hence, {xn} is strongly p-Cesàro ρ-summable to x, as claimed in (ii). �

It is not difficult to see that in case ρ is a norm, then if {xn} is strongly Cesàro
ρ-summable to x (p = 1), then {xn} is strongly almost convergent to x in the
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sense of Lorentz [29], that is,

(13)
1

n

n∑
k=j

xk → x

in the sense of the norm convergence and uniformly in j ∈ N. In view of Theo-
rem 4.3, the statistical ‖·‖-convergence of a bounded sequence {xn} to x implies the
strong almost convergence of {xn} to x, which in its turn implies the weak almost
convergence of {xn} to x (that is, the condition (13) in the sense of the weak topol-
ogy and uniformly in j ∈ N). Applying this fact to the sequence {xn} = {Tn(x)},
where T is a nonexpansive operator and using a well known ergodic theorem for
nonexpansive operators in Banach spaces (see, e.g., [2, 4, 19, 37]), we obtain the
following interesting fixed point result.

Theorem 4.4. Let X be a uniformly convex and uniformly smooth Banach
space, and let C be a closed convex bounded subset of X. Assume that T C → C is
a nonexpansive mapping and x is any given element of C. If {T kx} is statistically
‖ · ‖-convergent to an element y ∈ C, then T kx ⇀ y and y is a fixed point for T ,
i.e., Ty = y.

Theorem 4.3 is used in the proof of our Decomposition Theorem (Theorem 4.6).
But first let us introduce a notion of statistically ρ-null sequences.

Definition 4.5. A sequence {zk} of elements from Xρ is called a statistically
ρ-null sequence if δ({k : zk 6= 0}) = 0.

Remark. Since for any natural number n and any ε > 0,

card{k ≤ n : zk 6= 0} ≥ card{k ≤ n : ρ(zk) > ε},
it follows immediately that any statistically ρ-null sequence is statistically ρ-
convergent to zero.

Theorem 4.6 (Decomposition Theorem). Let ρ be a convex modular satisfying
the ∆2-type condition. If {xn} is strongly p-Cesàro ρ-summable to x ∈ Xρ, then
there is a ρ-convergent to x sequence {yn} ∈ Xρ, and a statistically ρ-null sequence
{zn} ∈ Xρ such xn = yn + zn for every n ∈ N. Moreover, if {xn} is ρ-bounded,
then {zn} is also ρ-bounded.

Proof. First observe that if {xn} is strongly p-Cesàro ρ-summable to x, then
by Theorem 4.3, {xn} is statistically ρ-convergent to x. Let N0 = 0 and select an
increasing sequence of positive integers N1 < N2 < N3 < . . . such that if n > Nj ,
we have

1

n
card

{
k ≤ n : ρ(xk − x) >

1

j

}
<

1

j
.

We define {yk}, and {zk} as follows: If N0 < k ≤ N1, the set zk = 0 and yk = xk.
Suppose now that j ≥ 1 and Nj < k ≤ Nj+1. If ρ(xk−x) ≤ 1

j , we set yk = xk and

zk = 0 and if ρ(xk − x) > 1
j , we set yk = x and zk = xk − x. It is clear from our

construction that xn = yn + zn, and that {zn} is ρ-bounded if {xn} is ρ-bounded.
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We claim that yk
ρ→ x. Indeed, fix atrbitrarily ε > 0 and choose j such that

ε > 1
j . Observe that for k > Nj , we have that ρ(yk − x) < ε since ρ(yk − x) =

ρ(xk − x) < ε if ρ(xk − x) ≤ 1
j and ρ(yk − x) = ρ(x − x) = 0 if ρ(xk − x) > 1

j ,

proving our claim because ε > 0 was chosen arbitrarily.
To prove that {zk} is statistically ρ-null, we demonstrate that if λ > 0 and

j ∈ N are such that 1
j < λ, then

card{k ≤ n : zk 6= 0} < λ

for all n > Nj . Recall from the construction that if Nj < k ≤ Nj+1, then zk 6= 0
only if ρ(xk − x) > 1

j . It follows that if N` < k ≤ N`+1, then

{k ≤ n : zk 6= 0} ⊆
{
k ≤ n : ρ(xk − x) >

1

`

}
.

Consequently, if N` < n ≤ N`+1 and ` > j, then

1

n
card{k ≤ n : zk 6= 0} ≤ 1

n
card

{
k ≤ n : ρ(xk − x) >

1

`

}
<

1

`
<

1

j
< λ,

which establishes the claim, and hence completes the proof of the theorem. �

The next result follows immediately from the proof of Theorem 4.6.

Corollary 4.7. Let ρ be a convex modular satisfying the ∆2-type condition and
0 < p < ∞. If a sequence is strongly p-Cesàro ρ-summable to x or is statistically
ρ-convergent to x, then {xn} has a subsequence which is ρ-convergent to x.

We use the notation {∆xn} for the sequence of forward differences ∆xk =
xk − xk+1.

Assume that ρ is convex. We define the growth function w [0,∞)→ [0,∞] by

w(t) = sup
{ρ(tx)

ρ(x)
, 0 < ρ(x) <∞

}
.

The following properties of the growth function are direct consequence of the
definition.

Lemma 4.8 ([1, 24]). Let Xρ be a modular vector space. Assume that ρ is
convex and satisfies the 42-type condition. Then the growth function w is an
increasing function with the following properties:

(1) w(1) = 1 and w(t) ≤ t for t ≤ 1,
(2) w(t) <∞, for all t ∈ [0,∞),
(3) w(ts) ≤ w(t)w(s), for all t, s ∈ [0,∞).

In addition, let us notice that ρ(αx) ≤ w(α)ρ(x) for all α ≥ 0 and x ∈ Xρ, and
also that, for each positive integer ` and arbitrary elements x1, x2, . . . , x` ∈ Xρ,

(14) ρ(x1 + x2 + · · ·+ x`) ≤
w(`)

`
[ρ(x1) + ρ(x2) + · · ·+ ρ(x`)].

Our next result establishes a Tauberian condition for the strong p-Cesàro
ρ-summablity or the statistical ρ-convergence. Similarly to other Tauberian theo-
rems, Theorem 4.9 demonstrates that under some order type constraints imposed
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on the forward differences ∆xk, the strong p-Cesàro ρ-summablity and the statis-
tical ρ-convergence are actually reduced to the ρ-convergence.

Theorem 4.9 (Tauberian Theorem). Let ρ be a convex modular satisfying the
∆2-type condition and let 0 < p < ∞. If a sequence {xn} is strongly p-Cesàro
ρ-summable to x (or statistically ρ-convergent to x) and supk∈N w(k)ρ(∆xk) <∞,
then {xn} is ρ-convergent to x.

Proof. In view of Theorem 4.3, it is enough to assume that {xn} is statistically
ρ-convergent to x. Using Theorem 3.4, part (iii), choose a sequence {yn} such

that yk
ρ→x and xk = yk a.a. k. Because xk = yk a.a. k, there exists k0 ∈ N such

that the set {i ≤ k : xi = yi} is nonempty for any k ≥ k0. For each k ≥ k0, write
k = mk + pk, where mk = max{i ≤ k : xi = yi}. We show that

(15) lim
k→∞

pk
mk

= 0.

Assume to the contrary that, there exists γ > 0 such that pk
mk

> γ > 0 for infinitely
many k ≥ k0. Then for such k,

1

k
card{i ≤ k : xi 6= yi} =

1

mk + pk
pk >

pk
pk
γ + pk

=
γ

1 + γ
,

contradicting the fact that xk = yk a.a. k. The contradiction proves (15). From
(15) it follows that there exists k1 ≥ k0 such that pk ≤ mk for any k ≥ k1. Since
w is an increasing function (Lemma 4.8), it follows that

(16)
w(pk)

w(mk)
≤ 1

for k ≥ k1. Since supk∈N w(k)ρ(∆xk) < ∞, there is a finite constant Q > 0 such

that ρ(∆xk) ≤ Q
w(k) for any k ∈ N. Therefore, by (14), the monotonicity of w,

(15), (16), and using Lemma 4.8, we obtain

ρ(ymk
− xk) = ρ(xmk

− xmk+pk)

= ρ(xmk
− xmk+1 + xmk+1 − xmk+2 + · · ·+ xmk+pk−1 − xmk+pk)

≤ w(pk)

pk

pk−1∑
i=0

ρ(∆xmk+i) ≤
w(pk)

pk

pk−1∑
i=0

Q

(mk + i)w(mk + i)

≤ w(pk)

pk

Q

w(mk)
pk = Q

w(pk)

w(mk)

≤ Qw(mkpk/mk)

w(mk)
≤ Qw(mk)w(pk/mk)

w(mk)
≤ Q pk

mk
→ 0.

Finally,

(17) lim
k→∞

ρ(ymk
− xk) = 0.

Since yk
ρ→x and ρ satisfies the ∆2-type condition, it follows from (17) that xk

ρ→x,
as claimed. �
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Remark. Note that our Tauberian, order type condition

sup
k∈N

w(k)ρ(∆xk) <∞

can be rewritten in a more classical Tauberian fashion as ρ(∆xk) = O
(

1
w(k)

)
. Note

also that in the case of number sequences, that is, when X = R or X = C with a
modular ρ defined as an absolute value (or more generally, when X is a Banach
space and ρ is a norm), w(k) = k and our Tauberian condition becomes a very well
known Tauberian condition ρ(∆xk) = O

(
1
k

)
. Such Tauberian conditions for the

sequences of real and complex numbers and their relationship with the statistical
convergence have been studied since the 1980s, see, e.g., [6, 12, 13, 16, 32].

Remark. One can ask an interesting question whether Theorem 4.9 provides
the best possible Tauberian condition of order type for the modular statistical
convergence. Also, it would be interesting to investigate lacunary type Tauberian
conditions in the context of the statistical convergence in modular spaces. Fur-
thermore, this article is related to the assumption that the ∆2-type condition is
provided, which reduces the possible application area. Future research may find
some ways without the ∆2-type assumption.
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38. Růžička M., Electrorheological Fluids: Modelling and Mathematical Theory, Lecture Notes

in Math. 1748, Springer, Berlin, 2000.
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