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I2-UNIFORMLY CONVERGENCE OF DOUBLE SEQUENCES

OF FUZZY VALUED FUNCTIONS

Ö. KİŞİ and E. DÜNDAR

Abstract. In this work, we examine the notions of ideal convergence, pointwise

ideal convergence, and uniformly ideal convergence of double sequences of fuzzy
valued functions (DSFVF) based on the concept of convergence of double sequences

of fuzzy numbers. Also, we acquire the relationships among pointwise ideal conver-

gence and uniformly ideal convergence of DSFVF, and demonstrate their represen-
tations of sequences of α-level cuts.

1. Preliminaries

The concept of statistical convergence was initiated by Fast [19]. This notion
was examined for double sequences by Mursaleen and Edely [36]. Gökhan et al.
[22] put forward the notion of pointwise and uniform statistical convergent of
double sequences of real-valued functions. The idea of I-convergence was origi-
nated by Kostyrko et al. [31] as a generalization of statistical convergence. Das
et al. [9] presented I-convergence of double sequences in a metric space and ex-
amined various features of this convergence. Balcerzak et al. [6] discussed sev-
eral kinds of statistical convergence and I-convergence for sequences of func-
tions with values in R or in a metric space. Gezer and Karakuş [21] established
I-pointwise and I-uniform convergence of function sequences and acquired the
relation between them. Dündar and Altay [11] obtained the relation between
I2-convergence and I∗2 -convergence of double sequences of functions. Dündar
and Talo [15] constructed I2-convergence of double sequences of fuzzy numbers.
Dündar and Altay [14] worked various kinds of I2-uniform convergence for dou-
ble sequences of functions. Some results on I2-convergence may be found in
[5, 10, 12, 13, 16, 24, 25, 26, 27, 37, 40, 46, 44, 45].

Ideal convergence of continuous functions was created by Jasinski and Rec law
[30]. Aytar and Pehlivan [4] worked the statistical convergence of sequences of
fuzzy numbers, sequences of α-cuts. Kumar and Kumar [32] presented the ideal
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282 Ö. KİŞİ and E. DÜNDAR

convergence of fuzzy numbers. Altin et al. [1] put forward the concept of point-
wise statistical convergence sequences of fuzzy mappings and set up various fun-
damental features of fuzzy mappings. Çinar et al. [8] examined the pointwise and
uniformly statistical convergence of sequences of functions of order α. Et et al.
[17] proposed the pointwise statistical convergence of sequences of fuzzy mappings
of order α. For additional information on statistical convergence of order β for
sequences of fuzzy numbers, we refer to [2, 3]. Gong et al. [23] initiated statistical
convergence, uniformly statistical convergence, and equi-statistical convergence for
sequences of fuzzy valued functions (FVF) based upon sequences of α-level cuts.
Hazarika [28] discussed pointwise ideal convergence and uniformly ideal conver-
gence of sequences of FVF based upon the conception of convergence of sequences
of fuzzy numbers.

Now, we recall the fundamental concepts (see [15, 29, 33, 34, 35, 43, 47]).
A fuzzy real number is a fuzzy set on the real axis, i.e., a mapping u : R→ [0, 1]

that supplies the subsequent four conditions:

(i) u is normal, i.e., there is an w0 ∈ R so that u(w0) = 1.
(ii) u is fuzzy convex, i.e., u[λw + (1− λ)q] ≥ min{u(w), u(q)} for all w, q ∈ R

and all λ ∈ [0, 1].
(iii) u is upper semi-continuous.

(iv) The set [u]0 = {w ∈ R : u(w) > 0} is compact, where {w ∈ R : u(w) > 0}
indicates the closure of the set {w ∈ R : u(w) > 0} in the usual topology
of R.

We indicate the set of all fuzzy real numbers (FRN) on R by E1 and named it as
the space of FRN. α-level set [u]α of u ∈ E1 is defined by

[u]α =

 {t ∈ R : w(t) ≥ α} (0 < α ≤ 1),

{t ∈ R : w(t) > α} (α = 0).

The set [u]α is closed, bounded and non-empty interval for each α ∈ [0, 1] which
is determined by [u]α = [u−α , u

+
α ]. R can be embedded in E1, as each r ∈ R can be

regarded as a fuzzy real number r is characterized by

r(x) =

{
1 (x = r),
0 (x 6= r).

Lemma 1.1 ([18]). Let [u]α = [u−α , u
+
α ] for u ∈ E1 and for each α ∈ [0, 1].

Then, the subsequent statements hold:

(i) u−α is a bounded and non-decreasing left continuous function on (0, 1].
(ii) u+α is a bounded and non-increasing left continuous function on (0, 1].
(iii) The functions u−α and u+α are right continuous at the point α = 0.
(iv) u−1 ≤ u

+
1 .

Conversely, if the pair of functions u− and u+ supplies the conditions (i)–(iv),
then there is an unique u ∈ E1 so that [u]α := [u−α , u

+
α ] for each α ∈ [0, 1].
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The fuzzy real number u corresponding to the pair of functions u− and u+ is
construed by u : R → [0, 1], u(w) = sup{α : u−α ≤ w ≤ u+α}. Take u, v, w ∈ E1

and k ∈ R. The operations addition, scalar multiplication and product defined
on E1 by

u+ v = w ⇐⇒ [w]α = [u]α + [v]α for all α ∈ [0, 1]

⇐⇒ w−α = u−α + v−α and w+
α = u+α + v+α ,

[ku]α = k[u]α for all α ∈ [0, 1]

and
uv = w ⇐⇒ [w]α = [u]α[v]α for all α ∈ [0, 1],

where it is immediate that

w−α = min{u−α v−α , u−α v+α , u+αv−α , u+αv+α }
and

w+
α = max{u−α v−α , u−α v+α , u+αv−α , u+αv+α }

for all α ∈ [0, 1].
Take W as the set of all closed bounded intervals A of R with endpoints A and

A, i.e., A = [A,A]. Define the relation d on W by

d(A,B) = max{|A−B|, |A−B|}.
It can be noted that d is a metric on W , and (W,d) is a complete metric space,
(cf. Nanda [38]). Now, we define the metric D on E1 by virtue of the Hausdorff
metric d as

D(u, v) = sup
α∈[0,1]

d([u]α, [v]α) = sup
α∈[0,1]

max{|u−α − u−α |, |v+α − v+α |}.

One can see that

D(u, 0) = sup
α∈[0,1]

max{|u−α |, |u+α |} = max{|u−0 |, |u
+
0 |}.

The partial ordering relation � on E1 is defined as follows:

u � v ⇐⇒ u−α ≤ v−α and u+α ≤ v+α for all α ∈ [0, 1].

Two fuzzy numbers u and v are said to be comparable if u � v or v � u holds.

Proposition 1.1 ([7]). Let u, v, w, z ∈ E1 and k ∈ R. Then,

(i) (E1, D) is a complete metric space,
(ii) D(ku, kv) = |k|D(u, v),
(iii) D(u+ v, w + v) = D(u,w),
(iv) D(u+ v, w + z) ≤ D(u,w) +D(v, z),
(v) |D(u, 0)−D(v, 0)| ≤ D(u, v) ≤ D(u, 0) +D(v, 0).

A sequence u = (un) of FRN is a function u from the set N into the set E1. The
fuzzy real number un indicates the value of the function at n ∈ N, and is known as
the nth term of the sequence. By w(F ), we show the set of all sequences of FRN.

A sequence (un) ∈ w(F ) is named convergent with limit u ∈ E1 provided that
for every ε > 0, there is an n0 = n0(ε) ∈ N so that D(un, u) < ε for all n ≥ n0.
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A double sequence u = (unm) of FRN is determined by a function u from the
set N×N into the set E1. The fuzzy number unm shows the value of the function
at (n,m) ∈ N× N.

A double sequence u = (unm) of FRN is named to be convergent in the Pring-
sheim’s sense or P -convergent provided that for every ε > 0 there exists k0 ∈ N
so that D(unm, u0) < ε for all m,n ≥ k0 and denoted by P − lim

n,m→∞
unm = u0.

The conceptions of ideal, filter and the relations between them are examined in
the study [31].

A nontrivial ideal I2 of N×N is named strongly admissible if {i}×N and N×{i}
belong to I2 for each i ∈ N.

It is obvious that a strongly admissible ideal is admissible also.
Throughout the paper, we take I2 as a strongly admissible ideal in N× N.
A double sequence u = (urs) of FRN is named to be I2-convergent to a fuzzy

real number u0 provided that for any ε > 0, we have

A(ε) = {(r, s) ∈ N× N : D(urs, u0) ≥ ε} ∈ I2,

and it is showed I2- lim
r,s→∞

urs = u0.

A double sequence of functions (DSF) {frs} is named to be pointwise convergent
to f on a set S ⊂ R provided that for all point y ∈ S and each σ > 0, there is a
N = N (y, σ) > 0 such that |frs (y)− f (y)| < σ for all r, s ≥ N . In that case, we
write lim

r,s→∞
frs (y) = f(y) or frs → f on S.

A DSF {frs} is said to be uniformly convergent to f on a set S ⊂ R, if
for each ε > 0, there is a positive integer N = N (σ) so that r, s ≥ N gives
|frs (y)− f (y)| < σ for all y ∈ S. In that case, we write frs ⇒ f on S.

A DSF {frs} is said to be I2-convergent (pointwise sense) to f on a set S ⊂ R
provided that for each σ > 0, {(r, s) ∈ N× N : |frs(y)− f(y)| ≥ σ} ∈ I2 for each
(fixed) y ∈ S. This can be showed by the formula

(∀y ∈ S) (∀σ > 0) (∃H ∈ I2) (∀(r, s) 6∈ H) |frs(y)− f(y)| < σ.

This convergence can be indicated by frs
I2→ f.

A DSF {frs} is named to be I2-uniformly convergent to f on a set S ⊂ R
provided that for all σ > 0, {(r, s) ∈ N × N : |frs(y) − f(y)| ≥ σ} ∈ I2 for each
x ∈ S. This can be showed by the formula

(∀σ > 0) (∃H ∈ I2) (∀(r, s) 6∈ H) (∀y ∈ S) |frs(y)− f(y)| < σ.

This convergence can be indicated by frs
I2
⇒ f.

In the following section, we examine the concepts of ideal convergence, point-
wise ideal convergence, and uniformly ideal convergence of double sequences of
fuzzy valued functions (DSFVF) based upon the notion of convergence of double
sequences of fuzzy numbers. Also, we obtain the relationships between pointwise
ideal convergence and uniformly ideal convergence of DSFVF, and demonstrate
their representations of sequences of α-level cuts.
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2. Main results

Now, we propose pointwise convergence and uniformly convergence of DSFVF, and
establish significant theorems in this topic. Presume that a fuzzy valued function
(FVF) f : [c, d]→ F (R) and DSFVF

(
frs
)

: [c, d]→ F (R), (r, s) ∈ N× N.

Definition 2.1. A DSFVF {frs} is said to be pointwise convergent to
FVF f if for all y ∈ [c, d] and every σ > 0, there is an integer N(y, σ) so
that D

(
frs(y), f(y)

)
< σ for all r, s > N . We write limr,s→∞ frs(y) = f(y)

or frs(y)
p→ f(y) for each y ∈ [c, d]. The FVF f is named the limit function of

the DSFVF {frs}, and we say that {frs} converges pointwise to f on [a, b].

Lemma 2.1. Presume that {frs} is a DSFVF and f is a FVF determined on
[c, d]. Then,

(1) lim
r,s→∞

frs(y) = f(y) for each y ∈ [c, d]

exists iff for all strictly increasing functions r : N → N and s : N → N the subse-
quent ordinary limit exists:

(2) lim
t,j→∞

fr(t)s(j)(y) = f(y) for each y ∈ [c, d].

Proof. It is clear that (1) implies (2).
Conversely, presume that the limit in (1) does not exist. So, for each FVF f ,

there is a σ > 0 so that for all N , there exist integers (r, s) ∈ N× N for which

(3) D
(
frs(y), f(y)

)
≥ σ for all y ∈ [c, d].

For N = 1 and M = 1, we contemplate the corresponding values of r, s for which
(3) is true by r(1)s(1). Put N1 = r(1) + 1, M1 = s(1) + 1 and contemplate
values of r, s supplying (3) by r(1)s(1). Continuing in this way, we acquire an
infinite sequence of values {r(t)s(j)} for which (3) is true. So, limit of (2) does
not exist. �

Definition 2.2. A DSFVF {frs} is said to converge uniformly to f on [c, d]
provided that for each σ > 0, there is an integer N (= N (σ)) so that

D
(
frs(y), f(y)

)
< σ for all y ∈ [c, d] and all r, s > N.

We indicate this symbolically by frs
u

⇒ f .

Theorem 2.1. Take f as FVF and {frs} as a DSFVF on [c, d]. Then, frs
u

⇒ f

on [c, d] iff drs
p→ 0, where drs = sup

y∈[c,d]
D
(
frs(y), f(y)

)
.

Proof. Assume that frs
u

⇒ f on [c, d]. Then, for each σ > 0, there exists
N (= N (σ)) so that D

(
frs (y) , f(y)

)
< σ for all y ∈ [c, d] and all r, s > N . So,

we get sup
y∈[c,d]

D
(
frs(y), f(y)

)
< σ for all r, s > N as σ is arbitrary. As a result,

drs
p→ 0.
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Next we presume that drs
p→ 0. Namely,

sup
y∈[c,d]

D
(
frs (y) , f(y)

) p−→ 0.

For all σ > 0, we obtain sup
y∈[a,b]

D
(
frs(y), f(y)

)
< σ. Also,

D
(
frs(y), f(y)

)
≤ sup
y∈[c,d]

D
(
frs(y), f(y)

)
< σ

for all y ∈ [c, d]. So, we acquire frs
u
⇒ f on [c, d]. �

Remark 2.1. It is obvious that uniform convergence means pointwise conver-
gence with the same limit on [c, d]. Hovewer, converse is not necessarily true. To
denote this, we contemplate the subsequent example.

Example 2.1. For any y ∈ [0, 1], we determine

frs(y) =


(

rsy

1 + r2s2y2

)
for y ∈ [0, 1] ,

0 otherwise.

Then, frs
p→ f = 0. However, for all r, s ∈ N,

sup
y∈[0,1]

D
(
frs (y) , 0

)
= sup
y∈[0,1]

rsy

1 + r2s2y2
= sup
y∈[0,1]

1
1
rsy + rsy

=
1

2
6= 0.

As a result,
(
frs
)

is not uniformly convergent to 0 on [0, 1].

Definition 2.3. A DSFVF
(
frs
)

is said to uniformly Cauchy on [c, d] provided
that for every σ > 0, there is a N (= N (σ)) so that

D
(
frs (x) , fkl(x)

)
< σ for all x ∈ [c, d] and r, s, k, l > N.

Theorem 2.2. Take
(
frs
)

as DSFVF on [a, b]. Then,
(
frs
)

is uniformly con-
vergent iff it is uniformly Cauchy.

Proof. Presume that frs
u
⇒ f on [c, d]. Then, for each σ > 0, there is a

N (= N(σ)) > 0 so that

D
(
frs(y), f(y)

)
<
σ

2
for all y ∈ [c, d] and r, s > N.

Now, we obtain

D
(
frs(y), fkl(y)

)
≤ D

(
frs(y), f(y)

)
+D

(
fkl(y), f(y)

)
<
σ

2
+
σ

2
= σ for all y ∈ [c, d] and r, s, k, l > N.

As a result,
(
frs
)

is uniformly Cauchy on [c, d].

Next, we presume that (frs) is uniformly Cauchy on [c, d]. So, for all σ > 0,
there is a N (= N(σ)) so that

(4) D(frs(y), fkl(y)) < σ for all y ∈ [c, d] and r, s, k, l > N.
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Since (frs(y)) is Cauchy sequence of fuzzy numbers for all y ∈ [c, d] and by the
completeness of F (R), we get

lim
r,s→∞

frs(y) = f(y).

In (4), we fixed r, s > N and getting r, s→∞, we obtain

D(frs(y), f(y)) <
σ

2
< σ for all y ∈ [c, d] and r, s > N.

So,

frs
u
⇒ f on [c, d]. �

Theorem 2.3. Assume f and (frs) are FVF on [c, d], and frs
u

⇒ f on [c, d].
Presume that y ∈ [c, d], and

(5) lim
p→y

frs (p) = ars (r, s) ∈ N× N for all p ∈ [c, d].

Then, double sequence of fuzzy numbers (ars) is convergent, and

(6) lim
p→y

f(p) = ars for all p ∈ [c, d].

Proof. Presume that frs
u

⇒ f on [c, d]. So, (frs) is uniformly Cauchy on [c, d].
Then, for each σ > 0, there is a N (= N(σ)) so that

(7) D(frs(p), fkl(p)) < σ for all p ∈ [c, d] and r, s, k, l > N.

Fixing r, s, k, l > N in (7) and getting p→ y, then from (5) we get

D (ars, akl) < σ.

So, the sequence (ars) is Cauchy sequence, and it is convergent, say lim
r,s→∞

ars = a.

As (frs) is uniformly convergent to f on [c, d] and lim
r,s→∞

ars = a. Then, for all

σ > 0, there is a N0 (= N0(σ)) so that

D(frs(p), fkl(p)) <
σ

3
for all p ∈ [c, d] and r, s, k, l > N0.

and
D(ars, a) <

σ

3
for all r, s > N0.

For fixed r, s > N0 and lim
p→y

frs(p) = ars for all p ∈ [c, d], there is a punctured

neighborhood A(y) of y so that

D(frs(p), ars) <
σ

3
for all p ∈ A(y) ∩ [c, d].

For all r, s > N0 and each p ∈ A(y) ∩ [c, d], we acquire

D(f(p), a) ≤ D(f(p), frs) +D
(
frs(p), ars

)
+D (ars, a)

<
σ

3
+
σ

3
+
σ

3
= σ.

Hence,
lim
p→y

f(p) = a = lim
r,s→∞

ars for all p ∈ [c, d]. �
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Theorem 2.4. If (frs) is uniformly convergent to f on [c, d], then f is con-
tinuous on [c, d].

Proof. Take y ∈ [a, b] as arbitrary. Since each frs is continuous on [c, d], then
for all (r, s) ∈ N× N, we acquire

lim
p→y

frs(p) = frs(y) for all p ∈ [c, d].

So, as stated in Theorem (2.3), (frs) is convergent, and for all p ∈ [c, d], we acquire

lim
p→y

f(p) = lim
r,s→∞

frs(y) = f(y) for all (r, s) ∈ N× N.

Hence, f is continuous at y. As y ∈ [c, d] is arbitrary and as a result, f is continuous
on [c, d]. �

Theorem 2.5 (Dini’s type theorem). Take D as a compact subset of R and as-
sume (frs) is a DSFVF on D and pointwise converges to a fuzzy valued continuous
function f on D. Presume that (frs) is monotonic on D, i.e., f (r+1)(s+1)(y) ≤
frs(y), (r, s = 1, 2, . . . ) for all y ∈ D or f (r+1)(s+1)(y) ≥ frs(y), (r, s = 1, 2, . . . ),

for all y ∈ D. Then, frs
u

⇒ f on D.

Proof. Assume (frs) is monotonic decreasing on D, y ∈ D, and

grs(y) = frs(y)− f(y).

(When (frs) is monotonic decreasing on D and let grs(y) = f(y)− frs(y)). Then,
grs(y) is continuous on D, and

lim
r,s→∞

grs(y) = 0

for all y ∈ D and (grs) is monotonic decreasing on D. To demonstrate that grs
u

⇒ 0
on D, take σ > 0. As lim

r,s→∞
grs(y) = 0 for each y ∈ D, there is a (ry, sy) ∈ N× N

so that

(8) 0 ≤ grysy (p) <
σ

2
for all p ∈ D.

As grysy (p) is continuous at y ∈ D, by considering (8), there is an open neighbor-

hood B(y) of y so that

0 ≤ grysy (p) < σ for each p ∈ B(y) ∩D ≡ A(y).

Since (grs(p)) is monotonic decreasing for all p ∈ A(y), we acquire

grs(p) < σ for all r > ry, s > sy.

As D is a compact subset of R, there is a finite set {y1, y2, . . . , yj} so that

D ⊂ A (y1) ∪A (y2) ∪ · · · ∪A (yj) .

We establish N1 = max
{
ry1 , ry2 , . . . , ryj

}
and M1 = max

{
sy1 , sy2 , . . . , syj

}
.

Then, we obtain

grs(p) < σ for all r > N1, s > M1 and p ∈ D.

So, grs
u

⇒ 0 on D. �
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Now, we define pointwise I2-convergence and uniformly I2-convergence of
DSFVF and acquire various significant results.

Definition 2.4. A DSFVF (frs) is named to be I2-convergent to a FVF f
provided that for all y ∈ [c, d] and each σ > 0, there is a finite set A ⊂ N × N,
A ∈ I2 so that

D
(
frs(y), f(y)

)
< σ

for all (r, s) ∈ (N× N) rA. Symbolically, it is denoted as I2- lim
r,s→∞

frs(y) = f(y)

or frs
I2→ f .

Theorem 2.6. Assume (frs), (grs), and
(
hrs
)

are three DSFVF and f is FVF
on [c, d]. If

(i) (frs) ≤ (grs) ≤
(
hrs
)

for all (r, s) ∈ K, where N× N ⊇ K with K ∈ F ,
(ii) I2- lim

r,s→∞
frs(y) = f(y) and I2- lim

r,s→∞
hrs(y) = f(y), for each y ∈ [c, d],

then I2- lim
r,s→∞

grs(y) = f(y).

Proof. Take σ > 0. Then, for each y ∈ [c, d], we get{
(r, s) ∈ N× N : D

(
frs(y), f(y)

)
≥ σ

}
∈ I2

and {
(r, s) ∈ N× N : D

(
hrs(y), f(y)

)
≥ σ

}
∈ I2.

For each y ∈ [c, d], we establish

P =
{

(r, s) ∈ N× N : D
(
frs(y), f(y)

)
< σ

}
,

Q =
{

(r, s) ∈ N× N : D
(
hrs(y), f(y)

)
< σ

}
.

Take

R =
{

(r, s) ∈ N× N : D
(
grs(y), f(y)

)
< σ

}
for each y ∈ [c, d]. It is obvious that P ∩ Q ∩ K included in R, so we get Rc ⊆
P c ∪Qc ∪Kc. This means that Rc ∈ I2. Hence, we obtain

I2- lim
r,s→∞

grs(y) = f(y)

for each y ∈ [c, d]. �

Definition 2.5. A DSFVF (frs) is said to pointwise I2-convergent to f when

frs(y)
pI2→ f(y) for each y ∈ [c, d], i.e., for all σ > 0, there exists My ∈ I2 so that

for all y ∈ [c, d],

D
(
frs(y), f(y)

)
< σ for all (r, s) ∈ (N× N) rMy.

In this case, we indicate pI2- lim
r,s→∞

frs(y) = f(y) or frs(y)
pI2→ f(y) on [c, d].
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Theorem 2.7. Assume (frs) and (grs) are two DSFVF determined on [c, d].
When

(i) frs(y)
pI2→ f(y) on [c, d] and

(ii) grs(y)
pI2→ g(y) on [c, d],

then,

(a)
(
frs(y) + grs(y)

) pI2→ f(y) + g(y) on [c, d],

(b) λfrs(y)
pI2→ λf(y) on [c, d], where λ ∈ R.

Proof. (a) Suppose frs(y)
pI2→ f(y) and grs(y)

pI2→ g(y) on [c, d]. So, for each
σ > 0, there is a Mσ ∈ I2 so that for all y ∈ [c, d] and all (r, s) ∈ (N× N) rMσ,

D(frs(y), f(y)) <
σ

2
and D (grs(y), g(y)) <

σ

2
.

Also, for each y ∈ [c, d],

D
(
frs(y) + grs(y), f(y) + g(y)

)
≤ D

(
frs(y), f(y)

)
+D (grs(y), g (y)) .

So, for each y ∈ [c, d],

D
(
frs(y) + grs(y), f(y) + g(y)

)
< σ

for all (r, s) ∈ (N× N) rMσ.

As a result, we acquire
(
frs(y) + grs(y)

) pI2→ f(y) + g(y) on [c, d].

(b) Presume that frs(y)
pI2→ f(y) on [c, d]. So, for every σ > 0, there is a

Mσ ∈ I2 so that
D(frs(y), f(y)) < σ

for all y ∈ [c, d] and all (r, s) ∈ (N× N) rMσ.
For λ = 0, it is obvious. For any 0 6= λ ∈ R and for each y ∈ [c, d], we write

D
(
λfrs(y), λf(y)

)
= |λ|D(frs(y), f(y)).

Thus, for each σ > 0, we acquire

D
(
λfrs(y), λf(y)

)
< |λ|σ

for each y ∈ [c, d] and all (r, s) ∈ (N× N) rMσ. Hence, we get λfrs(y)
pI2→ λf(y)

on [c, d], where λ ∈ R. �

Definition 2.6. A DSFVF (frs) is named to be I2-uniformly convergent to
f on [a, b] provided that for all σ > 0, there is a M ∈ I2 so that for all (r, s) ∈
(N× N) rM,

D
(
frs(y), f(y)

)
< σ for all y ∈ [c, d].

In this case, we indicate uI2 − lim frs(y) = f(y) on [c, d] or frs
uI2
⇒ f on [c, d].

Remark 2.2. From the Definition 2.6, we have frs
uI2
⇒ f on [c, d] provided

that for all σ > 0,{
(r, s) ∈ N× N : D

(
frs(y), f(y)

)
≥ σ

}
∈ I2 for all y ∈ [c, d].
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In view of the above definitions, we claim the subsequent result without proof.

Theorem 2.8. If the sequence of FVF frs
uI2
⇒ f on [c, d], then frs

pI2→ f on
[c, d].

Theorem 2.9. frs
uI2
⇒ f holds on [c, d] if and only if drs

pI2→ 0, where drs =
sup
y∈[a,b]

D
(
frs(y), f(y)

)
.

Proof. Presume that drs
pI2→ 0, i.e., sup

y∈[a,b]
D
(
frs (y) , f(y)

) pI2→ 0. Then, for

each σ > 0 and all y ∈ [c, d], we get

D
(
frs(y), f(y)

)
≤ sup
y∈[c,d]

D
(
frs(y), f(y)

)
.

Namely, {
(r, s) ∈ N× N : D

(
frs(y), f(y)

)
≥ σ, for all y ∈ [c, d]

}
⊆
{

(r, s) ∈ N× N : sup
y∈[c,d]

D
(
frs(y), f(y)

)
≥ σ

}
.

So, we acquire frs
uI2
⇒ f on [c, d]. Next presume that frs

uI2
⇒ f on [c, d]. For all

σ > 0, contemplate the sets

R =
{

(r, s) ∈ N× N : D
(
frs(y), f(y)

)
≥ σ, for all y ∈ [c, d]

}
,

Q =
{

(r, s) ∈ N× N : sup
y∈[c,d]

D
(
frs(y), f(y)

)
≥ σ

}
.

If (r, s) ∈ (N× N) r R, then we get D
(
frs(y), f(y)

)
< σ for all y ∈ [c, d]. Also,

we get sup
y∈[c,d]

D
(
frs(y), f(y)

)
< σ, as σ is arbitrary. So, it obvious that (r, s) ∈

(N× N) rQ. So, we acquire

(N× N) rR ⊆ (N× N) rQ =⇒ Q ⊆ R ∈ I2.

Hence, drs
pI2→ 0. �

Theorem 2.10. If f is an FVF and (frs) is an DSFVF on [c, d], then

(i) frs
u

⇒ f ⇒ frs
p

⇒ f ⇒ frs
pI2
⇒ f on [c, d].

(ii) frs
u
⇒ f ⇒ frs

uI2
⇒ f ⇒ frs

pI2
⇒ f on [c, d].

Definition 2.7. The DSFVF (frs) is named to be I2-uniformly Cauchy pro-
vided that for all σ > 0, there exist k = k (σ), l = l(σ) ∈ N so that{

(r, s) ∈ N× N : D
(
frs(y), fkl(y)

)
≥ σ

}
∈ I2

for each y ∈ [c, d].

Theorem 2.11. Take I2 ⊂ 2N×N as a strongly admissible ideal, and (frs) is
a DSFVF on [c, d]. Then, (frs) is pointwise I2-convergent on [c, d] iff

(
frs
)

is
I2-uniformly Cauchy on [c, d].
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Proof. Presume that frs(y)
pI2→ f(y) on [c, d]. Then, for every σ > 0, there

exists My ∈ I2 such that

D
(
frs(y), f(y)

)
<
σ

2
for all y ∈ [c, d] and for all (r, s) ∈ (N× N) rMy.

If we select (k, l) ∈ N× N, so that

D
(
fkl(y), f(y)

)
<
σ

2
for all y ∈ [c, d].

Now, we have

D
(
frs(y), fkl(y)

)
≤ D

(
frs(y), f(y)

)
+D

(
fkl(y), f(y)

)
<
σ

2
+
σ

2
= σ for all y ∈ [c, d] .

So, we obtain (frs) is I2-uniformly Cauchy on [c, d].
Next, we presume that (frs) is I2-uniformly Cauchy on [c, d]. Then, we se-

lect (k, l) ∈ N × N so that the band J =
[
fkl(y)− 1, fkl(y) + 1

]
includes frs(y)

for each (r, s) ∈ N × N and every y ∈ [c, d]. Now, select (q, t) such that J0 =[
fqt(y)− 1

2 , fqt(y) + 1
2

]
includes frs(y) for all (r, s) ∈ N×N and all y ∈ [a, b]. We

assert that J1 = J ∩ J0 includes frs(y) for all (r, s) ∈ N×N and each y ∈ [a, b], so{
(r, s) ∈ N× N : frs(y) /∈ J ∩ J0

}
=
{

(r, s) ∈ N× N : frs(y) /∈ J
}
∪
{

(r, s) ∈ N× N : frs(y) /∈ J0
}
.

So, for each y ∈ [c, d], we get{
(r, s) ∈ N× N : frs(y) /∈ J ∩ J0

}
⊆
{

(r, s) ∈ N× N : frs(y) /∈ J
}
∪
{

(r, s) ∈ N× N : frs(y) /∈ J0
}
∈ I2.

Thus, we get J1 as a closed band of height less than equal 1 that includes frs(y) for
all (r, s) ∈ N×N and for each y ∈ [a, b]. We proceed by selecting (k(2), l(2)) ∈ N×N
so that

J2 =
[
fk(2)l(2)(y)− 1

4
, fk(2)l(2)(y) +

1

4

]
includes frs(y) for all (r, s) ∈ N × N and for every y ∈ [c, d]. By the preceding
argument J3 = J1 ∩ J2 contains frs(y) for all (r, s) ∈ N × N and for each y ∈
[c, d], and J3 has height less than equal 1

2 . Continuing inductively, we construct a
sequence (Ji) of closed band so that for each i, Ji ⊇ Ji+1, the height of Ji is not
greater than 21−i, and frs(y) ∈ Ji for all (r, s) ∈ N×N and each y ∈ [c, d]. Thus,

there is a FVF f(y) on [c, d] so that f(y) =
∞⋂
i=1

Ji. We demonstrate that frs
I2→ f

on [c, d]. Take σ > 0. Then, there is a j so that σ > 21−j and so, as stated in the
above argument it claims that frs(y) ∈ Ji for all (r, s) ∈ N× N and all y ∈ [c, d].
Hence, we obtain for each y ∈ [c, d],{

(r, s) ∈ N× N : D
(
frs(y), f(y)

)
≥ ε
}
⊆
{

(r, s) ∈ N× N : frs(y) /∈ Ji
}
∈ I2.

Hence, this finalizes the proof. �
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Theorem 2.12. The subsequents are equivalent on [c, d]:

(i) (frs) is pointwise I2-convergent to f ,
(ii) (frs) is I2-uniformly Cauchy,
(iii) There is a subsequence (grs) of

(
frs
)

so that lim
r,s→∞

grs(y) = f(y).

Theorem 2.13. Take (frs) as a DSFVF. (frs) is I2-convergent to FVF f iff[
frs
]
α

is I2-uniformly convergent to
[
f
]
α

with regards to α.

Proof. Presume that (frs) is I2-convergent to FVF f on [c, d]. For any y ∈ [c, d]
and for all α ∈ [0, 1] and every σ > 0, there is a My ∈ I2 so that

D
(
frs(y), f(y)

)
< σ for all (r, s) ∈ (N× N) rMy.

So, we get

sup
α∈[0,1]

max
{∣∣ (frs(y)

)−
α
−
(
f(y)

)−
α

∣∣, ∣∣ (frs(y)
)+
α
−
(
f(y)

)+
α

∣∣} < σ

for all (r, s) ∈ (N× N) rMy.
But[
frs(y)

]
α

=
[ (
frs(y)

)−
α
,
(
frs(y)

)+
α

]
and

[
f(y)

]
α

=
[(
f(y)

)−
α
,
(
f(y)

)+
α

]
,

so we get for each (r, s) ∈ (N× N) rMy and all α ∈ [0, 1],∣∣(frs(y))−α −
(
f(y)

)−
α

∣∣ < σ and
∣∣ (frs(y)

)+
α
−
(
f(y)

)+
α

∣∣ < σ.

Hence, for all α ∈ [0, 1], we get
[
frs(y)

]
α

is I2-uniformly convergent to
[
f(y)

]
α

with regards to α.
Next, we presume that for all α ∈ [0, 1],

[
frs
]
α

is I2-uniformly convergent to[
f
]
α

with regards to α. Then, for all σ > 0 and any y ∈ [c, d], we establish

A =
{

(r, s) ∈ N× N : |(frs(y))−α −
(
f(y)

)−
α
| ≥ σ

}
,

B =
{

(r, s) ∈ N× N : |(frs(y))+α −
(
f(y)

)+
α
| ≥ σ

}
,

and

C =
{

(r, s) ∈ N× N : D
(
frs(y), f(y)

)
≥ σ

}
.

Now, for any (r, s) ∈ Ac ∩Bc, any y ∈ [c, d], and α ∈ [0, 1], we obtain

|(frs(y))−α −
(
f(y)

)−
α
| < σ and |

(
frs(y)

)+
α
−
(
f(y)

)+
α
| < σ.

So, we get

D
(
frs(y), f(y)

)
= sup
α∈[0,1]

max
{

(frs(y))−α −
(
f(y)

)−
α
|, |(frs(y))+α −

(
f(y)

)+
α
|
}
< σ,

i.e., (r, s) ∈ Cc and hence,

C ⊆ A ∪B ∈ I2.
Hence, (frs) is I2-convergent to FVF f on [c, d]. �
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Definition 2.8. Two DSFVF (frs) and (grs) on [a, b] are named to be almost
all (r, s) relatively to I2 if{

(r, s) ∈ N× N : grs(y) 6= frs(y)
}
∈ I2

for all y ∈ [c, d].

Theorem 2.14. The subsequent statements are equivalent:

(i) (frs) is I2-convergent to FVF f .
(ii) There are sequences of FVF (grs) and (hrs) so that

frs(y) = grs(y) + hrs(y), lim
r,s→∞

grs(y) = f(y) and hrs(y)
pI2→ 0

for y ∈ [c, d].
(iii) There is a subsequence K = (rlsl) ⊂ N× N so that K ∈ F , and

D
(
frlsl(y), f(y)

)
→ 0 when l→∞.

Proof. (i) ⇒ (ii): Assume that (frs) is I2-convergent to FVF f on [c, d]. For
all σ > 0 and for any y ∈ [c, d], we get{

(r, s) ∈ N× N : D
(
frs(y), f(y)

)
≥ σ

}
∈ I2.

Let (rtst) be a nondecreasing sequence with (rt, st) ∈ N× N, (t ≥ 1) so that{
(rt, st) ∈ N× N : D

(
frs(y), f(y)

)
≥ 1

t

}
∈ I2.

For a given y ∈ [c, d], if 0 < r ≤ r1 and 0 < s ≤ s1, we determine

grs(y) = frs(y) and hrs(y) = frs(y) + f(y).

And for rt < r ≤ rt+1, st < s ≤ st+1,

grs(y) =

{
frs(y) if D

(
frs(y), f(y)

)
< 1

t ,

f(y), if D
(
frs (y) , f(y)

)
≥ 1

t ,

and

hrs(y) + f(y) =

{
f(y) if D

(
frs (y) , f(y)

)
< 1

t ,

frs(y) if D
(
frs(y), f(y)

)
≥ 1

t .

As a result, we get frs(y) = grs(y) + hrs(y).
Now, for all σ > 0 and for a given y ∈ [c, d], select t ∈ N so that 1

t < σ if

D(frs(y), f(y)) < 1
t , then we acquire

D
(
grs(y), f(y)

)
= D

(
frs(y), f (y)

)
<

1

t
< σ,

and when D
(
frs(y), f(y)

)
≥ 1

t , we obtain

D
(
grs(y), f(y)

)
= 0.

So, we have D
(
grs(y), f(y)

)
< σ. Hence, we get lim

r,s→∞
grs(y) = f(y) for a given

y ∈ [c, d].
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Again if rt < r ≤ rt+1, st < s ≤ st+1,{
(r, s) ∈ N× N : D

(
hrs(y) + f(y), f(y)

)
≥ 1

t

}
⊆
{

(rt, st) ∈ N× N : D
(
frs(y), f(y)

)
≥ 1

t

}
.

=⇒
{

(r, s) ∈ N× N : D
(
hrs(y) + f(y), f(y)

)
≥ 1

t

}
⊆
{

(rt, st) ∈ N× N : D
(
frs(y), f(y)

)
≥ 1

t

}
∈ I2.

Hence, we have hrs(y) + f (y)
I2→ f(y), for a given y ∈ [c, d].

For all σ > 0 and for a given y ∈ [c, d], there exists My ∈ I2 so that for all
α ∈ [0, 1],

|
(
hrs(y)

)−
α

+
(
f(y)

)−
α
−!
(
f(y)

)−
α
| < σ and |

(
hrs(y)

)+
α

+
(
f(y)

)+
α
−
(
f(y)

)+
α
| < σ.

Therefore, we acquire

|
(
hrs(y)

)−
α
| < σ and |

(
hrs(y)

)+
α
| < σ

for all α ∈ [0, 1]. Hence, we get

sup
α∈[0,1]

max
{
|
(
hrs(y))−α − 0|, |(hrs(y)

)+
α
− 0|

}
< ε and hrs(y)

pI2→ 0,

for y ∈ [c, d].

(ii) ⇒ (iii): Since hrs(x)
pI2→ 0, so for a given y ∈ [c, d] and for all σ > 0, there

exists My ∈ I2 such that D
(
hrs(y), 0

)
< σ for all (r, s) ∈ (N× N) rMy. That is,{

(r, s) ∈ N× N : D
(
hrs(y), 0

)
≥ σ

}
∈ I2.

We determine K = {rl, sl} ∈ (N× N) rMy as a subsequence of N × N so that

hrs(y) = 0 for (r, s) ∈ K. Therefore, we get

K = N× Nr
{

(r, s) ∈ N× N : D
(
hrs(y), 0

)
≥ σ

}
∈ F(I2).

Again, since frlsl(y) = grlsl(y) for l ∈ N and D
(
grs(y), f(y)

)
→ 0, it argues that

D
(
frlsl(y), f(y)

)
→ 0.

(iii) ⇒ (i): For any y ∈ [c, d], presume that (iii) supplies, then there is a
subsequence K = {rl, sl} of N × N with K ∈ F(I2), so that for all σ > 0,
D
(
frlsl(y), f(y)

)
< σ. Then, we obtain{

(r, s) ∈ N× N : D
(
frs(y), f(y)

)
≥ ε
}
⊂ N× NrK ∈ I2.

Hence, (frs) is I2-convergent to FVF f on [c, d]. �

Theorem 2.15. The subsequent statements are equivalent:

(i) (frs) is I2-convergent to FVF f,
(ii) there is a sequence of FVF (grs) so that grs(y) = frs(y) almost all (r, s)

relatively to I2 for each y ∈ [a, b], and lim
r,s→∞

grs(y) = f(y),
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(iii) there are sequences of FVF (grs) and
(
hrs
)

such that

frs(y) = grs(y) + hrs(y), lim
r,s→∞

grs(y) = f(y), and hrs(y)
pI2→ 0

for all y ∈ [a, b],
(iv) there is a subsequence K = {rl, sl} ⊆ N× N so that K ∈ F(I2), and

D
(
frlsl(y), f(y)

)
→ 0, as l→∞.

Theorem 2.16. Let the sequence of FVF frs
pI2→ f on [c, d], where

(
frs
)

are

equi-continuous on [c, d], then f is continuous and frs
uI2
⇒ f on [c, d].

Proof. Initial, we denote that f is continuous on [c, d]. Take σ > 0 and assume
that y0 ∈ [c, d]. As

(
frs
)

are equi-continuous on [c, d], there is a δ > 0 so that

D
(
frs(y), frs (y0)

)
<
σ

3
,

where y ∈ (y0 − δ, y0 + δ) for (r, s) ∈ N× N.
Also, since frs

pI2→ f on y ∈ [c, d] for any (r, s) ∈ N× N, we get{
(r, s) ∈ N× N : D

(
frs(y0), f(y0)

)
≥ ε

3

}
∪
{

(r, s) ∈ ×N× N : D
(
frs (y) , f(y)

)
≥ ε

3

}
∈ I2.

Therefore, there is a (r, s) ∈ N× N so that

D
(
frs(y0), f(y0)

)
<
σ

3
and D

(
frs(y), f(y)

)
<
σ

3
,

and so,

D
(
f(y), f(y0)

)
≤ D

(
f(y0), frs(y0)

)
+D

(
frs(y0), frs(y)

)
+D

(
frs(y), f(y)

)
<
σ

3
+
σ

3
+
σ

3
= σ.

Considering that y0 is arbitrary, so f is continuous on [c, d].

Now, we demonstrate that frs
uI2
⇒ f on [c, d]. As f is continuous on [c, d], it

means that it is uniformly continuous on [c, d], and so (frs) are equi-continuous
on [a, b]. So, for any y, z ∈ [c, d] and σ > 0, there is a δ > 0 so that

D
(
frs(y), frs(z)

)
<
σ

3
and D

(
f(y), f (z)

)
<
σ

3
,

whenever y ∈ (z − δ, z + δ) .
As [c, d] is compact, we can select a finite cover

(y1 − δ, y1 + δ) , (y2 − δ, y2 + δ) , (y3 − δ, y3 + δ) , . . . , (yi − δ, yi + δ)

from the covers of [c, d]. Since frs
pI2→ f on y ∈ [c, d], there is a set Myk ∈ I2 so

that for k ∈ {1, 2, . . . , i},

D
(
frs(yk), f(yk)

)
<
σ

3
for all (r, s) /∈Myk .
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Then, for any (r, s) /∈ Myk , y ∈ (yk − δ, yk + δ) and some k ∈ {1, 2, . . . , i}, we
obtain

D
(
frs(y), f(y)

)
≤ D

(
frs(y), frs(yk)

)
+D

(
frs(yk), f(yk)

)
+D

(
f (yk) , f(y)

)
<
σ

3
+
σ

3
+
σ

3
= σ

which means that frs
uI2
⇒ f on [c, d]. �

Theorem 2.17. frs
uI2
⇒ f supplies iff

[
frs(y)

]
α

uI2
⇒
[
f(y)

]
α

with regards to α
and y.

Proof. Let σ > 0. Presume that frs
uI2
⇒ f on [c, d]. There is a M ∈ I2, so that

for all (r, s) ∈ (N× N) rM,

D
(
frs(y), f(y)

)
< σ for all y ∈ [a, b].

That is, for all (r, s) ∈ (N× N) rM and y ∈ [c, d],

sup
α∈[0,1]

max
{
|
(
frs(y)

)−
α
−
(
f(y)

)−
α
|, |
(
frs(y)

)+
α
−
(
f(y)

)+
α
|
}
< σ.

Therefore, for all α ∈ [0, 1] and all y ∈ [c, d], we get

|(frs(y))−α −
(
f(y)

)−
α
| ≤ D

(
frs(y), f(y)

)
< σ

and
|(frs(y))+α −

(
f(y)

)+
α
| ≤ D

(
frs(y), f(y)

)
< σ.

Since

[frs(y)]α =
[
(frs(y))−α , (frs(y))+α

]
and [f(y)]α =

[ (
f(y)

)−
α
, (f(y))+α

]
,

then for each σ > 0 and all y ∈ [c, d], we acquire{
(r, s) ∈ N× N : |(frs(x))−α − (f(x))−α | ≥ σ

}
⊆
{

(r, s) ∈ N× N : D(frs(x), f(x)) ≥ σ
}

and {
(r, s) ∈ N× N : |(frs(y))+α − (f(y))+α | ≥ σ

}
⊆
{

(r, s) ∈ N× N : D(frs(y), f(y)) ≥ σ
}
.

This demonstrates that
[
frs(y)

]
α

uI2
⇒
[
f(y)

]
α

with regards to α and y.

Next, for α ∈ [0, 1] and all y ∈ [c, d], we presume that
[
frs (y)

]
α

uI2
⇒
[
f (y)

]
α

with regards to α and y. For any σ > 0 and all y ∈ [a, b], contemplate the sets

K =
{

(r, s) ∈ N× N : |(frs(y))−α − (f(y))−α | ≥ σ
}
,

L =
{

(r, s) ∈ N× N :
∣∣∣(frs(y))+α −

(
f(y)

)+
α

∣∣∣ ≥ σ} ,
M =

{
(r, s) ∈ N× N : D

(
frs(y), f(y)

)
≥ σ

}
.
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K,L ∈ I2 so that for each σ > 0, α ∈ [0, 1] and any y ∈ [0, 1],

|(frs(y))−α −
(
f(y)

)−
α
| < σ for all (r, s) ∈ (N× N) rK,

|(frs(y))+α −
(
f(y)

)+
α
| < σ for all (r, s) ∈ (N× N) r L.

Therefore, for any y ∈ [c, d], we obtain

D
(
frs(y), f(y)

)
≤ sup
α∈[0,1]

max
{
|(frs(y))−α −

(
f(y)

)−
α
|, (frs(y))+α −

(
f(y)

)+
α
|
}
<σ,

and so,

(r, s) ∈ N× NrM and ((N× N) rK) ∩ ((N× N) r L) ⊆ (N× N) rM.

Hence, we get M ⊆ K ∪ L ∈ I2. �

3. Conclusions

We investigated the notions of ideal convergence, pointwise ideal convergence, and
uniformly ideal convergence of double sequences of fuzzy valued functions based
upon the concept of convergence of double sequences of fuzzy numbers. These
concepts can also be studied for lacunary sequences in the future.
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