Acta Math. Univ. Comenianae 145
Vol. XCII, 2 (2023), pp. 145-163

BOUNDEDNESS OF MARCINKIEWICZ INTEGRAL
WITH ROUGH KERNEL AND THEIR COMMUTATOR
ON WEIGHTED HERZ SPACE WITH VARIABLE EXPONENT

O. KHALIL, S. P. TAO anp A. BECHIR

ABSTRACT. In this paper, we study the boundedness of Marcinkiewicz integral
with rough kernel and their commutators generated by Marcinkiewicz integral and
Lip,Y (R™) function on weighted Herz spaces with variable exponent.

1. INTRODUCTION

Variable exponent spaces have become a popular research area in harmonic anal-
ysis in the last few decades due to their diverse applications, as highlighted in
[6, 9, 21]. Variable exponents have been studied extensively in Lebesgue, Hardy,
Herz, and Morrey spaces, yielding fundamental results in both pure and applied
mathematics, such as in magnetorheology, fluid modeling, and image restoration.
The main challenge in proving theorems in this field is establishing the bounded-
ness of the Marcinkiewicz operator on variable Lebesgue spaces and other spaces.
Necessary conditions and critical studies on variable exponents have been obtained,
including log-Hoélder conditions and Muckenhoupt type conditions, as mentioned
in the reports [2, 3, 4, 5, 10, 17, 18, 24, 26].

Assume that S*~1 is the unit sphere in R™ (n > 2) equipped with the normalized
Lebesgue measure do. Let € LI(S"™!) with 1 < ¢ < oo be a homogeneous
function of degree zero

(1) /Sni1 Q(z)do(2') =0,

where o' = z/|z| for any x # 0.
The Marcinkiewicz integral operator is defined as

[ i)
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where

(3) Fou(o)(@) = [ mg@)dy.

z—y|<t |JI -y

Suppose b € Lip, is a locally integrable function on R". The commutators
generated by the Marcinkiewicz integral uq and b are defined by

@) [oual(e) ( \ D e) - bl

|z—y|<t |z —

In 1938, Marcinkiewicz presented the Marcinkiewicz integral in [20]. In 1958,
Stein incorporated the Marcinkiewicz integral operator ug, which corresponds
to the Littlewood-Paley g-function. Stein demonstrated that if {2 is continuous
and satisfies a Lip, (0 < a < 1) condition on S"~!, then uq is of type (p,p) for
1 < p <2 and of weak type (1,1) in [22]. In [23], Torchinsky and Wang discussed
the boundedness of the commutator generated by the Marcinkiewicz integral g
and BMO(R™) function on the Lebesgue space LP(R™), in order to prove its
boundedness.

Cui and Li established the boundedness of the Marcinkiewicz integral with
rough kernel and its commutators. They proved that it is bounded on the gen-
eralized weighted Morrey space for the commutator generated by a BMO(R™)
function [8]. To prove the boundedness of Marcinkiewicz integrals and their com-
mutators on the space mentioned in Definition 1.4, we rely on the previous results
and the following ones.

In their work [15], Izuki and Noi studied the boundedness of fractional inte-
gral operators on weighted Herz spaces with variable exponents. They also applied
weighted Herz spaces with variable exponents to their investigations. Additionally,
Abdalmonem and Scapellato studied the boundedness of the homogeneous frac-
tional integral operator and showed that it is bounded on weighted Herz spaces
with variable exponents [1].

In this work, we aim to explain the boundedness of the Marcinkiewicz inte-
gral with rough kernel and its commutator on weighted Herz spaces with variable

exponent K:‘( % (w).

Let E be a Lebesgue measurable set in R™ with measure |E| > 0, x g means its
characteristic function. Now we should review some definitions.

Definition 1.1 ([6]). If p(:): E — [1,00) is a measurable function, the variable
exponent Lebesgue space is defined by

()

LPO(E) = {g is measurable : /

p(z)
<|g(x)|) dx < oo for some constant n > 0}.
E

n
The space Lfo(g (E) is defined by

(6) Lre )(E) = {g is measurable : g € LP)(K) for all compact K C E} .

loc



BOUNDEDNESS OF MARCINKIEWICZ INTEGRAL ... 147

The Lebesgue space LP()(E) is a Banach space with the norm defined by

p(z)
(7) 19 2> () :jnf{n>0 : /E (Ig(;:)l) dr < 1}.

We denote p_ = essinf{p(z) : x € E}, py = esssup{p(z) : © € E}, then P(E)
consists of all p(-) satisfying p_— > 1 and p; < oco.

Definition 1.2 ([13, Definition 2.4]). Let w be a weight function, and let p(-) €
P(R"). We define the weighted Lebesgue space with variable exponent LP()(w)
to be the set of all complex-valued measurable functions g such that gw!'/?P() e
LPC)(R™). The space LP()(w) is a Banach space equipped with the norm

(8) 191l 2o () = 9PN 1o ey

Definition 1.3 ([7, Theorem 2.4]). If w be a weight, p(-) € P(R™), and the
maximal operator is bounded on LP() (w) and LP'C) (w=1), we state that (p(-),w)
is an M-pair.

Next, we define the weighted Herz space with variable exponent. For all k € Z,
we denote B, = {zr € R" : |2| < 2}, C) = Bi\Br_1, Xk = XC,.-

Definition 1.4 ([15, Definition 5]). Suppose that p(-) € P(R™), 0 < ¢ < o0,

a € R. The homogeneous weighted Herz space with variable exponent I'(;‘(’% (w) is

the collection of g € L") (R"\ {0}, w) such that

loc

o0

1/q
aqk
(9) gl :=( > 2 ||9X’€qm<-><w>) <00

k=—oc0
It is easy to see that if w = 1, then Kg(’.q) (w) = Kg(’_) (R™) is the Herz space with
variable exponent defined in [12]. If w = 1 and p(+) = p, then K;(,% (w) = KI‘,"’Q(R")
is the classical Herz space introduced in [19]. If p(-) = p, then K;(’g (w) = [.(Z‘qu(w)
is the weighted Herz space introduced in [17].

2. LEMMAS AND COROLLARIES

This part includes some definitions, corollaries, and lemmas that may be required
to prove our principal theorems. We only describe the relevant parts of the results
we need. First, we outline the Lebesgue space with variable exponent.

Definition 2.1 ([16, Lemma 5]). The weighted Banach function space
X(R™, W) is a Banach function space equipped with the norm ||g||x®» w) =
[lgW || x - The associated space of X (R™, W) is a Banach function space and equals
X'(R", W),
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Definition 2.2 (|7, Definition 2.9]). Let 0 < A < n, p1(-),p2(-) € P(R"), and

pli%z) - p%(m) = % A weight w is said to be an Ay, (.) p,(.)) Weight if there exists

C > 0 such that
(10) lwxsll e lw™ X8l 4o < CIB
holds for all balls B C R™.

Lemma 2.3 ([25, Lemma 1.1]). Let p(-) € P(R™) be a globally log-Hélder
continuity, and satisfies:

(1) [p(z) = p(y)| <

(2) [p(x) = poc| < ma

for some real constant ps,. The set LH(R™) consists of all globally log-Hélder
continuous functions.

n—>X\
n
3

BT 33,3/€an Jf—y|gl/2,
“log([z — ) |

reR", |y| > |=|,

Then the Hard-Littlewood maximal operator M is bounded on L) (R™) written
as

wmﬂwﬁbmm,

B3X
Let M be the set of all complex-valued measurable functions on R™ defined in
[15, Definition 6.

Lemma 2.4 ([4, Theorem 4.2]). Suppose that X C M is a Banach function
space.

(1) (The generalized Holder’s inequality) For all f € X and g € X', we have
[ 15@g(@)de < 7l lgle-

(2) For all g € X', we have

| st

In particular, space (X') = X.

:feX,||f||X<1}.

nmcm{

As an application of generalized Hélder’s inequality above, we have the following
Lemma.

Lemma 2.5 ([15, Lemma 3]). Let X be a Banach function space. We have:

1
1< = lIxsllxlxslx
Bl

holds for all balls B.

Lemma 2.6 ([6, Lemma G,HD Let X be a Banach function space. If the
Hardy-Littlewood mazimal operator M is weakly bounded on X, that is

Ixgargsayllx <A Hgllx,
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and it holds for all f € X and X\ > 0, then we have
1
sup —|[xsllx|xBllx <o
B:Bail | B

Lemma 2.7 ([15, Remark 2]). If pi(-) € P(R"™), by comparing the definition
of the weighted Banach function space with the weighted variable Lebesgue space,
we can make the following observations:

(1) If X = LP*O)(R™) and W = w, then we obtain LP*C) (R, w) = LP*O) (wP1 (),
(2) If X = LPiO)(R™) and W= w™". Then we can use Lemma 2.4 to obtain
LR w1y = LA O (P 0)) = (LP1O) (wPr ()

Lemma 2.8 ([14, Lemma 6]). Suppose that X is a Banach space. Let M be a
bounded on the associated space X'. Then there exists a constant 0 < § < 1 such

that s
el (12)
Ixslx — \IBl/ ’
holds for all balls B and all measurable sets E C B.
Lemma 2.9 ([1, Lemma 2.11]). Suppose that p1(-) € LH(R™) N P(R") and

wP') € Ay, Let M be a bounded on LP*O) (wP*©)) and LP1O) (w=P10)). Then there
exist constants 01,92 € (0,1) such that

X1 Le16) w10y <C <|S|>51, X1l (Lr1) w12y <C <S|)527
IXB I Lpr) (w10 | B IXB Il (L1 (wrpr 1)y |B|

hold for all balls B and all measurable sets S C B, where the set of p(-) satisfying

(1) and (2) in Lemma 2.3 is denoted by LH(R™).

Lemma 2.10 ([11, Theorem Al). Suppose that Q € L"(S"™ 1), 1 < r < oc.
Then for every r' <r < oo and w € A,/ there is a constant C independent of g
such that

e (9) e @ w) < CllgllLr@n w)-

Lemma 2.11 ([7, Lemma 2.13]). Assume that po,qo, 1 < po < qo < 00, and
every wo € Apy g0, F stand for a family of functions

( / f(w)"‘)wo(a:)%dx)l/qu < ( / g(x)qowo(as)qodx>1/qo, (f.9) € F.
in

R’Vl
Given p(-),q(-) € P(R™), let us assume that
1 1 1 1

pl@)  a(z)  po @
We define o > 1, by (1) = (p%) +(55)- Ifw € Ay g for any M-pair (p(-), w),
then
[fllLao ) < Cllglrorwy,  (fr9) €F,
holds for po = 1 and the maximal operator is bounded on Lp/(')(w’l). We know
the Hardy— Littlewood mazimal operator is bounded on LP)(w) and L¥'O) (w=?'())
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(see [15]). Incorporating Lemma 2.10 and Lemma 2.11, we obtain the following
conclusion.

Corollary 2.12. Let p(-) € LH(R") N P(R"), Q € L"(S" H(r > 1), and
w € Ayy. Then the Marcinkiewicz integral operator g is bounded on LPO) (w).
Here Ay is the classical Muckenhoupt weight, see [15] for more information.

3. ESTIMATE OF MARCINKIEWICZ INTEGRAL OPERATOR

In this section, we examine the boundedness of g on Kglzh) (wPr()),

Theorem 3.1. Suppose that p(-) € LHR")NP(R™), 0 < ¢1 < g3 < 00, A > 2,
and Q € L"(S" N (r > 1) satisfies Lemma 2.3. If wP() € Ay and —né; < a <
ndy — =, where 61,02 are the constants in Lemma 2.9, then the Marcinkiewicz
operator g is bounded from K;ng) (wPr()) to [.(;‘1’?}) (wPr (),

Proof. Let g € Ksl"(l_z)(wpl(')), and let g; := gy, for each j € Z. Then we have
9= " . 9j and

oo

k
||“Q(g)||%"‘*‘(12)(wm<~>) < Z 2% ||MQ(g)Xk||quP1(~)(wP1('))
p1l-
k=—o00

k—2

oo q1
<0 Y 24 (X Il owno)

k=—o0 j=—0o0

S k+1 [}
(11) +C Z 2aq1k< Z ||MQ(gj)Xk||Lp1<->(wp1<~>))

k=—o00 j=k—-1

oo o0 q1
+C Y 2“'“'“( > ||Mﬂ(gj)Xk||Lm<~>(wm<->)>

k=—o0 j=k+2
=T;+Ty+ T3

First we deduce T;. We examine
i Qz —y)
i< ([ [ gy
0 lz—y|<t |:C y‘

(12) + (/: ’ /;c—ylgt ng(y)dy

=:p1+ p2.

241\ 2
3

1
A
+3

We motion that x € Ay, y € A;, and j <k — 2. Then |z — y| ~ |z| if

1 1

[z —y? faf?

|yl

(13) Tl —yP
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By (13) and Minkowski’s and generalized Hélder’s inequalities, we have

Oz —y) ( o] dt)i
p<C | ———2 / dy
1 e =T 1| 9;(y)| oy B

Az —y) 1 1
<c | g ——ld
B S T B
Oz —y) [y
(14) <O [ o e sy

C 2P 0 d
<(——m—— —
<Oz /Ajl (z = y)llg(y)|dy

< CQ(j*k)ﬂTknng(y)”Lr’(Rn)||Q(95 — Yl @n).-

Similarly, let us consider p. Taking note of |z — y| ~ |z|, we can use Minkowski’s
and generalized Holder’s inequalities to obtain

Qx — > dt 2
p < C <,3’)1|gj<y>|(/ ) ay
re |7 — Y lz| T

(15) <c/ |M|<>||1

z|

< T gy )] 1960 — )i

dy

So, we have

(16) e (9;) (@) < C277g; (W)l 1 oy 12z = )| Lr(n)-
If Q € L"(S"~1), we obtain

1/r

126 = )1 < [ [ oe-ra
\as yl<r

kn

||Q||L7 (Sn 1 < O T .

Therefore, applying generalized Holder’s inequality, we have

(17)

as) g5 Wl L @y < |ij|71/r||gijLP1(')”wilXj”LPﬂ(-)
<277 gjel| por oo lw ™ X o -
Now, using (15)—(18), we find that
(19) lua(g) ()] < C27F 25T gl oy lw™ X5 oo -
Applying Lemma 2.5 and Lemma 2.6, we have
1102(97)Xk |l o1 O (o 1) < C27F2E=D | a1 ) (a0
X [l ™ x5l o X o1 0 gomr )
< C27F 2B g o | Lo 9 e 00y

X ||XB,-||(Lp1<»>(wm(->))/HXB,CHLm(-)(wm(-))
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(20) < C25 7T g0l oy e ()
1 om0 oy X s oy

i I1XB; | (Lp1 ) (wr1 Oy
< 2k J)n/r||gjw||LP1(‘)(wP1(')) (L1 (w1 ()

||XBk: ||(LP1(')(wP1(~>))/

g C2(j—k)(n52—n/T) ||ngHLP1(‘)(wP1('))‘

Thus, we get
e k=2 q1
T, <C Z Qaqlk( Z 2(]k)(n62n/r)gijLpl(.)(wpl(.)))
k=—o0 Jj=—00
(21) .
<C Z ( Z 9ieg(i— k)(néz—f—a)ngwHLpl() wpL( ))) .
k=—0c0 “j=-—o00

If 1 < ¢ < oo, take L + qi, = 1. Since ndz — = — a > 0, by Holder’s inequality,
1

q1
we have
o _ q1
Tl SC Z ( Z JQQ(] F)(ndy =3 —a )|gjw||Lp1()(wP1())>
k=—oc0 “j=—o00
oo —2
C ( Z JO“UQJ k)(n52777a q1/2||gﬂw||L91()(wP1())>
—oo N j=
a1/dqy
X ( 2(] k) (n52-—d)q1/2>
j=—o00
o
CIRED S SR e R G
k:—ooj:—oo
@ k)(nda—2%—a 2
<C Z 2j quQJW”Lm()(wm()) Z 2(J ( 2 )ql/
J=—eo k=j+2
< Clgl%

< q2 (wm( ))

If0<q1§1,weget

0o k—2 a
T, <C Z ( Z 2]a2(J k)(n62a)”gjw”LFl()(wm()))
k=—oc0 “j=—o00
[e'S) k—2
j o j—k)(nde—2—«
<C Z Z 9jaq19(j—k)(ndz— ))ql||gjw||%lpl(‘)(w1’1('))
(23) k=—o00 j=—00
<O Vg8 iy D VTR R
j=—o0 k=j+2
< COg||%a.q L
< Nl
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Next, we consider T5. By Corollary 2.12, we know that pq is bounded on LP() (w).
Therefore, we have

> k+2 q1
Ty=C ) 2aqlk( > ||MQ(9j)Xk|Lp1<->(wp1<~>))

k=—o0 j=k—2

o) k+2 ) _ q1
(24) —c 3 (X 22yl

k=—oc0 “j=k—2
< Clgllz-

< ‘12 (wm( )

Finally, we calculate Ts3. Take note of that z € Ay, y € A;, and j > k + 2, so we
have |y — x| ~ |y|. Let us examine

v ( || ’/z |<t |33 — |ny)1 9;(y)dy 2;1;)é
=: Ay + Ao !

In a similar way to p;, we have

(26) Ay < C25D2270% g5 (y)| o o 192 = 9) | -
Similarly, for ps, we have

(27) Az < C27lg; W) L ey 19 = )| 2 e
Furthermore, if Q € L™(S"~1), we obtain

(28) 19(z = )| r(any < C2" 2077,

Therefore, we get

(29) 195 ) ey < 1B31 77l gswll pones o™ x5l g
<2797 gl oo lw ™ X o -
By a similar argument to (19), we obtain
(30) e (9;)(@)] < C277"|giwll oo lw™ x5l oy -
Applying Lemma 2.5 and Lemma 2.9, we have
122(95) Xk o1 ) (wrr 0y < CQ_j"||gjw||Lp1<->(wp1<~>)||w_1Xj||Lm(~>||Xk||Lp1<->(wm<~>)
< CQ*jn||9jw||Lp1(-)(wp1<->)
X HXBj||(LP1(-)(wP1(-)))'HXBkHLm(-)(wm(-))

(31) < Cllgjll o ur ) IX B 2010 o1 ) 1X B, | s oy



154 O. KHALIL, S. P. TAO anNp A. BECHIR

IxB. ”Lﬂl(-)(wm(-))
HXB]‘ ||Lp1<~>(wp1<->)
< CQ(kij)nél ngw”Ll”l(')(wPl('))-

< C”gijLpl(’)(wpl('))

Therefore, we get

> e q1
Ty<0 3wk Y S gl o

k=—00 j=k+2
(32) - - .
<C Z ( Z ojog(k— ])(n61+a)||gjw||Lpl( ) (wpr € ))) )
k=—oc0 “j=k+2

If1 < g1 < o0, take qil + 4 =1. Since nd; +a > 0 by Holder’s inequality, we have
1

q
L) oo @
T?’ < C Z ( Z ja2 (k=) (actndn) ||gjw|LP1(')(u)P1(‘)))
k=—o00 =k+
L) o0
«a k—j)(nd1+a 1
Z ( Z 2] q12( 7) 1+ )q1/2|gjw||(im(->(wr'1('))>
k=—oc0 j=k+
q1/4}
><< Z 2<k—j>(nal+a>qa/2)
(33) j=k+2
g —7)(nd1 4+«
<C Z Z 9iaqig(k—j)(né1+ )q1/2||gij%1P1(')(wl”1('))
k=—o00 j=k+2
<C Z 2j0‘q1||gjw||%1p1(-)(wm(‘)) Z Q(k*j)(n61+a)Q1/2
Jj=—00 k=—o0

q1
S C”Q”K;:{‘(I-Q)(wpl(-))'

If 0 < ¢1 <1, we obtain

ad i q1
TgSC Z < Z 2]a2(k])(n61+a)||gjw||Lpl('>(wP1('))>
k=—oc0 j=k+2
j o k—j)(a+nd
< Z Z 9iaqro(k—j)(a+ l)ql||gijqum<-)(wp1(~))
(34) k=—00 j=k+2
j—2
1 k—j —nd2)q1
<C Z giaq ||gijLp1()wp1<)) Z 9(k—j)(a—nd2)q
Jj=—o0 k=—o00
<C||g||q

< ‘12 (wpl( ))

Therefore, the proof is completed. O
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4. LIPSCHITZ ESTIMATE FOR THE COMMUTATOR
OF MARCINKIEWICZ INTEGRAL OPERATOR

In this section, we examine the boundedness of [b, ug] on Ks‘l’?_)(wpl(')).

Definition 4.1. For all 0 < < 1, the Lipschitz space Lip, (R") is defined by
. l9(z) —9(¥)|
35 Llpz{g:gm = sup —_——" 0.
( ) ol ” ” Py o yeR™ oty ‘l‘ _ y|,y
Let 0 <y <1, b € Lip,(R"), p(-) € LH(R") N P(R"). It is easy to see that
b(x) = b(y)| < [[bllLip, |z =y
Corollary 4.2. Let 0 < v < 1, b € Lip,(R"), and p(-) € LH(R") N P(R")
such that it satisfies Lemma 2.3, and let p(-) be a variable exponent. Then [b, uq]
is bounded on LPC)(wP()). This means that there ewists a constant C' > 0 such
that
(36) 116; kalgll oo wrery < 10llLip, 191 oo (wre)-
Proof.
1
[z —y)| AN
b, pelgl < C/R o b(@) = b(y)llg(y)] =) dy

n |‘T - y|n |lz—y| t3

(37) < Clofy, [ SR

1
[z —y["]g(y)] dy
g |2 —y|nt lz —y|

12z —y)|
< C||b]|1s / R dy.
= H ||L Py an |1’ — y|n,7 |g(y)| Y

We know that Tjq) ,|g| is bounded on LPO) (wP()) (see[1]), so we obtain
16, 1lgll Lre> (wrery < CllbllLip, 1Tl 4191l Lre (wre)

(38)
< ClbllLip, 9]l 2o (wrer)-

O

Theorem 4.3. Let b € Lip (R") with 0 < v < 1, p(-) € LH(R") N P(R"),
and X\ > 2 satisfying Lemma 2.3. Let Q € L"(S"™ 1), 0 < ¢1 < q2 < o0, and
T+ —ndy < a< T +ndy, where 61 and 62 are the constants in Lemma 2.9. If
wP() € Ay, then the commutator of the Marcinkiewicz operator [b, pa] is bounded

from K;‘l"(z_"’) (wPr ) to stgl) (wPr()),

Proof. Suppose that g € K;l’% (wPr()), we have

o

gx) = Y gxi@) = Y gi(x),

j=—00 j=—o00
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then

[e’e) . q1/q2
||[b MQ]( )qua q2 (wP1<)) = |: Z 242 ||[b’ MQ](g)XkH(?pl(-)(wm(-))]

k=—oc0
< D0 2 H b, o) (9) Xk 1 s 0
k=—oc0
0o k—2 q1
(39) <cy 2%’“( 3 ||[b,/m](gj>xk||m<l>(wm.>>)
k=—o0 j=—00
0o k+2 a1
+C Z 2“‘“’“( Z ||[baNQng)Xk|Lp1(->(wp1(->))
k=—o0 j=k—2
> > q1
+C Z 2aq1k< Z ”[b»,LLQ](gj)Xk”Lm(-)(wm(-)))
k=—00 j=k+2
= Fl +F2+F3

Now we estimate I';. Note that when = € Ag, it follows from j < k — 2 that
| —y| ~ |z|. By utilizing generalized Holder’s inequality, we will examine a
function that we can use in our proof

||[b»MQ](Qj)(x)||Lm<->(wp1(->)
o Qo)
SC( [ 2 ) sl

e—yl<t |~”U—y|” 1
~Y) i) — _
+C< || ‘/Iw y|<t \:c— | To— o1 @) = b()lg; (y)dy

=: 01 + 0.

(40)

Noting that j < k — 2, then |z — y| ~ |z|. Using (13) and Minkowski’s inequality,
we have

ov<c [ B - gl [ "

Q@ =yl PR N
2z — )| lyl/?
SC/Aj b = by ()] sy

< C2l=R 29 KO /A 12z — 1)lg; () ldy.

J
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Similarly to the way we considered ©7 under the same conditions, we now exam-

ine @2
2z — y)| | < dr\'
O, <C Rnww( ) — (y)llg](y)|</ll t3> dy
<C o 1Ib( z) —b(y)|lg;(y )\
) / \xf | ERd

< [ R - swlswia

< €2 bl [ 104 = )llgs )l
j
Using the generalized Holder’s inequality, we have
|[b, nal(g;) ()] < C2_k(n_7)”b”Lipw/ 1€z —y)llg(y)ldy
(43) Aj
< C27* 0 bl|ip, 192 — )| ey 1951 L o y-

Under generalized Holder’s inequality, we get
lgsll e < 1B Nl gjwll oo lw™ Xl Lo o

<277 gjel| oo lw ™ X | ot -

Furthermore, if Q € L"(S"™!) is true according to (17), then we obtain the follow-
ing inequality

(44)

@5) | uel(g) (@) < C27 TV bllip, 207 F [ giwll oo lw ™ Xl g -
Now applying the result above, we have
(46)

116, 1ol (95)xk | Lor ) (wrr 00y
< 275D blip, 2575 | gl Lor 3 (uorr 0y 10T X a0 XNl 1 guomr 0

< 027 kn=mgk=g) 3 I wrr O X Bl Lr1 O (wpr )y

By Lemmas 2.5 and 2.9, we get

I[b, 1ol (95)
< 02kvolk=i)7

Wl £or 0 11X8; (2210 w1 03y 27 X B | o1 0 o 0

< C2k72(k—j)% ngw”LPl(') ||XBj H(LPI(‘)(wpl(')))’ ||XBI« ||(L1p1(')(wp1(~)))/
(47) < C2F72lk=D)% Hb”Lim ”gijLPl(‘)(wPl(‘))
||XBj H(Lm(')(wm(‘)))/

—1
X Il oo omony X8, oo oy o (L1 (w2
k ) (w )
< C22m %2R =D ]| i, (g0l Lo (om0

X HXBJ‘ ||(LP1(')(wP1(')))/ ||XB]' ||(L1p1(-)(wp1(-)))"
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Using Lemma 2.6,
||XB;'H(_L1m<-)(wp<»>))/ = 2_7j||XBj||(_L1p1(->(wm<->))/
(48) < CQ*W?fnjHXB_,»||Lp1(->(wp1<-))
< 027901 p, | L2106 w11y
Therefore, we get
16, 1] (95)xk |l o1 urr )
< CQk’yzn&z(j—k)Q(k—j)%||b||Lipw||gijLp1(.)(wp1(,))
X Bl (210 (wrr ) IXBL s 3 a0y
< Ckaznéz\(j—k)g(k—j)%||b||LipW||gjw”Lm(,)(wm,>)
< X8l (Lo om0y 2T B, oo gm0
< 021(k=i)g=nb2(k—j)o(k—j) 1]|ip.,
X [|giwll 1p1 ) w11y [2_jnHXBkH(Lm(')(wpl(‘)))/”XBjHLPl(’)(wm(‘))
< €20 RS ||, ([ g5w]l o ) (om0
Thus, we obtain

PO 2% b il 9k s )

k=—o00

e k=2 q1
SC Z 2aq1k( Z |[b7NQ](gj)Xk|LPz(')(wpfz(')))

k=—00 j=—00
(50) 00 k—2 q1
§C||b| %ﬁp’y Z 204(11k< Z 2(J_k)[n52_7_2]||ng||LP1(‘)(wP1('))>
k=—o0 j=—0o0
%S k—2 q1
<Oy, 3 (X 2 gl )
k=—o0 “j=—o00

1

Now, when 1 < ¢; < oo, take o

Holder’s inequality, we find

—|—i:1. Since ndz —v — 7 +a > 0, using

[e'S) k—2 q1
Fl < OHb”%llp,y Z < Z 2&]2(16])(77452’\/7-+a)|gjw||Lp1<_)(wpl(.))>
k=—o0 “j=—o00
) k—2
ajo(k—j 2(2 —nd2+a
SCHb”%lim Z ( Z gnedglb=g)ar/2(5 —ndat )||gjw||%lp1(')(wp1(~))>
k=—oc0 “j=—o0

k—2 , /9
x( 3 2n62—~/—’;+a)41/2>

j=—o00
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00 k—2

CHNELE M S (5 DT e R T Y
k=—oc0 j=—o00
= Clbltly, 30 20 gl gy 3 2
j=—00 k=j+2
- CHb”Llp Z QQIaj||gij3,1Pl(‘)(wP1('))
j=—00
< ClblL,, ||9||K“ 1 (wp1 ()
If 0 < g1 <1, then we get
oo k—2 q1
Fl < C”b”Llp Z < Z 204]2(16—])(”52_7_T+Oé)||gjw||Lp1(.)(wp1(.))>
k=—o0 “j=—o00

652 = ClOltly, 3 2 glf gy 3 2
j=—o0 k=j+2

o0

_C”bHL]p Z 2qmj||9]‘W||qL1m(-)(wmm)

j=—00

< CHbH%lip,Y ||9||1’<§1*‘g_1)(wp1<->)-

Now we consider I's. According to Corollary 4.2, we recognize that [b, ug| is
bounded on LP() (w), so we can write

Ty

[e's) k+2 q1
DI (D S YR Y

k=—o0 j=k—2

o) k+2 . ] q1
(53) = ( > 2a<’“—ﬂ>2aﬂ||gj||Lp1<.>(wm<,>))

k=—o0 “j=k—2
< Cligllg-

« ‘71 (wm( ))

Finally, let us calculate I's. If z € Ay, y € A; and j > k + 2, we have
Il[b, NQ](gj)(x)||Lm<->(wm(->)

<o([7]/ “(””‘y)[b(x)—b(y)}gxy)dyzjf)lﬂ

a—yl<t |2 =y
~Y) i) — _
+C< || ‘/Il y|<t \x—yl" T — gt @)~ bw)lo; (v)dy

=P + Po.
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By Minkowski’s inequality, we get

|| 1/2
wzo [ e -wwlawl( [©F)

R™ z—y| td
2 — )| 1 LM
<o | PRIy —b - | dy
(55) A, |Z‘ ‘n 1| ( ) ( )|| J( ) x_y|2 |Z‘|2
2z — y)| 4 ly'/?
<C N W'b( T) — (y)llg](y)lmdy

< C2k=/29=3 = /A 12 — y)llg; (v)].

j
Similarly to the way we considered ®, we consider @,

0o 1/2
B, <C MW <y>||gj<y>|(/z G“) ay

R™ |£E— [ t?’

<o [ B - bllos ol
(56) Yo
<c [ B sl wlay
A, T =yl

<CrI bl [ 102 = llaso)
Now, by the generalized Holder’s inequality, we obtain

|[b: ol (g;) (2)] < C2_j(n_7)||b||Lipw/ 2z = y)llg; (v)]

J

(57) < C277 Dbl Lip, |2 = 9) | e @) 19511 2o (R -
Then, for any Q € L™(S"™1), by using (55)—(57), we have the following inequality
(58)  11b,pal(g;) ()] < C27I VI blluip, 287D [lgswll porio llo™ x5l oo
Now using Lemmas 2.5 and 2.9, we get

16, 1] (9) (@) Xkl o1 ) (uwr1 )

< 277 ||b||Lip,Y2(k7j)% Wl Lpr ) (wrr )

X Jlw™ X8, | Lot ) 1XBi | Lor ) (om0

< C27j(n7y) ||b||Lipw2(k7j)% 'W”Lm(-)(wm(-))

(59)
X B | o2 (wrr )

Hw XB; ||LP1()||XB HLPl()(wpl()) HXB || O )
LP1C) (wP1(

<2770 1] Lip 2(k Dot ])Ml”fjw”Lm()(wPl())

X HwﬂXB,-IILpngIXBjHLm<->(wm<->)~
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From the definition of Ay, () ,,(.) (see Definition 2.2), we get

lw ™" xB; | oo 1xB; s 0y < Nlw™ x| oo llox s, | o

60 .
(60) <|Bj|mw = 2,

Hence, we have

(61) NI, pl(9) @)Xkl o) rr 0y < C2FDEFOD ]| ip lgiw]l o

Then, we get

oo

e $5 pe( 5

k=—o0 j=k+2

oo o0 ql
(62) <C ) 2”’“( > C|b||mpw2<’“‘”<*+"5l>||gjw|Lp1<.>)

k=—o0 j=k+2

oo o0 q1
< Clplt,, > (Z 2“2('“_”(”"51*“)%Lm‘)(wm»)) :

k=—o0 “j=k+2

q1
I, /m]<gj>xk||m.>(wm.>))

Now, when 1 < ¢; < o0, take q— + i, 1. Since  +nd; + a > 0, using Holder’s
inequality, we get

q1
s < C”bHLlp ( 204]2(k 2 +n61+a)||gJ||Lp1( ) (wP1( )))
k=—o0 “j=k+2
k—j)(Z+no
< ClleLlp ( Z QQQMHQJHLm( wr ) 9(k—g)(+n 1+a)q1/2)
k=—o0 “j=k+2

QI/q1
o(k—j) (2 +n61+a>q1/2)

X(
j=k+2

63 o e
@ <omg,, 2 (Z 20 B iy 2 50 )

k=—o0 j=k+2
j—2

< CllollLs,, Z 2aq1ngJHLP1()(wP1() ( > 2t J)("+"51+a)q1/2>

Jj=—o0 k=—o0

oo

< C”bHLlp Z 2aq1jng‘|%1pl(-)(wpl(-))

j=—00

< OlblEp, 95l coor om0y
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If 0 < g1 <1, we have

e & q1
F3§C”b”(ﬁpw Z ( Z 2a]2(k_])(T+n61+a)|gj|LP1<‘>(wP1(‘))>

k=—o0 j=k+2
<cplz,. ( 3 2q1aj2q1<k—j>(¢+n51+a>|gj(gpl(_)(wmm))
k=—oc0 “j=k+2
(64) q1 - aqij q1 = (k—7)(Z2+nd1+a)q1
< ORIl Do 2G| D 207
j=—00 k=—oc0

)

<OblE. D 22l o o)
j=—0o0

< CIBIES, 195 i -

Therefore, the proof is completed. O
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