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ROUGH STATISTICAL CONVERGENCE OF COMPLEX
UNCERTAIN TRIPLE SEQUENCE

O. Kisi anp M. GURDAL

ABSTRACT. We investigate the rough statistical convergence of complex uncertain
triple sequences in this research. We show three forms of rough statistically con-
vergent complex uncertain triple sequences and rough \3-statistical convergence in
measure, as well as other fundamental features.

1. INTRODUCTION

Zygmund [33] used the term “almost convergence” to describe the concept of
statistical convergence. It was formally presented by Fast [12]. Later the idea was
associated with summability theory by Fridy [14] and many others [1, 3, 4, 12,
13, 14, 15, 16, 17, 19, 20, 21, 22, 30, 31].

The theory of uncertainty plays a vital role not only in pure mathematics.
The majority of human decisions are made in the face of uncertainty. A specific
sort of mathematical measure can be used to represent the performance of an
uncertainty. Fuzziness is another paradigm for uncertainty pioneered by Zadeh
[32] in 1965 using membership functions. Fuzzy set theory and probability the-
ory are undeniably valuable tools for dealing with uncertainty. However, in real
life, natural language expressions such as “middle age”, “about 30 kilometers”,
“about 15 degrees Celsius”, and “roughly 6 kilograms” are commonly employed
to represent imperfect knowledge or facts. But multiple studies have demon-
strated that such utterances are neither random nor fuzzy. These facts encourage
the development of uncertainty theory as an axiomatic mathematics branch for
representing human uncertainty. To model uncertainty, Liu [25] established an
uncertainty theory that is a branch of mathematics based on normality, mono-
tonicity, self-duality, countable subadditivity, and product measure axioms. Liu
[25] defined the concept of uncertain variables as a function from a measurable
space to R. If real numbers are rebuilt with a set of complex numbers, it is named
as complex uncertain variable which was worked by Peng [26]. Recently, various
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researchers have also done significant studies based on complex uncertain vari-
ables, see, [6, 7, 8, 9, 10, 11, 27, 28, 29]. The conception of rough convergence
was first investigated by Phu [23] in finite-dimensional normed spaces. Phu [24]
expanded the results given in [23] to infinite-dimensional normed spaces. In [2],
Aytar investigated rough statistical convergence. The notion of A-statistical con-
vergence was examined by Mursaleen [18]. Das et al. [5] expanded these ideas in
2015, including rough A-statistical convergence in probability. For the purpose of
delve deeper into uncertainty theory, we defined rough statistical convergence of
complex uncertain triple sequences and worked on some convergence conceptions
such as rough statistical convergence in measure, rough A\3-statistical convergence
in measure, rough converges in distribution, and rough statistical convergence in
mean of complex uncertain triple sequences, obtaining some inter-relationships
between them. In the entire paper, let r be a positive, non-negative real number
and (wpqr) be a complex uncertain triple sequence.

2. MAIN RESULTS

Definition 2.1. A complex uncertain triple sequence (wyq) is called to be
rough statistical (rst) convergent almost surely to w with roughness degree r
provided that for any event A with M(A) =1, so that

) ((p,q,T) S N3 : ”wpqr(’)/) - w('y)H >r+ J) =0

for each v € A. When the above equation supplies, w is a rough statistical limit
point of {w,q,}, which is generally no more unique. Hence, we contemplate r-sta-
tistical limit set of {w,q.} determined by

st-LIM " wpqy 1= {w ! Wpgr ety w} .

Example 2.2. Take into account the uncertainty space (I', £, M). It becomes

I = {71,7,...} with M(A) = S 27(Hatr) . We determine a complex
Vp Vg Vr €A
uncertain variable by

[P when g = i,
Wpar(7) = { 0 otherwise,

for p # k?, q # 1%, r # m? and
_Ji-pta+r) wheny=1p4q4,
wpq7'(7) - { 0 otherwise,
for p =k, q=1?r=m? and @ = 0. Then, @, % @ where

0 for r < 1,

st — LIM wpqr:{ wi, we[l—r,r—1] forr>1.

Additionally, we get that the sequence (wpqr) is not rough convergent a.s. to w,
howewer, it is rst-convergent a.s. to w for any r > 1.
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Theorem 2.3.

(1) When wpgr "ot ags. w, then Bwpgr Tt ggs. Bwo, where B € C.

(ii) When wpgr TS o and Ppgr Tl ags. ¥, then Bwpgr + BUpgr TS .
Proof. 1t is obvious, so omitted. O

Theorem 2.4. The r-statistical limit set of a complex uncertain triple sequence
1S CONVeL.

Proof. Presume that wg,w; € st-LIM"w,q, for the complex uncertain triple
sequence (wpqr), and let o > 0 be given. Determine

T = {(p,qm) € N3 ||wpgr — wol| =7+ o}
and

Ty = {(p,q,r) € N3 ||wpgr —w1|| > +J} )
Since wog, w1 € st-LIM"w,q., we get §(T1) = 6(T2) = 0. So, we acquire

|[@pgr — [(1 = T)wo + T@1]|| = [[(1 = 7) (@pgr — @0) + T (@Wpgr —@1)|| <7+ 0
for all (p,q,r) € Tf NTy and every 7 € [0,1]. Since § (T¥ NTy) = 1, we obtain
0 {(p,q,r) e N3 lwwpgr — [(1 — 7)o + Toon]|| > r + U} =0,

namely, [(1 — 7)wo + 7w1] € st-LIM"wpg,, which gives the convexity of the set
st-LIM" 2. O

Definition 2.5. A sequence (wp,,) is named to be rough statistical convergent
in measure to w with roughness degree r provided that for each o,x > 0,

6{(}77(]77') S N3 : M{’V: ||wpqr('7) _W(W)H > K} > T+J} =0

s
for each v € A. We write wpq, M
Example 2.6. Contemplate the uncertainty space (T, £, M) to be {v1,72,... }
with

ptg+r ptrqg+r

sup @———————— when sup ———— <0.5,
Ypt+q+rEA 2(p + q + :—) + 1 Yp+qt+rEA 2 (p + q +_7|:) + 1
M@A) =9 1- sup _pratr when  sup _pratr < 0.5,
prarrehe 20+ q+71) +1 ptqirere 2(0+q+ 1)+ 1
0.5 otherwise,

and think about the uncertain variable (w,q,) defined by

_Ji-(ptag+r) wheny=rpi4q,
@par(7) = { 0 otherwise,
forp=k* g=12r=m? and wy, (y) =0, for p # k?, ¢ # I*, r #m?. Also take
w = 0. Then, we obtain
0{(p,q,7) EN’: M {y: [@pgr(v) — @) 2 K} 27+ 0} =0
for » > 0. This demonstrates that (o) is rst-convergent in measure to w for

r > 0. In addition, for r € [O, %), the sequence (wygr) is not rough convergent in
measure to w, howewer it is rst-convergent in measure to w.
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- -s¥
Theorem 2.7. When wyq, UIZM o and Wpgr 2o wo, then
M{|wr — w2l = 71 + 72} = 0.

Proof. Assume that o, x are any two RT and take
o K
(u,v,w) € {(p,q,r) eN3: M <||wpqr —w| >+ 5) < 5}

ﬂ{(p,q,r) EN*: M (||wpqr_w2H Zrz‘i‘%) < g}

(because the asymptotic density of both sets is equal to one, the existence of
(u, v, w) is assured). So,

M ([l — w2l > 11 + 72+ 0)

g g
<M (||wpqr T 5) M (||w,,qr N 5) < k.

This means that M {||co; — w2|| > r1 + 72} = 0. O

Theorem 2.8.

. ri—SY ri—SY

Q) Wpgr —3' WS Wpgr —w —37 0.

.. r—SY¢ r—SY¢

(ii) wpgr — @ & Wy —> " aw, where a € C.

-s¥ s 4rg)—8Y
(iil) wpgr " w and Vpgr PIoM oy, o Wpgr + Vpgr (s ﬂ> Mow+v

) _gUu _gU tro)—SU
(iv) wpgr " w and Vpgr IOy, o Wpgr — Vpgr (s % Mw—v

_su )

(V) @pgr "2 w, then for all o > 0, there is a (k,l,m) € Nx N x N so that

for any k > 0,

1
lim —NHp<u,¢<uv,r<w: M(|wpgr — @kim|| > 2r+0) >k} =0.

U, v, W—00 YVW

Proof. Assume that o, x be any two R*. Then:
(i) The proof is self-evident, thus it is removed.
(i) When a = 0, then the claim is obvious. So, presuming « # 0, then

{(p,q,r) € N : M (|lawpgr — aw|| > |alr + o) > KZ}

={®an N M(llmpgr ~ 27+ 77) 2 5}

_gsu
As a result, aw,g, "2 v, where a € C.
(iii)
M ([[(@pgr + Vpgr) = (@ + V)| > 11+ 72+ 0)
M (”(wptﬂ” - w)+ (qur —v)[|>ri+re+o0)
M

g o
(wa —w| >+ 5) + M (||y,,q,. v >+ 5) ,

<
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This gives
{(p,q,r) eN’: M (I(@pgr + Vpgr) = (@ + V)| =11+ 712 +0) > "f}

C {(p,q,r) e N3 M (”wpqr —w|>r+ g) = g}

U {(p,q,r) e N3 : M (HVW —v||>re+ %) > g} .
U
Hence, @wpqr + Vpgr (TIJFﬂ;SM w + V.
(iv) Similar to the preceding evidence, and hence omitted.
(v) Select (k,I,m) € Nx NxN to be such that M (||@wgm —=|| =7+ %) > %
(the existence of (k,l,m) is ensured). The assertion is therefore obvious from the
inequality

M(l[@per = Brim | > 2r+0) < M ([[@par = @l = 745 ) + M (llkim — 1| > 747

KR (o
< 2+ M (llwper —wll 2 74+3) -
Hence, we obtain
. 1
lim {p <u,q <v,r <w: M(|[@pgr — Thiml| > 2r +0) >k} =0. O

U, v, wW—00 YVW

Theorem 2.9. Rough statistical convergence in measure does not mean rough
statistical convergence a.s.

Example 2.10. Contemplate the uncertainty space (T', £, M) tobe {~1,72,... }
with

pta+r ptq+r 1
sup @ —— when sup ———m—— <,
Tptairer D+ q+T) +1 vpiatrer D(P+q+T)+1 75
_ 1
MA)=4¢ 1 _ sup _pratr  hen sup _ pFatr -,
piairehe S Fq+T)+1 vpiairehe D(PHqg+r)+1 75
0.5 otherwise,

and the uncertain variable (c,q.) described by

_ i- (p + q =+ 7‘)3 when Y= ’)’p—‘—q—‘,—’r’,
@per () = { 0 otherwise,

for p,q,r =1,2,3,.... Also take ww = 0. Then, for any x > 0, we obtain

p+q+r
MAY = @per () =@M = £} = MA{Ypiger} = Bptqin 1

The sequence (twyq,) is thus rst-convergent to @ for r > 1. However, it is not

rst-convergent a.s. to w.

Definition 2.11. A sequence () is called to be rough A3-statistical con-
vergence in measure to w with roughness degree r provided that for o,k > 0,
1
li —
k,lmlznioo )\klm
where I, = [k =M\ + Lk], = [l =N+ 1,1, K = [m — Ay + 1,m]. We write

’“*S;JB . .. .
Wpqr — o in this situation.

Hp € Ir,qe J,r e Ky : M(||wpgr —w|| > 1+ 0) >k} =0,
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Definition 2.12. If

1

lim g
k,l,m—00 Akim

pE€lK,q€J1,TEK M

M (prqr —w||>r+0)=0,

then a complex uncertain sequence (@) is called to be rough (V, A)-summable in

. . r—[V,AM
measure to « with roughness degree r. We write @,

—>  w in this situation.
Theorem 2.13. The following are identical for any complex uncertain sequence
(Tpgr)-

s
(1) wpgr =

.. r—[V,AM
(i) @pgr

r—SY,
Proof. (i) = (ii): Assume that w,, —3 . Then, we can write
1
Aklm Z
pel),qedi,reKm
1

" Mem Z

PElR,qE€JI,TEK M,
M(||wpgr—=|[2r+o)2 5

1

+)\7 Z M(”wpqr*w||2r+0—)
klm
pely,qedi,reKy,
M(||wpgr—=||2r+o)< b

M (prqr —w|>r+o)

M (l[@pgr =@l 2 7 +0)

< Hpefk,qul,reKm:M(
Akim

K K
|@pgr —@|| 27+ 0) > 5}‘ +§~
_ M
As a result, we get wpq, TR
(i) = (1):

Now, presume that condition (ii) supplies. Then

>

M (|l@wpgr =@ 27+ 0)
pEly,qedi,reEK

> )
pElK,qEJ,rEKm,
sll[mpar == +a)n

M ([@pgr — @[l 27+ 0)

2H|{pelk’q€"]l’lr€Km:M(prq'f—w‘l ZT+U) ZK]H
Therefore,

1

Akim Z

p€l,qeJ,reEK,,
1

M (prqr —w|>r+o0)

>

- Hp € Ix,q € Ji,r € Kpy : M (||wpgr — w|| > 7+ 0) > K}
m

rfs'gs
As a result, we get wp,r — w@.
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Definition 2.14. Assume that &, @1, $5,... be the complex uncertainty dis-
tributions of complex uncertain variables @, @y, respectively, where p,q,r € N.
A sequence (wpqy,) is defined as rough statistical convergence in distribution to w
with roughness degree r if for o > 0,

3 ((p,q,7) €N [ Dpgr(y) — ()| =7+ 0) =0
for each v € A and for all y at which ®(y) is continuous.

Example 2.15. Contemplate the uncertainty space (I', £, M) tobe {1, 72, ... }
with

pta+r ptg+tr !
sup when sup —————— <7,
Yp+q+rEA 3p+a+ :r) ++1 Yp+q+r €A 3(p+ er 7;2 +1 31
M) =14 4 s ptq+r pta+r
— p ———— when sup @ ——— < 3,
Ypt+q+rEAC 3(p + q + T) + 1 Yp+q+rEAC 3 (p + q + T) + 1 3
0.5 otherwise,

and the uncertain variable (wp,,) be described by

_ i- (p+q+71)2 when « = VYp+q+r>
@par(7) = 0 otherwise,

for p = k?, ¢ = 12, r = m?, and wpe(y) = 0, for p # k2, ¢ # 12, r # m?. In
addition, take @ = 0. Then, for p = k%, ¢ = I2, r = m?, we get the uncertainty
distribution of uncertain variable (wpq,) as

0 ifu<0,v< oo,
0 ifu>0,v<0,
Ppgr(y) = Ppgr (u+1iv) = 1_% ifu>00<v<(p+q+r)?

3p+q+r)+1
ifu>0,v>((p+q+r)?

0 when u <0, v < o0, 0 when u <0, v < o0,
Dper(y) =4 0 whenu>0,v<0, ®(y) =< 0 whenu>0,v<0,
1 whenu>0,v>0. 1 whenu>0,v>0.

is also the complex uncertainty distribution of uncertain variable w. Thus, we
obtain
J ((paqu) eN’: [®pgr(y) — (W) > 7+ U) =0
for » > 0. In addition, we find that the sequence (wpq,) is not rough convergent
in distribution to w, however it rst-convergent in distribution to w for r € [0, %)
Theorem 2.16. In distribution, rough statistical convergence does not imply
rough statistical convergence a.s.

Example 2.17. Contemplate the uncertainty space (T, £, M) to be {~v1,72,... }
with

sup _ ptagtr when  sup _ptgt+r < 1

vprairer 3P+ q+T) +1 Yorarrer 3P+ q+T)+1 3;
MA) =4 1 _ sup _ ptag+r when sup _ ptg+r <=,
tprqirere SO+ q+r)+1 vppqirere 3(P+qg+r)+1 3

0.5 otherwise,
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and contemplate the uncertain variable (wy,,) described by

[ i-(p+q+r)? wheny="Ypigtr
@par(7) = { 0 otherwise,

for p=k?% q=1%2r=m?2, and wyy(y) = 0. Then, as
Pq

0 ifu<0,v< oo,
0 ifu>0,v<0,
DQpar(y) = Ppgr (u+iv) = 1_% ifu20,0§v<(p+q—|—7")2,

3(p+q+r)+1
ifuZO,vz(erqur)Q,

for p,q,m € N, we have the uncertainty distribution of uncertain variable (wpqr).
In addition, the complex uncertainty distribution of uncertain variable w is
{ 0 when u <0, v < o0,

®(y)=< 0 whenu>0,v<0,

1 whenu>0,v>0.

Thus, we obtain
3 ((pra7) € N? 2 [|@pgr(y) — @(y)l| 27+ 0) =0

for r > However, it is not rst-convergent a.s. to w.

1
g.

Definition 2.18. A sequence (wy,,) is said to have rough statistical conver-
gence in mean to w with roughness degree r if and only if

§((pra,7) €N 2 B[lwpgr(v) —w (9] = 7 +0) =0
for each v € A and ¢ > 0.
Example 2.19. Contemplate the uncertainty space (T', £, M) tobe {~1,72,... }
with

ptatr pta+r

sup ——LT4dTT if sup —L 9T 5,
Toraired 20 F g+ T)2+1 vppgirer 2(0+g+T)2 +1
MW =3 1 oy PEAET g pRatr g
dpiarrede 20 Fq+r)2+1 L ene 2(ptq+71)? 41
0.5 otherwise,

and the uncertain variable (wp,,) be described by

_f (p+q+r)-i wheny=vptger,
@pgr(7) = { 0 otherwise,

for p=£k2 qg=1%r =m? and @y, (y) =0, for p # k?, ¢ # 12, r # m?. Also take
w = 0. Then, for p = k2, ¢ = I2, r = m?, we obtain the uncertainty distribution
of uncertain variable (@) as

0 ifu<0,v<oo,
0 ifu>0,v<0,
Ppar(y) = Cpgr (utiv) =9 | __pHatr ifu>0,0<v<ptq+r

2(p+q+7)2+1
1 fu>0,v>p+qg+r.
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0 when u <0, v < oo,
Dpgr(y) =4 0 whenu>0,v<0,
1 whenu>0,v>0.
In addition, the complex uncertainty distribution of uncertain variable w is

0 ifu<0,v<oo,
P(y)=< 0 ifu>0,v<0,
1 ifu>0,v>0.
As a result, we acquire for p = k2, ¢ = 12, r = m?,
(p+q+r7)?
ptqg+r)?2+1
= 5{(]%%” eN?: E[“wpqr('V) - w(’y)”] >r +U} =0
for » > 0. In addition, we get that the sequence (wp,,) is not rough convergent in
mean to w, hovewer it is rst-convergent in mean to w for r € [O, %) .

B llwpar (1) == (D] = 57

Theorem 2.20. Rough statistical convergence in mean does not imply rough
statistical convergence a.s.

Example 2.21. Contemplate the uncertainty space (T, £,M) to be {v1,72,... }
with

ptg+r prg+r

sup ——————— if sup ———=—— <0.5,
Yprarrer 20+ q+ TJ)FZ ':1 Yoratr€h 2(p+ q++ 7;22 +1
MO =q 1- wp o PEOET eIl
— p i sup < 0.5,
Yorqrreae 20 Hq+r)2+ 1 oL Tene 2(p g+ 7)? 4+ 1
0.5 otherwise,

and the uncertain variable (wp,,) be described by

_J (p+q+r)-i wheny="yqtr,
@par(7) = { 0 otherwise

for p=k?% q=1% r=m? and @ = 0. Then, as

0 when v < 0, v < o0,
0 when v > 0, v <0,
(I)Pll’f(y) = (qur (U + Z'l)) = p+q+r
l—r————— whenu>0,0<v<p+gqg+r,
2p+q+r)2+1 =0 0sv<ptq
1 when u >0, v>p+q+r

for p,q,r € N, we get the uncertainty distribution of uncertain variable (wpgr). In
addition, the complex uncertainty distribution of uncertain variable w is

0 when u <0, v < 00,
P(y)=< 0 whenu>0,v<0,
1 whenu>0,v>0.

Thus, we obtain for p = k2, ¢ = %, r = m?,

r 2
1B () — (] = 5 2L

—  5((p,q,r) EN?: E||mpgr(7) —m (W] =7+ 0) =0
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for r > 0.5. As a result, the sequence (wpy,) is roughly convergent in mean to w
for 7 > 0.5, but not roughly statistically convergent a.s. to w.

Theorem 2.22. Rough statistical convergence in measure is not Synonymous
with rough statistical convergence in mean.

Example 2.23. Contemplate the uncertainty space (T', £, M) tobe {~1,72,... }
with

ptq+r ptq+r

sup @ ———————— if sup ———— <0.5,
ptaired 20+ g+ 1)+ 1 vptatreh 20+ q+1) +1
M) =< 4 su ptg+tr i ptg+r
— p — i sup ——— < 0.5,
vptairehe 200+ q+7) +1 vptgirehe 2(p+q+r)+1
0.5 otherwise,

and the uncertain variable (wpg,) to be described by

_J (p+qg+r)-i wheny=1ypiqer,
@par(7) = { 0 otherwise

for p,q,7 € N and w = 0. The uncertainty distribution of an uncertain variable
(wpqr) is thus obtained as

0 when v < 0, v < 00,
0 when v >0, v <0,
(I)qu(y) = ¢pq7‘ (U + I’U) = p+q+r
-+ whenu2>0,0<5v<p+qg+r
2p+q+7)+1 = Sv<p+g
1 whenu >0,v>p+q+r,

for p,q,r € N. In addition, the complex uncertainty distribution of uncertain
variable w is
0 when u <0, v < o0,
®(y)=< 0 whenu>0,v<0,
1 whenu>0,v>0.

Thus, we obtain
5 ((pg;r) €N? s M{y : [|wpgr(7) = w(V)|| = K} > 7+ 0) =0,
for » > 0.5, however,
5 ((p,g,m) € N* 2 B|wpgr(v) = (9)|| = K] > 7+ 0) #0.

Theorem 2.24. The presence of rough statistical convergence in the distribu-
tion does not imply the presence of rough statistical convergence in the mean.

Proof. Tt is quite simple to demonstrate from the preceding example, thus it
has been removed. (]

3. CONCLUSION

The notion of rough statistical convergence of complex uncertain sequence was
worked by [10]. The aim of this study is to extend this notion to the complex un-
certain triple sequence. These findings integrate and generalize previous findings.
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