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ON NORLUND Z7,-LACUNARY STATISTICAL CONVERGENCE
OF DOUBLE SEQUENCES IN INTUITIONISTIC FUZZY
NORMED SPACES

O. KISI, M. GURDAL anp C. CHOUDHURY

ABSTRACT. Investigating the concepts of Norlund Zs-lacunary statistical conver-
gence and Norlund Zz-lacunary statistical convergence of double sequence in intu-
itionistic fuzzy normed spaces (IFNS) is the goal of this article. Then, we introduce
the concepts of Nérlund strongly Z3-lacunary convergence, Norlund strongly Zo-
lacunary Cauchy, and Norlund strongly Zj-lacunary Cauchy double sequences in
IFNS and get astounding results.

1. INTRODUCTION AND PRELIMINARIES

Statistical convergence and ideal convergence of a sequence were introduced by
Fast [8] and Kostyrko et al. [16], respectively. These concepts were rethought for
double sequences by Mursaleen and Edely [24] and Das et al. [6], respectively.
Later, these concepts have been generalized in many directions. More details on
statistical convergence and ideal convergence, and on applications of these con-
cepts can be found in [7, 11, 21, 23, 25, 26, 27, 28, 31, 32]. In another
direction, a new type of convergence called lacunary statistical convergence was
introduced in [9]. The relation between lacunary statistical convergence and sta-
tistical convergence was established among other related things in [9]. Some works
in lacunary statistical convergence can be found in [5, 18, 35].

In many areas of mathematics and engineering, the fuzzy theory has recently
become the subject of the most active research. The fuzzy set theory was initially
developed by Zadeh [38] in 1965. After that, several research publications have
used the idea of fuzzy sets (numbers) and many conventional theories have also
been fuzzified. Later on, Atanassov [1] put forward intuitionistic fuzzy set (IFS),
which is the extension of fuzzy set. Many complicated issues relating to many fields
have been solved using fuzzy sets (FSs) and intuitionistic fuzzy sets, particularly
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in decision-making. Fuzzy and probabilistic metric spaces were combined to create
the fuzzy metric space (FMS), which was invented by Kramosil and Michalek [17].
Park [30] looked upon intuitionistic fuzzy metric space and also FMSs (IFMS).
Lael and Nourouzi began their investigation of an IF-normed space in [19], which
was motivated by Park’s description of an IFM. By Karakus et al. [13], statistical
convergence in IFNS was shown. One can consult [12, 23, 25, 26, 27, 33, 34]’s
writings for in-depth research on this subject. We refer the reader also to the
recent monographs [2] and [3], and references therein, devoted to summability
theory and the spaces of double sequences generated by some four dimensional
triangle matrices with a new approach.
Norlund sequence space was investigated by Wang [37] as follows:
oo
=0

k
Nf:{w:(wu)EZOO:Z Aiszk—uwu
k= u=0

where A, = ZZ:O fu. The spaces [ (Nf) and [, (./\ff) consist of all sequences
whose Nérlund transforms are in the space I, and [,, where 1 < p < oc.

Wang [37] utilized the Norlund matrix A in the theory of sequence space for
the first time. Recall that in [10], f = (f,) was presumed to be a non-negative
sequence of real numbers and T = Zi:o fu, for all j € N with fy > 0, where N

p
<oo,1§p<oo},

denotes the set of non-negative integers. Afterwards, Norlund matrix N'f = <a§u>

w.r.t. the sequence f = (f,) is identified as follows:

0 if u>j,
for each j,u € N.

Wang [37] used the Norlund matrix to determine the sequence space I (J\f f )
as the domain of Norlund mean Nf-transform are in the space lo,. Tug and Bagar
[36] worked the sequence spaces ¢ (/\/ f ) and ¢ (N f ) as the set of all sequences
with A/ in the spaces ¢y and ¢, respectively. Also, Tug and Basar [36] put forward
the sequence NV (@) to indicate the N/-transform of the sequence @ = (w,) € w,
where the sequence Ng (w) is given by

, 1 &
Nz{ (w) = Ti pr—uwu
P u=0

for all p € N.

Khan et al. [14] recently investigated the space of Norlund Z-convergent se-
quences using the concepts of domain of Noérlund matrix N/ and Z-convergence.
The intuitionistic fuzzy Norlund Z-convergent sequence spaces were studied by
Khan and Khan [15].

In this study, we offer a novel notion of convergence for double sequences in IFNS
utilizing the lacunary sequence, ideal convergence, and Norlund convergent space.
We specifically want to explore the intuitionistic Nérlund Zs-lacunary statistically
convergent sequence space.
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Now, we recall the following basic concepts. They will be needed in the course
of the paper.

Menger [20] explored triangular norms, or t-norms. Menger proposed using
probability distributions rather than using numbers to represent distance in the
problem of calculating the separation between two components in space. In metric
space circumstances, T-norms are used to generalize with the probability distri-
bution of triangle inequality. Triangular conorms (t-conorms) are also known as
dual t-norm operations.

Lael and Nourouzi [19] introduced the idea of IFNS.

Definition 1.1. The five-tuple (X, ®, ¥, A <) is named to be an IF-normed
space when X is a real vector space, and ®, U are fuzzy sets on X x (0, o) satisfying
the following conditions for all w,q € X and t,s > 0:

(a) ®(w,t)+ ¥ (w,t) <1,

(b) @ (w,t) >0,

(¢) @ (w,t)=1forallt € R" iff w =0,

(d) ®(cw,t) = (w, ﬁ) for all t € RT and ¢ # 0,
(e) ®(w,t) A®P(q,8) <P (w+gq,t+s),

(f) @ (w,t):(0,00) — [0,1] is continuous in ¢,

(&) limioo @ (w,t) =1 and limy—,0 ® (e, t) =0,
(h) ¥ (w,t) >0,

(1) ¥ (w, )—Olffw 0,

(i) VU (cw,t) ( %) for all t € R and ¢ # 0,
() \I’(w7t)<>‘11(q, 5) 2 W(w+qt+s),

(k) W (wo,t): (0,00) — [0,1] is continuous in t,

(1) limy—yoo ¥ (w,t) = 0 and lim;_,o ¥ (o, t) = 1.

In this case, we call (®,¥) an IF-norm on X.

Utilizing the notion of ideals, Kostyrko et al. [16] determined the notion of Z
and Z*-convergence.

Let Y # (). Z C 2Y is called an ideal on Y provided that (a) for each U,V € T
implies U UV € Z; (b) for each U € Z and V C P implies V € Z.

Let Y # 0. F C 2V is named a filter on Y provided that (a) for all U,V € F
implies UNV € F; (b) forall U € F and V D P implies V € F.

An ideal Z is known as non-trivial provided that Y ¢ Z and Z # . A non-
trivial ideal Z C P(Y') is known as an admissible ideal in Y iff Z D {{w} : w € Y}.
Afterwards, the filter F' = F(Z) ={Y — 5 : S € Z} is named the filter connected
with the ideal.

A nontrivial ideal Zo of N x N is named strongly admissible when {i} x N and

x {i} belong to I, for each i € N.

Throughout the work, we consider 75 as a strongly admissible ideal in N x N.

Definition 1.2. A double sequence 02 = 6,5 = {(kp,ls)} is named double la-
cunary sequence when there are two increasing sequences of integers (k,) and (I;)
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such that
ko=0,hp =k, —kp_1 =00 and lp=0, hy =13 —ls_1 = 00, p,5— 0.
We will utilize the subsequent notation k,, := kpls, hps = hphs, and 0, is
identified by
Ips = { (k1) i kpo1 <k <kpandl;_q << ls}7
kp ls

qs ‘= ] 17 and dps ‘= 4pQs-
s

qP = kp71 )

Throughout the paper, by 03 = 0,, = {(kp,{s)} we will indicate a double lacunary
sequence.

Definition 1.3. Presume (Y, p) is a metric space. A double sequence w =
(wyw) is named to be Zp-convergent to «, provided that for any v > 0, we acquire

A(y) = {(u,v) € N X N: p(wyy, @) > v} € Ts.
We write Zo-limy, y—y00 @Wyy = .

Definition 1.4. A double sequence @w = (wy,) is named to be Zy-lacunary
statistical convergent or Sp,(Z>)-convergent to «, provided that for all u, v > 0,

1
{(p,s)ENXN:h

{(,0) € Ips [y — 0l 2 i} 2 7} €T
DS

In that case, we denote @y, — a(Sp, (Z2)) or Sp,(Z2)- lim wy, = a.
U, v—00
Moore [22] established the double series certain theorems concerning relation-
ships between Norlund means for single series given by Nérlund [29].
Let f = (fuv)u,veN be a double sequence of nonnegative numbers with fyg > 0.
Its partial sum is determined as

;s
Tps = z fuw for each p,s € N,

u,v=0

Take w = (wyy) € M, as a double sequence of complex numbers. The Norlund
means N/, (@) are identified by

1 &
(1) Ngfs (w) = Tps Z fpfu,sfkuw

u,v=0

A sequence @ = (wyy) € M, is said to be intuitionistic Norlund Z,-statistically
convergent to a € Rw.r.t. IFN (®, ¥), provided that for all o, v > 0 and p € (0, 1),

K ::{(p,s) eN?Z: ]%Hugp,vSs:fb(./\/g;(ww)—a,a) <l-u
or U (Ngs (Tuw) foz,cr) > ,u}| Z'y} € L.

Symbolically, we denote NJf,-Tp-st lim @, = a or @y, — a(S[Iéq)"P)(NJS)]).
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Throughout the article, we assume that the sequences w = (w,,) € M, and
N, (@uy) are connected as shown in (1), and Z; is an admissible ideal of a subset
of N2,

2. NORLUND T5-LACUNARY STATISTICAL CONVERGENCE
In this section, we present our findings. We begin with the following definitions
which play a crucial role throughout the paper.

Definition 2.1. A sequence w = (wy,) € M, is named to be Norlund Z,-la-
cunary statistical convergent to a € R, provided that for all u, v > 0,

Ty = { (p,s) € N : h; [{(u,0) € Lo+ [N, (@) — o] = p}| > 7} €L

Definition 2.2. A sequence w = (wyy,) € M, is named to be intuitionistic
Norlund Z,-statistically convergent to € R w.r.t. IFN (®, ¥), provided that for
all o, v >0 and p € (0,1),

K ::{(p,s)ENXN:pisl{ugp,vgsz(D(/\/'If;(ww)—a,a)gl—,u

or U (./\/Ifs (Wuw) — a,a) > /L}| > 'y} € L.
Symbolically, we indicate NJS—IQ—St lim @, = a.

Definition 2.3. A sequence @ = (wy,) € M, is named to be intuitionistic
Nérlund Zs-lacunary statistical convergent to o € R w.r.t. IFN (®, ¥), provided
that for all o, v > 0 and p € (0,1),

1
K, ::{(p,s) eN?: h—ps‘{(u,v) EIpS:Q(NZfS () —a,0) <1 —p

or ¥ (./\/;fé (Tuw) — a,a) > u}| > 7} € I,.

In this case, we denote NJ,-Zp,-st lim @, = a or @y, — (S, [Igb’q,)(./\/zfs)]). The

set of all Norlund Zs-lacunary statistical convergent sequences in IFNS is denoted
o0

by Sa,[Z,"" (W)

Definition 2.4. A sequence w = (wy,) € M, is named to be intuitionistic

Noérlund strongly Zs-lacunary summable to o € R or Ny, [IQ(q)’ql)(Ngs)]-summable
to o € R w.r.t. IFN (@, U), provided that for all ¢ > 0 and p € (0,1),

K112{<p35)€N2; 1 Z Q(N;fs(wuv)_a,a)fl—,u
"os (et
or hi Z v (NJS (wuv) - 04,0') > N:} € I,.

PS (uw)€lps

N (029 (pr
2B Mol or = o(No, [Z5" ) (ML)

In this case, we denote w,, ps
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Definition 2.5. A sequence w = (w,,) € M, is named to be intuitionistic
Norlund strongly Zs-lacunary Cauchy w.r.t. IFN (®, ), provided that for all

o> 0andn € (0,1), there are r,t € N such that the set K5 belongs to Z, where

Ky = { (.s) EN?:i o= D7 @ (N, (@) = M () s0) S1—p
P2 (uv)€lys

1
- Z \II(J\/ZS (Wuw) — N (@rt) , 0) 2/1} € D,.

ps
pS
(UVU)GIPS

or

Theorem 2.6. Take 05 as a double lacunary sequence. At that case

Wy — X (N92 |:I(q> ) (Np )i|> = Wyy — (592 |: 2(@7\11) (N]{G):|) .
Proof. Assume w,, — a(Ny, [IQ@’\D)(NJS)]). Afterwards, for all o > 0 and
€ (0,1), we get
Z ® (N, (wuw) — a,0) or ¥ (N, (wuy) — o, 0)

(u,v)€lps

> Z o (szs (Wu) — @, 0 ) or ¥ (N (W) — a70)
(u,v)€Elps
@(N}{S (wuv)—(x,a)gl—p or
W(prs(muv)_avo')zﬂ

Z,u-‘{(u,v)EIpS:d)(J\/ZS(wW) a,0) <1—por U (N () — aa)>u}

and so,
1
i Z P (szs (@Wuw) — a,0) or ¥ (N (@Wuw) — a,0)
(u,0)€lps
>

ps

{(u,v)elps:q)(./\/gs(wuv) a,0) <1- uor\II(N (@Wuw)—a,0) Z,u}’

Then, for any o, v > 0 and p € (0,1),

{( ) e N?:

:@(Ng; (W) —,0) <1 —p

1
C {(p, ) € N? ; Z @(szs(wuv) a,0) <(1—p)-y
P8 (u,v)€lps
1
or Z v (/\/’JS (@uww) — @, 0) > pu. fy} €L,.
ps (u,v)€Elps
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Theorem 2.7. Presume 0 is a lacunary sequence. Then (toy,) is bounded

() € My,) and
D — @ (592 [zf*” (Ngs)]) — Dy = @ (N92 [:r;@*” (W )D .

ps
Proof. Suppose that w,, — a(Sp, [IQ@"D)(NJS)D and (wy,) € My. So, there is
an U > 0 such that

0] (-/Vgs (@uw) — 0570') >1-U or ¥ (les (@) = a,o’) sU

for all o > 0. Given p € (0,1), we have
1

[ (prs (wuv) - 0&,0') or ¥ (Ni)fs (wuv) _ Oé,O')

PS (uw)€lps

1 i 3
= h Z q)(./\/g; (wuv)_a,(j') Or\I/(szs(wuv)—Oé,O')
" (u,v)ETps
(N (Wuv)—,0)<1— 4 or
‘IJ(prs(wuv)*a,a)Z%

+ A Z o} (./\/Ifs (@uw) — a,0) or ¥ (./\/;fS (@Wuw) — a,0)
e (u,0)E€lps
‘b(/\/’;g(wm,)fa,a)>17% or
W(Ngs(wuv)fa,a)<%
U
< {(u,v)elps:@(Ngs(wuv)—aﬁ)gl—ﬁ
s 2
AU
or ¥ (./\/XS (Tuw) — a,a) > EH + 5

As a result, for all o > 0 and p € (0,1), we get

{(p7s) €N?:

<I>(./\/f (wuv)—a,o) <l-—p

ps
ps (u,v)Elps

or

) (./\/Zs (@uw) — a,0) > ,u}

PS (u,w)€lps

{0 €W s T (1) € I (W () —00) <15
Bips 2
By M
or ¥ (/\/Zfs (Tuw) fa,U) > §}| > ﬁ} €l
We obtain w,, — a(Ng, [IQ(CI)’\I/)(N;L)D- -

Theorem 2.8. Ifliminf, ¢, > 1 and liminf, g; > 1, then
./\/ZS—IQ—st lim w,, = a gives NJS—IQQ—St limw,, = a.

Proof. Presume that liminf, ¢, > 1 and liminf, g; > 1. Then, there are p > 0,
7 > 0 such that

gp=>1+p and gs > 147
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for sufficiently large p, s, which yields
hps S pT .
Joks = A p) (1+7)
Suppose that NJS—Ig—st lim @y, = a. For all g € (0,1) and all o > 0, we get
1
jpks

{(um) tu < v < ks, @ (N (wuw) —a,0) < 1—p

or ¥ (Ngs (W) — a,0) > u}’

{(u,v) € Ips: @(NJS (Wuw) —,0) <1 —p

or ¥ (N, (wyy) — v, 0) > u}‘

{(u,v) € Ips : ® (N, (wuo) —,0) < 1—p

or ¥ (N, (wyy) — v, 0) > ,uH

> P
T (I4p) (1 +7) hyps

{ (u,v) € Ips : P (./\/']gfg (W) — oz,a) <l—-pu
or ¥ (N, (wuw) — @, 0) > ,uH
So, for any v > 0,

{(p,S)GNZZh1

PSS

{(u,v) € Ips : ® (N, (wuo) —,0) <1 —p

or ¥ (/\/;f; (Tuw) — @, 0) > ’UH > ’Y}

1
C {(p7s) eN?Z: — {(um) 1w < Gy v < ks, @ (N, (W) —a,0) <1—p

JpRs

or ¥ (NJS (@uw) — a,0) > ;LH > (1+pp)T(71+7_)}

So, according to our assumption, the set on the right side belongs to Z,, clearly the

set on the left side belongs to Z,. As a result, we get NIfs—I‘gz—st limw,, =a. 0O
Theorem 2.9. Iflimsup, g, < 0o and limsup, gs < oo, then

./\/ZS—IQQ—st lim w,, = a gives les—Ig—st lim w7, = a.

Proof. Presume that limsup,, ¢, < oo and limsup, g5 < oo. At that case, there
are U, V > 0 such that ¢, < U and ¢s < V for all p, s. Let NJS-IQQ-St lim oy, = @
and assume

Hys = ‘{(uvv) GII)S:(I’(N;; (wuv)_aaa) <1l-—up

or ¥ (N, (wyy) — v, 0) > ,uH
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Since NJS—I%—st lim oy, = «, it supplies for all g € (0,1) and all o,y > 0,

e

PSS

{(u,v) €L ® (N (wuw) —,0) < 1—p
or \IJ(NJS (wuv) —Oz70') ZN}‘ 27}
H

Ps > }eI.
hps = 1572

z{(p,s)€N2:

Hence, we can take positive integers pg, so € N such that ZI”S <~y for all p > py,
ps
s > sg. Now, assume

W :=max{H,s: 1 <p<py, 1 <s<sp}

and k and [ are integers satisfying j,—1 < k < j, and ks_1 <[ < k,. Then, for all
w€ (0,1) and all o > 0, we get

%‘{(U,U)ZUS ]f,’USl, (I)(szs (wuv)_azg) <1l—u

or ¥ (./\/Ifs (Tuw) — a,a) > u}‘

1 .
< m‘{ (u,0) s u < jp,v < ks, @ (N (u0) —,0) < 1—p
or ¥ (./\/'pfs (Tuw) — a,a) > u}‘
= m{Hll+H12+H21+H22+"'+Hp050 + o+ Hps}
p—1Ks—
D050 1 Hp,(s0+1)
< ———| max {Hyu!} |+ %{h s —
Jp—1ks—1 <i§;§€g{ }> Jp—1ks—1 polsotl) Ppo(so+1)
Hpo+1)s Hpo+1)(s0+1) Hps
+ Bpot1)s0 "+ Ppot1)(s041) T e B p}
oA h e P e o) P hps
W 1 o,
< PO - (sup . >( > huv)
]p—lks—l ]p—lks—l P>po hps >
$>s0 uZpo
V>80
posoW n (Jp = Jpo) (ks — ksy) < posoW P
T Jp—1ks1 Jp—1ks—1 T Jp—1ks1 P
w
< 2T Loy
Jp—1ks—1

Since jp—1ks—1 — 00 as k,l — oo, it gives that for all o > 0 and n € (0,1),

%‘{(U,U)Zugk,vgh CI)(prs (wuv>_047(7) Sl—ﬂf

or ¥ (J\/;fs () — @, 0) > ,uH — 0,
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and so for any y; > 0, the set

1
{(k;,l) ENxXN: H‘{(u,v):ugk,vgh ® (N, (@up) — ,0) < 1—p1
or U (./\/ZS (W) — a,a) > MH > 71} € I,.
It yields that NJS—Ig—st lim @y, = a. O

Theorem 2.10. Take 03 as a lacunary sequence. If

1 <liminfg, <limsupg, < 0o and 1 < liminfg, < limsup g, < oo,
p D s s

then NJS—I%—st lim @y, = a iff NJS—IQ—st lim @, = a.
Proof. 1t is clear from Theorem 2.8 and Theorem 2.9. (]

Theorem 2.11. Assume I is a strongly admissible ideal satisfying property
(APy), 02 € F(Io). If

(@) € 8 [Z8" (W)] 0 8o, [Z877 (VL))

ps
then
ST WL = i = S, [T (W) | = Tim .

s
P U,V—>00 U,V—00

Proof. Assume that
S [IQ@’\P) (./\/;fs)} — lim @y, =

U, V—00
and
S {Igp’q}) (/\/f )} — lim oy, = a9,

U,V—00

and a1 # ay. Take
1
O<p< 5@ (./\/;f5 (@) — @, 0)

1
and 0<p < 5\1/ (N, (wuw) — @, 0)

for all 0 > 0. As Z, satisfies the feature (AP,), then there is M € F (Z,) (i.e.,
(N?)\ M € I) such that for all ¢ > 0, p € (0,1) and (k,l) € M,

. 1
k};glocal{ug k,vSl:(b(./\f]fs (@Wuw) —a1,0) <1—p

or ¥ (N, (wuy) — o1,0) > ,u}‘ =0.
Take
T:{ugk,vgl:@(Ngs(ww)—al,a) <l-upu

or ¥ (/\/'pfS (Wuw) — al,a) > u}
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and
$={u<hv<i: 0 (WL (@) —az,0) <1—p
or ¥ (./\/;fs (@Wuw) — a2,0) > u}.

At that case, kl = |T'U S| < |T|+]|S|. This yields that 1 < Tl 4 151 "Gince 181 <1
and limyg ;oo %l = 0, so we have to get limy ;o0 % =1.
Let M* = M N6y € F (I). Afterwards, for all o > 0, € (0,1) and (u,,v;) €

M*, the u,v;th term of the statistical limit expression

%Huﬁk,vﬁl:@(./\/’gs (Wuv) — a2,0) <1 —por \I/(Ngs (Tuw) — @2,0) ZMH

is

1 3
U {(“7”) e U Ins: @ (N (wun) —a2,0) <1
I prs=1,1
(2) or W (N, (@) — a2,0) = |
1 T,J
Y R U tpshps,
U hps p,s=1,1
p,s=1,1

where

tps - {('Uq’l)) € Ips : @ (./\/;')fs (wu,u) — a2’0-) S 1 _ ,U/

PSS

or ¥ (N;L{s (wu’u) - 042,0') > M}‘ g 0,

because NJS-Igz—st lim 0y, = @a. Since 6 is a lacunary sequence, (2) is a regular
weighted mean transform of t,,’s, and as a result it is Zy-convergent to 0 as r, j —
00, and also it has a subsequence which is convergent to 0 since Zs holds the feature
(AP,). However, since this is a subsequence of

{kll‘{ugk7v Sl:(I)(Nz{s (wuv)_0270') <1l—pu

or U (./\/ZfS (Wuw) — ag,a) > ,u}‘ ,
(k)eM

we obtain that

{1’{U< kv <1:® (N (W) — a,0) <1—p

or ¥ (./\/ZS (@Wuw) — az,0) > ,u}’}

(k,lyeM

is not convergent to 1, a contradiction. Hence, we cannot get a; # «s. O
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Theorem 2.12. All intuitionistic Norlund strongly Is-lacunary convergent se-
quences are intuitionistic Norlund strongly Ty-lacunary Cauchy w.r.t. IFN (®, ).

Proof. Assume w,, — a(Ny, [Iéq)’q’)(/\fgs)]). At this case, for all p € (0,1) and
each ¢ > 0,

Klz{(p,s)€N2:

Z (I)<N1fs<wuv)_aa0') Sl_ﬂ

DS
(u,v)€lps

or L Z G (N,fs (Wuw) —a,a) > ,u} € I,.

DS
(u,v)€EIps

As 7, is a strongly admissible ideal, we get

Ki={om e S e (@) > 1

U (szs (@uw) — a,0) < u} € F(L,).

Hence, we can choose the non-negative integers p, s such that (p,s) ¢ K. There-
fore, we obtain

1 S (N, (@ugwe) — @0) > 1 p

ps (uo,v0)€Elps
1

and ho. Z v (N;{s (wuovo) - OZ,O') < p.
ps (uo,v0)€Elps

Now, let

® (N, (@uw) = N (@ugwo) s 0) <1 =2
ps(utv)v(UOWO)GIps

! \P(pre (wuv)*NJs (wuovo)vg) 2 2/"}-

P3 (u,0),(wo,v0) € I ps

ng{(p,s) eNxN:

or

Contemplate the inequality
Z o (prs (wuv) - szs (wuovO) ’ U)

PS (u,0),(u0,v0) ELps

< 1 Z o (/\/Ifs (@Wuw) — a,0) + hi Z P (szs (Tugvy) — @, 0)

h
ps (u,v)€lps ps (uo,v0)Elps

and

1 3 U (N, (@uw) = N (@uguo) )

PS5 (u,w), (uo,v0) Elps

1 1
< - Z v (./\/Ifs (@Wuw) — a,0) + . Z v (NJS (Tugue) — X 0) -

ps (u,v)€elps ps (uo,v0)€Elps
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Observe that when (p, s) € Ks, so

1 1 ,
Z o} (./\/ZS () — @, 0) +h7 Z ol (./\/Zfs (Tuguy) — @, 0) < 1=2p,
PS (uw)elps P2 (uo,v0)Elps
and
1 1
B 4 (NIZ: (Duv) — a’a) +— Z v (NJS (wuovo) - O‘aa) > 2.
ps (uvv)elps ps (UO,UO)eIps

From another standpoint, as (p, s) ¢ K;, we have

1
hf Z (I)(NZ{S(WUOUO)_OGU) >1—p

ps (uo,v0)€Elps

and 1 Z v (J\/;fs (Tugw) — @, 0) < .

We acquire

1

hi Z (p(Nz{s(wuv)*Oé,O')Slfu
pSs (%’U)EIPS

L

or v (les (Wuw) — @, 0) > pu.

ps
(u,v)€Ips

Hence, (p,s) € K;. This yields that Ko C K; € I, for all p € (0,1) and each
o > 0. So Ky € Z,. Hence, the sequence strongly Z,-lacunary Cauchy with regards
to IFN (P, U). O

Definition 2.13. The sequence (w,,) is intuitionistic Norlund strongly Z;-la-
cunary convergent to « iff there is a set M = {(u,v) € N?} such that

M' ={(p,s) € N*: (u,v) € I} € F(Iz)

for all o > 0,

lim i Z o (NJS (wuv) - CV,O') =1,

v (NZS (@Wuw) — a,0) = 0.

Symbolically, we indicate @y, @ (No, [Z5 (NF)]) -
Theorem 2.14. If
@ 5 o (N, [Z5 (A)])

then
Wyy —> A <N92 [IQ((I)’\I/) (./\/'JQ)D .
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(®,w) * f

Proof. Assume that w,, — « (]\792 [IQ (./\/ps
M = {(u,v) € N*} such that

M' ={(p,s) € N*: (u,v) € I, } € F(I2)

)]) At that case, there is a set

for all o > 0,
FER SR A P
(u,v)€elps
; f _
p,ggloo hops W52 U (N (@) —a,0) < p

for all p € (0,1) and all u,v > to. In the light of this fact, we get

TZ{(P,S)€N2;h1 Z @(prs(wuv)—a,a)gl_M

ps
(u,v)€lps

1

or U (N, (@) — a,0) > ,u}
ps (u,v)€Elps

CHUM N (({1,2,...,(to— 1)} x N)U(N x {1,2,...,(to — 1)})))
for (NQ) \ M’ =H € I,. As I, is an admissible ideal, we get
HUM N (({1,2,...,(to — D} xN)UNx {1,2,...,(toc — 1D)}))) € Zo,
and so T € Zy. As a result, @y, — a(Np, [IQ((I)’\P)(NJS)]). O

Theorem 2.15. Suppose I is a strongly admissible ideal including feature
(APy). Then,

Ty = (Nez {Iz@’w) (M. )D

pSs
gives
iR "
wuo U o (No, [T3 (VL))

Definition 2.16. The sequence {F,,} is said to be intuitionistic Norlund
strongly Z3-lacunary Cauchy sequence if for all € (0,1) and all o > 0, there
is a set M = {(u,v) € N?} such that

M' ={(p,s) € N*: (u,v) € I, } € F(I2)

and T € N so that

» Z (I)(Nf (wuv)_/\/;fs(wrt),a)>1—ﬂ

h ps
ps (u,v),(rt)Elps

and i Z v (NZ{S (wuv) - Ni)fs (wﬂf) 70) < p

PE (ww), (r ) Elps

for all u,v,r,t > T.
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Theorem 2.17. All intuitionistic Norlund strongly Z3-lacunary Cauchy se-

quences are intuitionistic Norlund strongly Zs-lacunary Cauchy in IFNS w.r.t.
(@, V).

Proof. When the hypothesis is satisfied, then for all x4 € (0,1) and all ¢ > 0,
there is a set M = {(u,v) € N?} such that
M' ={(p,s) € N*: (u,v) € I\ } € F(Iz)

and T € N such that
1

P (Nf (Wuw) —les (wwrt) ,U) >1—p

ps
DS
(u,v),(rt)Elps

1
f
and o E W (N,
(u,0),(rt)Elps

for all u,v,r,t > T. Take H = (NQ) \ M’. Tt is obvious that H € Z, and

1
P{poent S (M mn) A )0 Lo
S (uw), () Elps

1

(uv) —/\/JS (wrt) aU) <K

or

4 (Ni)fs (wm,) _NJS (wrt)ag) > /i}

P (uyv),(rt)€lps
CHUM N (({1,2,...,(N=1)} xN)U(Nx {1,2,..., (N —=1)}))).

As 7, is a strongly admissible ideal, then
HuM' n(({1,2,...,(T-1)}xN)U(Nx {1,2,...,(T —1)}))) € L.

As a result, we get P € I, namely, (wy,) is intuitionistic Nérlund strongly Zo-
lacunary Cauchy w.r.t. (&, ). O

Theorem 2.18. Suppose Iy is an admissible ideal including feature (APs).
At that case, the motion of intuitionistic Néorlund strongly Zs-lacunary Cauchy
coincides with intuitionistic Norlund strongly Z3-lacunary Cauchy sequence.

Proof. When a sequence is intuitionistic Norlund strongly Z5-lacunary Cauchy
sequence, then it is strongly Zs-lacunary Cauchy sequence by Theorem 2.17, where
75 need not to have the property (APs).

So, it is enough to denote that a sequence (w,,) is a intuitionistic Norlund
strongly Z5-lacunary Cauchy sequence under presumption that it is a intuitionistic
Norlund strongly Zs-lacunary Cauchy sequence. Assume (w,,) is a intuitionistic
Nérlund strongly Zs-lacunary Cauchy sequence. Afterwards, for all p € (0,1) and
all o > 0, there exist r,t € N such that

K:—{(p,S)€N2: !

® (N (@un) = N (@r0) s0) <1 -
pa (u,v)€lps
1
Z \IJ(N;DfS (wuv)_Ngs (wrt);a) ZM} € I,.

h
ps (u,v)€lps

or
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Let
! 1
_ 2 .
E_{(p,s)eN z Z @(NJS(WUU)_NJS(WT‘Itl)ya)>1—;
(u,v)Elps
. (N N 1
or hps Z ( ps (wuv) - ps (w”ti) s 0’) < ; ,
(u,v)Elps
where r (i) = T(%)» t(i) = t(%)7 1 =1,2,.... Obviously, for i = 1,2,..., T; €

F (Z3). As I, has the feature (APs), afterwards by [7, Theorem 3.3], there is
T C N2 such that T € F (Zy) and T \ T} is finite for all i. Now, we prove that

lim — Z o (prs (@uv) —NJS (@rt) s U) =1

s
P (u,v),(rt)Elps

Y (./\/'pJ; (Wuw) — J\/'IfS (wpi),0) =0
(u,v),(rt)elps
for all ¢ > 0 and (u,v), (r,t) € I,s. To denote these, assume p € (0,1) and m € N,
so that m > % When (u,v), (r,t) € T, then T'\ T}, is a finite set; so, there exists
I =1(m) such that

L 1
hps (I)(prs (wuv)_Ngs (wrmtm),a) > 1_E’
(u,v)€lps
1

o (szs (wrt) _szs (wrmtm) ,U) >1— E’

and

B Z v (prS (wuv) - szs (wrm,tm) ) U) <
PS (uw)€lps

1

1
m’

v (/\/pfé () — ./\/;fs (Trpatm) 1 0) <

)

3=

us (rt)Elps
for all u,v,r,t > 1 (m). Hence, it gives that

: Z @(szs (@uw) _prs (Wrt),a)

h
P2 (uv)€lys

1
h Z 6] (N]'jfg (wuv) - Ni)fs (wrmrtmr) 70)

ps (uav)eIps

<

+

0] (NI{S (wrt) - N}fs (wﬂntm) ? U)

ps
(r,t) Elps

1 1
O B N
m m



ON NORLUND Z-LACUNARY STATISTICAL CONVERGENCE ... 57

and
L Z N} (Nf

ps
ps (u,v)€lps

1
S hf Z \II (NJS (wuv) - NJQ (metm) s O’)
psl(u,'u)efps ) 1
T Z \I/(Np)cs<wrt)_NJs(wrmtm)7g) <E+E<p"
U (rt)Elys
For any 11 € (0,1), there exists | = 1 (u) such that p,s > (1) and (u,v), (r,1) €
T € F (1), we obtain

(Wuw) — N

ps (wrt) ) U)

1
{(p,s) eENxN:—— Z CID(NJS (wuw) f./\/'pfs (wre),0) <1—p
ps (u,v)Elps
1

or

U (N, (@) = N, (@0) ) > u} c1,.

ps (u,v)€Elps

This means that (cy,) is intuitionistic Nérlund strongly Z3-lacunary Cauchy se-
quence. O
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