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TOPOLOGICAL AND GEOMETRIC APPROACH
TO THE FIXED-POINT THEORY WITH LEAKLY
RECTIFIED LINEAR UNIT APPLICATION

N. TAS

ABSTRACT. In this paper, we focus on the Banach contraction principle on Sp-
metric spaces. We present an alternative proof to the Banach contraction principle
on Sp-metric spaces. Also, we investigate some geometric properties of the fixed-
point set of a given self-mapping modifying the Banach contractive condition with
an illustrative example. Finally, we obtain an application to Leakly rectified linear
unit activation functions.

1. INTRODUCTION AND BACKGROUND

What is the notion of a fixed point in mathematics?
A fixed point u of a self-mapping T: U — U is an element such that

Tu = u,

that is, the self-mapping’s domain is mapped to itself by 7.
Also, the following method can be considered as a fixed point method:
Let T: U — U be a self-mapping and S: U — U a function defined as

Su=Tu—u
for all u € U. If z € U is the solution of
Su =0,

then z is a fixed point of T

A notion of a fixed point can be discussed by the geometric approach. For this
purpose, let u be a fixed point of 7. Then the point (u,Tu) is on the line v = w.
For example, let us define the self-mapping T: R — R as

Tu = u?

for all uw € R. Then we get the fixed point set of T" such as
Fix(T)={ueR:Tu=u} ={-1,0,1},
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as seen in the following figure drawn by [31].

On the other hand, the fixed-point set of T: RT U {0} — R* U {0} defined by
Tu = u® can be found as

Fix(T) ={ueR:Tu=T""u}.
Now, let us consider the above example. Then we get
Fix(T) = {u € R:u® = Ju} ={0,1},

as seen in the following figure drawn by [31].

5]

The fixed-point theory was started with the Banach contraction principle [4].
This principle guarantees the existence and uniqueness of fixed points of a self-
mapping. But there are some examples of a self-mapping which does not satisfy
the condition of the Banach contractive condition or has more than one fixed
points. In this case, this principle has been generalized with different methods.
One of these methods is to generalize either the used contractive condition or the
used metric space such as an S-metric, an Sp-metric, a G-metric, a Gp-metric etc
(for example, see [2, 7, 8, 9, 10, 12, 13| and the references therein).

Let U be a nonempty set, b > 1 a given real number, and M: UxUxU — [0, 00)
a function satisfying the following conditions for all u,v,w,a € U:
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(a) | M(u,v,w) =0if u=v =w,

(b) | 0 < M(u,u,v) with u # v,

(¢) | M(u,u,v) < M(u,v,w) with v # w,

(d) | M(u,v,w) = M(u,w,v) = M(v,w,u) =...,

(e) | M(u,v,w) < M(u,a,a)+ M(a,v,w),

) [ M0, w) < b M, 0,0) - M(a v, w]];

(9) | M(u,v,w) =0 if and only if u = v = w,

(h) | M(u,v,w) < M(u,u,a) + M(v,v,a) + M(w,w,a),
(1) | M(u,v,w) < bM(u,u,a) + M,v,a) + M(w,w,a)].

Using the properties (a)—(i), we get four known notions as generalizations of
metric spaces. If the properties (a)—(e) hold true, then the pair (U, M) is a G-
metric space on U [18]. If the properties (a)—(d) and (f) hold true, then the pair
(U, M) is a Gy-metric space on U [1]. If the properties (g) and (h) hold true,
then the pair (U, M) is an S-metric space on U [27]. If the properties (g) and
() hold true, then the pair (U, M) is an Sp-metric space on U [28]. The notion
of a Gp-metric is a generalization of both a metric and a G-metric. The notion
of an Sp-metric is a generalization of both a metric and an S-metric. Also, the
notions of an S-metric and a G-metric are distinct [6]. Thereby, the notions of an
Sp-metric and a Gp-metric are distinct.

In this paper, since we study our results on Sp-metric spaces, we recall some
basic notions related to Sp-metric spaces.

Definition 1.1 ([28]). Let U be a nonempty set and b > 1 a given real number.
A function Sp: U x U x U — [0,00) is said to be Sp-metric if and only if for all
u,v,w,a € X, the following conditions are satisfied:

(Spl) Sp(u,v,w) =0 if and only if u = v = w,
(Sb2) Sb(ua v, w) < b[Sb(u7 u, CL) + Sb(U, v, a) + Sb('UJ, w, a)}
The pair (U, Sp) is called an Sp-metric space.
We note that Sp-metric spaces are the generalizations of S-metric spaces since

every S-metric is an Sp-metric with b = 1. But the converse statement is not
always true (see [28] and [30] for more details).

Definition 1.2 ([30]). Let (U,Sp) be an Sp-metric space and b > 1. An
Sp-metric Sy is called symmetric if

Sb(uv Uu, U) = Sb('U, v, ’LL)
for all u,v € U.
Definition 1.3 ([28]). Let (U, Sy) be an Sp-metric space.

1. A sequence {u,} in U converges to u if and only if Sp(tn, upn,u) — 0 as
n — oo, that is, for each € > 0, there exists ng € N such that for all n > ny,
Sp(Up, tn,u) < e. It is denoted by

lim u,, = u.
n— o0
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2. A sequence {u,} in U is called a Cauchy sequence if for each & > 0, there
exists ng € N such that Sp(up, tn, ) < € for each n,m > ny.

3. The Sp-metric space (U, Sp) is said to be complete if every Cauchy sequence
is convergent.

Lemma 1.4 ([28]). Let (U, Sy) be an Sy-metric space with b > 1, then we have
Sp(u,u,v) < bSp(v,v,u)  and  Sp(v,v,u) < bSp(u, u,v).

Recently, the fixed-circle problem (see [21]) and the fixed-figure problem (see
[22]) have been studied as a geometric approach to the fixed-point theory. When
the number of fixed points is more than one, investigating some solutions to these
problems is important. For this reason, in the literature, there exist some studies
related to these recent problems (for example, see [11, 14, 24, 25, 26|, and [29]).

In the light of that motivated by the above reasons, at first, we prove the
Banach contraction principle using the Palais method (for more details, see [17]
and [23]) on Sp-metric spaces. Since the notion of an Sp-metric is a generalization
of a metric (resp. b-metric and S-metric), then studying on an Sp-metric space
is gained importance. Also, we modify the Banach contractive condition and
investigate some geometric properties of fixed-point set of a self-mapping T on
Sp-metric spaces. Finally, we give an application to Leakly rectified linear unit
(Leakly ReLU) activation functions.

2. A TOPOLOGICAL APPROACH TO THE BANACH CONTRACTION PRINCIPLE

In this section, we prove the “Banach Contraction Principle” using the Palais
method on Sp-metric spaces.
Let (U, Sp) be an Sp-metric space with b > 1 and T: U — U self-mapping.
Assume that {u,} is a Picard sequence by u, = T"ug, and T satisfies the
Banach contractive condition on Sp-metric spaces, that is, there exists h € [0, 1)
such that

(1) Sp(Tu, Tu, Tv) < hSy(u, u,v)

for all u,v € U.
If (U, Sy) is a complete Sp-metric space, then T has a unique fixed point of T'
whenever h € [0,1).

An alternative proof of the Banach contraction principle: Let h € (0,1) and
{u,} be a Picard sequence by u,, = Tu,—1 = T™ug.

If wp, = up—1 for some m € N, then we obtain that 7" has a unique fixed point
Upm—1. Therefore, suppose that u, # u,_1 for all n € N.

At first, we show the existence of a fixed point of T'. From the inequality (1),
we get

Sb(una Unp,, un+1) < th(unfla Up—1, un)

for all n € N, that is,

St (U, Upy Upy1) — 0 as n — 0o.
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Now we prove the sequence {uy,} is a Cauchy sequence. To do this, we use the
known Palais method (for more details, see [17] and [23]). For n < m, we consider
the following inequalities:

1
gsb(una Un, um) S 2Sb(un; Un, unJrl) + Sb(um7 U, un+1)
S QSb(Un; Up,, Un+1) + bSb(Un-‘rl; Un+1, um)
S QSb(un; Un, unJrl) + 2b25b(“n+17 Un+1, um+l)
+ bQSb(Uma U, Um+1)~

Using the inequality (1), we get

1

ng(unv Un, um) é 2Sb(un» Unp, un+1) + 2b2hsb(un7 Unp, Um) + szb(um; Um, uerl)a
and so,

1
(g - 2b2h) Sb(un; Un, um) S 2Sb(un7 Un, un+1) + bZSb(um; Um, uerl)-

From the above inequality, we have the following cases:

Case 1: %—szh >0, that is, 0 < h < ﬁ,

.4
Case 2: 5z <h <L

Using the inequality (1) and the condition
Sb(u'll7un7un+1) — O as n — o0,

then under Case 1, we get

b
Sb(un, U, Um) S m [25[)(’11;7“ Unp, un+1) + bQSb(umy U, um+1)] — 07
as n — o0o.
So, for 0 < h < 575, we obtain that {u,} is Cauchy. Since (U, S}) is a complete

Sp-metric space, using the similar techniques given in [30], we say that T has a
unique fixed point z.
For Case 2, there exists s € N such that h® < ﬁ such that
Sp(T?u, Tu, T?v) < h®Sp(u,u,v).

Then we have 0 < A® < ﬁ, and so from Case 1, there is a unique fixed point
z € U such that
T°z =z, thatis, T°(Tz)=Txz.

Consequently, z is a unique fixed point of T, satisfying
Fix(T) = {z}. O

3. A GEOMETRIC APPROACH TO THE BANACH CONTRACTION PRINCIPLE

In this section, we investigate some fixed-figure results modifying the Banach con-
tractive condition on Sp-metric spaces. At first, we recall the following notions
given in [3] and [20]:

Let (U, Sp) be an Sp-metric space with b > 1 and ug, u1,us € U, pu € [0,00).
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The circle is defined by
Cfg’u ={ueU: Sy(u,u,ug) = u}.
The disc is defined by
ng’ﬂ ={ueU: Sp(u,u,up) < p}.
The ellipse is defined by
Ei;b(ulaUQ) = {’LL eU: Sb(uau7u1) + Sb(U,U,Ug) = ‘U,} .
The hyperbola is defined by
Hfl’(ul,ug) ={ueU:|Sp(u,u,u)— Sp(u,u,ug)| = p}.

e The Cassini curve is defined by

leb(U]_,UQ) ={u €U : Sp(u,u,uy)Sp(u,u,us) = p}.

The Apollonious circle is defined by
Sp(w, u,uq)
A5 (uy, = eU - Pt = .
p (un, u2) {u {u2} So(u ) "
Also, the notion of a fixed figure was given in [3] on Sy-metric spaces as follows:
Let (U, Sy) be an Sp-metric space with b > 1 and T: U — U a self-mapping. A
geometric figure F contained in the fixed point set Fiz(T) is called a fixed figure
of T.
Assume that

1. There exists ug € U such that
(2) Sb(uvua TU) S th(U,u,’LLo)

for all uw € U, where h € [(0,1).
or

2. There exists u1,us € U such that

(3) Sb(U,’LL,TU) S h[Sb(U,U,U1) +Sb(U,U,U2)] )
(4) Sp(u, u, Tu) < h|Sp(u, w,ur) — Sp(u, u, usz)],
(5) Sp(u,uw, Tu) < hSp(u, u,uy)Sp(u, u, us),
and
Sb(uv u, ul)
< p 2\ % Bl
(6) Sb(uvuvTu) = th(U,U,U2)7

or all w € U, where h € [0,1).
Let us define the number u as
w=1inf {Sp(u,u, Tu) : u ¢ Fix(T)}.
If T satisfies the inequality (2) (resp., the inequality (3), the inequality (4
with g > 0, the inequality (5), and the inequality (6), and Tu; = w1, Tus =
ug, then D2v ~ C Fix(T) (resp., E;fb(ul,uQ) C Fix(T), Hib(uhuﬁ C Fix(T),

ug, 1
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gﬁb((;f)l,w) C Fix(T), and A% (uy,ug) C Fix(T)). Especially, we have C5¢ , C
ix(T).

Proof of the above claim. Let T satisfies the inequality (2) with ug € U. At
first, we show Tug = ug. To do this, we assume Tuy # ug. Using the inequality
(2), we have

Sb(uo, Uuop, TUO) S th(uo, uo, u0> = 0,
a contradiction. Hence it should be Tug = ug.
Let 4 = 0. Then we have D2* = (ug) and by the above equality, we get

uQ,

DY, C Fix(T). Let p > 0 and u € Dyt , such that u ¢ Fix(T). Using the

uo,

inequality (2), we get
Sp(u, u, Tu) < hSp(u, u,ug) < hu < hSy(u,u, Tu),

a contradiction with h € [0, 1). Therefore, it should be v € Fix(T") and so D;fg,u -
Fix(T).

Assume that T satisfies the inequality (3) with ui,us € U. Let p = 0. Then we
have Efb (u1,u2) = {u1} = {uz} and so by the hypothesis, we get EE” (u1,u2) C
Fix(T). Let 4 > 0, and u € Efb (u1,u2) such that u ¢ Fix(T'). Using the inequality
(3), we obtain

Sp(w,u, Tu) < h[Sp(u, u, ur) + Sp(u, u, uz)] = hp < hSp(u, u, Tu),

a contradiction with h € [0,1). Thereby, it should be u € Fix(T) and so
Eﬁb (ul,uQ) C FIX(T)

If T satisfies the inequalities (4), (5), and (6) with uy,us € U, then using the
similar approaches, we see that H;fb (u1,u2) C Fix(T), C’jb (u1,us) C Fix(T) and
Agb (u1,us) C Fix(T). Also, if T satisfies the inequality (2) with ug € U, then we
get Cb |, C Fix(T).

Consequently, we say T fixes the circle C5¢ . the disc D' ., the ellipse
ES*(uy,uz), the hyperbola HJ"(u1,up), the Cassini curve C5*(uy,uz), and the

Apollonious circle Aﬁb (w1, us). O

Now we give the following example:
Let U = {-3,-1,0, 1,3} be the Sy-metric space with the S,-metric defined as
1
Sp(at,,0) = 2 (= vl o — wl + u — w])?
for all w,v,w € U [30]. Let us define a self-mapping T: U — U as
Tu—1u +1 ifu=3,
R 7 ifueU—{3}
for all uw € U. Then T satisfies the inequality (2) with ug = 0 and satisfies (3), (4),
(5), (6) with ug = —1, us = 1. Also, we get u = 1 and Fix(T) = {-3,-1,0,1}.
Consequently, we have C(fb; = {-1,1} C Fix(T), ng; = {-1,0,1} C Fix(T),
T '

E*(—=1,1) = 0 C Fix(T), HY*(~1,1) = § C Fix(T), C3*(~1,1) = § C Fix(T)

4 4 4
and A3 (—1,1) = {3} C Fix(T).

4
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4. AN APPLICATION TO LEAKLY RELU ACTIVATION FUNCTIONS

The notion of an activation function is very important in the artificial neural net-
works. Some examples of activation functions are Rectified linear unit (ReLU) [19],
Exponential linear unit (ELU) [5], Scaled exponential linear unit (SELU) [15], and
Leakly rectified linear unit (Leakly ReLU) [16].

Activation functions are important for the fixed-circle problem. The obtained
fixed-circle results are applicable to various activation functions. Some authors
gave some applications related to this problem (see, for example, [24, 25, 26, 29]).

In this section, we focus on Leakly rectified linear unit (Leakly ReLU) type
activation functions defined as
0.0lu ifu <0,

LeaklyRELU (u) = Lu = { u if u>0.

Let us consider the Sp-metric defined as
Sp(u,v,w) =b(Ju —w| + |Ju+w — 2v|)

for all u € R, where b > 1 [30].

If attention, the function L does not satisfy the condition of the Banach con-
traction principle on Sp-metric spaces. Indeed, if we take u = 1, v = 2, then we
have

Sp(u,u,v) = Sp(1,1,2) = 2b
and
Sp(Lu, Lu, Lv) = Sp(1,1,2) = 2b.
Then we get
Sp(Lu, Lu, Lv) = 2b < h2b = hSy(u, u,v),
a contradiction with h € [0, 1).
Also, L has more than one fixed point and the fixed-point set of L is

Fix(L) = [0, 00).
On the other hand, this activation function L satisfies the inequality (2) with
up = 0 and h = 0.99. Indeed, we get
Sp(u, w, Lu) = 2b(0.99u)
and
Sp(u, u, ug) = 2bu
for all u € (—00,0).
We have
Sp(u,w, Lu) < hSp(u, u, ug)
and we find
w = 1inf {Sp(u,u, Lu) : u € (—00,0)} = 0.
Therefore, the circle C{i % = {0} is a fixed circle (or fixed point) of L and L has at
least one fixed point u = 0.
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