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NEW JENSEN-TYPE INTEGRAL INEQUALITIES VIA
MODIFIED (h,m)-CONVEXITY AND THEIR APPLICATIONS

B. BAYRAKTAR, P. KORUS anp J. E. NAPOLES VALDES

ABSTRACT. This article presents new developments and applications of Jensen’s
inequality. We explore various variations of Jensen’s inequality related to modi-
fied (h,m)-convex functions. The obtained results extend the applicability of the
inequality to a broader class of functions and contexts. In addition to the fact
that the results presented in the article provide additional results available in the
literature, we also give examples of their application.

1. INTRODUCTION

The Jensen inequality is a significant result in mathematical analysis, establishing
a relationship between the integral of a function over a certain interval and the
average value of the function on that interval. This inequality is commonly used for
convex functions and has substantial applications in various mathematical fields.

In recent years, research on different generalizations and variations of Jensen’s
inequality has garnered significant interest. These generalizations consider various
types of integrals, function classes, and associated parameters, thereby expanding
the applicability of the inequality to a broader class of functions and contexts, see
eg. [2,7,8,9,10, 11].

Let 0 < 27 < 29 < -+ <z, and let wr (1 < k < n) be positive weights
associated with these x; and whose sum is unity. Then Jensen’s inequality

(1) f(ki_lwkxk> < ’éwkf(iﬂk)

holds (see [12, 16]).

The Jensen inequality and its refinement, the well-known Hermite-Hadamard
inequality have been generalized by several authors through general convex func-
tions of various type, see e.g. [1, 5, 13, 14, 15]. We recall some of the latest
general convex notions.
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Definition 1.1 ([13, 15]). Let h: [0,1] — [0,00) and f: [a,b] C R — R. We
say that f is an h-convex function on [a,b] if for all z,y € [a,b] and X € [0,1], we
have

FOx+ (1 =Ay) <h(A) (@) +h(1 =) f(y).

Definition 1.2 ([14]). Let h: [0,1] — [0,00), h # 0 and f: I =[0,00) — R. If
inequality
(2) fQz+m(l = Ny) <h(N)f(z) +mh(l = X)f(y)
is fulfilled for all z,y € I and A € [0, 1], where m € [0, 1], then function f is called
(h, m)-convex on I.

In [3, 4], the following definitions were presented.
Definition 1.3. Let h: [0,1] — (0,1] and f: I = [0,00) — R. If inequality
(3) f Az +m(1=Ay) <k (N)f(z) +m(l = h>(N)f(y)

is fulfilled for all z,y € I and A € [0, 1], where m € [0, 1], s € [—1, 1], then function
f is called (h, m)-convex modified of the first type on I.

Definition 1.4. Let h: [0,1] — (0,1] and f: I = [0,00) — R. If inequality
(4) fQz+m(l=Ny) <h*(A)f(z) +m(l = h(A)*f(y)

is fulfilled for all 2,y € I and A € [0, 1], where m € [0, 1], s € [—1, 1], then function
f is called (h, m)-convex modified of the second type on I.

Remark. From the definitions above, the sets (h, m)-convex modified functions
of the first and second types characterized by the triple (h(t),m,s) are denoted
by N,frln (I) and NZ?R (I), respectively. In [3, 4] you can see the convex classes
obtained from the spécial cases of this triple.

Throughout the article, we will introduce new results that enhance the un-
derstanding and applicability of Jensen’s inequality. These findings may hold
substantial significance in diverse fields of mathematics, economics, statistics, and
other sciences where Jensen’s inequality plays a vital role.

The purpose of this article is to present some new results in the field of Jensen’s
inequality and its applications. We will examine several variations of Jensen’s
inequality for modified (h,m)-convex functions.

2. MAIN RESULTS

The results obtained in the article are based on the following lemma:

Lemma 2.1. Let f: [a,b] — R be a twice differentiable function on (a,b). If
f" € Lla,b|, then we have

DS [f@kl) &) (@H + £k)] = AN 0t 1),

2 2 2
k=1 k=1
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where n € N, A = n,fk—a—i—k:A k=0,1,2,...,n

=

L = /E tf"(té—1 + (1 = t)&)dt  and Iy, = / tf"((1—t) Epry + t&)dt
0 0

Proof. Integrating the first integral by parts twice, we have

1

t , B B
Iy, = mf (Ep—1t + (1 — t)&k) . fk ) —fk

— 1 / gk—l‘ka B 1 B
_2(£k1—£k)f< 2 ) (gk_l_gk)zf(fk—lt—F(l t)gk)o

- 2(&«_1 - §k)f/ <§k12+ §k> 3 (gkll_gkf {f <§k12+ fk) B f(Ek)] _

Similarly, for the integral I5, we can write

_ 1 / E—1 + &k B 1 o1+ & .
Iz, = 2(51@ _gkfl)f ( 2 ) (gk _fk—l)Z |:f ( 2 > f(gk_l)] .

Adding integrals I and Iy yields

JEo) + /(&) 2 f<fk1+fk)
(& — Ek—1)’ (&k — 1)’ 2 ’

/ (6t + (1— H)E0)dt

2

I + Ig =

that is equivalent to

2
f(ﬁk—l); f(&) f <§k—12+ Ek) _ (& *2&—1) (Iiy, + Iaz.) .
By summing over the variable k, we obtain (5). O

Remark. For n =1, from (5), we get the identity in Corollary 2.1 of [2].

2.1. Results for (h,m)-convexity modified in the first sense

Theorem 2.2. Let f: [a, %] — R be a twice differentiable function on (a, %)
If f" € L|a, —] and |f"] € N,Swln [a, %}, then the following inequality holds:

© ; [f@k_l); J&) _ (gk_l; akﬂ ‘
<2 (5= [ wa) X[l (5 | ()

+A22(/0 )i (o) + 17 (R

k=1

where A and & is from Lemma 2.1.
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Proof. From Lemma 2.1 and modulus properties, we can write

i[f(fk—l)—Ff(fk) _f(§k_1+§k>] A2

< — I L) .
: S| = 5 (el + 1)
k=1 k=1

(7)

By using (h, m)-convexity modified in the first sense of function |f”|, for integral
11, we get

Nl=

el < / ELF (e + (1 £)g)| dt
0

1

< [Tt RO 1)+ m—rr@) [ () || at
[ (g)H
F (fk)‘/ dqt
)t fwoe)

Similarly, for the second integral Ik, one can write

|f”£k1|/ th* (t)dt +m

=" (&)l /0 th* (£)dt + m

1

Bl < [ =06 + 0]

/ g 1 =) |7 (S2) [+ ne o 161 a

|f”(§k)|/0;ths(t)dt+m (5’;11” (8—/0;ths(t)dt>.
() @ Lo

I G|+ 1] / * the (1)t

0

IN

Thus, we have

[I1x| + [ I2k] <m {

By multiplying the last inequality by %2, and taking into account (7), we obtain
(6). O

Corollary 2.3. If in Theorem 2.2, we choose n = s =m = 1 and h(t) = t,
then we obtain Corollary 2.2 of [2].

Theorem 2.4. Let f: [a7 %] — R be a twice differentiable function on (a, %)
If " € L |a, %] and |f"|? € Niﬂln a, %], then for all ¢ > 1 with 1% + % =1, the
following inequality holds:

(8)
kz[ e +f(£k) f<£“2+£k>}|< 225 (p+ 1)

m»—‘

Z (ka + ka) .

k=1
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where A and & is from Lemma 2.1,
2

cm—wf@kn|/?h<xn+m (&) 1wy

R

Proof. By using the well-known Hélder integral inequality and since | f”
(h, m)-convex function modified in the first sense, we get

Dy =

|7 is an

(9) |11k|</0ét|f”(t§k1+(1—t)§k)|dt
: (/oétpdt);{/o% O @[+ (- 1)
(ii;) {!f" &—1)|* / b (t)dt +m |f" (%) ’

Similarly, for the second integral, we can write

(10)
(&

1
27PN\ P
L] <
farl = (p+1> {m
By adding inequalities (9) and (10), we obtain

2—p—1 5 1 1
nl+inl< (255)" (ch+ol).

Multiplying both sides of the last inequality by %2 and taking into account (7)
yield (8). The proof is complete. O

Il

0

L R )q/oghs(t)dt} .

Corollary 2.5.
(i1) If we choose n =m =1 and h(t) =t, then (8) becomes

f(a) + f(b) _f(a;b)‘ < (?*a)Q : <CE’1+D{1‘1>
)>

2 22t5 (p+1
with
_ 1@ " 1 1
Cu = (12t +1 7 () <2 - (s—i—1)25+1> ;
_ e w1 1
DH_W—H][ (a)] (2_@4'1)2”1)'

(i2) If we also choose s =1, then we have
lf" (@) | 3] (®)* 31f"@]" | |f"®)"
Ci = d D= .
11 3 + 3 an 11 3 + 3
(i3) Moreover, if p = q = 2, then we get Corollary 2.4 of [2].
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Theorem 2.6. Let f: [a7 %] — R be a twice differentiable function on (a, %)
If f" € L|a, %] and | "7 € waln [a, %] , then for all ¢ > 1, the following inequal-
ity holds:

i {f(ﬁkl) + f(&) f <§k1 +§k>]

2 2
k=1

A2 D 1 1
(1) < SZ(Efk+ka),

247 k=1
(&)
m

/§ t(1 —RE(t)dt + | £ (&)]? /E th(t)dt.
0 0

where A and & is from Lemma 2.1,

3 a r3
Ei = \f”(gk_l)r]/o th®(t)dt +m /O t(1 — h*(¢))dt,

£ (5’“1>
m

Proof. By using the well-known power mean integral inequality and since |f"”
is an (h, m)-convex function modified in the first sense, we get

Flk:m

|q
(12)

Il < / LU (1 + (1 — D)Ew)] dt
0

< (/jtdt)lq{/jt [(hs(t)|fﬂ(§k—1)|q+m(1—hs(t)) 1" (i’;) q)] dt}
- (;)1; {f”(sknq / F (e +m] (&) : l

q 3 q
/ 1= ho(t))dt b .
0
Similarly, for Isx, we can write

(13)

Iok] < (;) {m 1% (in) \ / L= RO+ | () / : tmt)dt}q .

By adding inequalities (12) and (13), we get

INE 1
nl+iel< (5) (el L)

By multiplying both sides of the last inequality by %2 and taking into account
(7), we obtain (11). The proof is complete. O

Corollary 2.7. If we choose n =m =1 and h(t) =t, then from (11), we get

30 (450 (s )

Q
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with
|f"(a)|* v (1 1
Bu = (s +2)25+2 +17 0] (8 (s+2) 28+2> ’

£ () " 1 1
Fu = G+2)272 + " (@) (8 - (s—f—2)25+2> ;

and for s = q =1, we have

| [P g (0] < 5 e + .

2
2.2. Results for (h,m)-convexity modified in the second sense

Theorem 2.8. Let f: [a —] — R be a twice differentiable function on (a %)
Iff" e L [a, E] and |f"] € Ng’fn [ a, m} , then the following inequality holds:

En: [f(ﬁkl); f(&) f (fkl;- fk)]

R

A%m B s
<= (/0 t(1 — h(t)) dt) 2

e (/ th* (£)d )Zuf"(gk DI+ 17

k=1
where A and &, is from Lemma 2.1.

(15)

)l

Proof. The proof is analogous to that of Theorem 2.2. O

Corollary 2.9. If in Theorem 2.8, we choose n = m = 1 and h(t) = t, then
we have

(LI (21| < (b;(jf Szl o,

Remark. If we choose n =m = s =1 and h(t) = t, then (15) becomes (14).

Theorem 2.10. Let f: [a7 %] — R be a twice differentiable function on
(a,8). If " € L[a, &] and |f"|" € N;2 [a, &, then for all g > 1 with 1+1 =1,
the following inequality holds:

(16)
[ f(Emn) £ F(E) (&Hm)H _oooa 8 (C; D;)
’kz_:l [ 2 f 2 T (py 1) 2k T Do |

where A and & is from Lemma 2.1,

3 q
Cy, = |f//(§k—1)|q/0 he(t)dt +m | f" (fg) i

~<fk )‘/ (1= h(£)dt + | (&) /O;hé‘(t)dt.

“(1— h()at,

Dy =
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Proof. The proof is analogous to that of Theorem 2.4. O
Corollary 2.11. If we choose n =m =1 and h(t) =t, then (16) becomes

fla) + £0) <a+b)‘ - 22+(;b(pa+)21)i <c§1 +Dél’1>

2 2
with
_ @It @t =D o)
O = Griol | (srD2r
_ @ -Dif@f o)
Do = (s +1)2s+1 + (s+1)2s+1

Moreover, for s =1, (16) yields (12)—(i3) of Corollary 2.5.

Theorem 2.12. Let f: [a7 %] — R be a twice differentiable function on
(a,%). If f" e L [a, %] and |f"|* € N,f?n [a, %}, then for all ¢ > 1, the fol-
lowing inequality holds:

n 2 n 1 1
Xﬂﬂ&AEﬁww_f(@q;adHSQi‘23@%+Fi)

k=1 2
ﬂ(@>
m
n o Ek—1 ¢ 13 s N . z .
/ (m)‘ /0 81— h(1))*di + | £ ()] /0 th* (t)dt.

Proof. The proof is analogous to that of Theorem 2.6. O

(17)

QW

where A and &, is from Lemma 2.1,

3 7 r3
E%:U%@ﬂfétmwd+m Afﬂfﬂm%t

ng:m

Corollary 2.13. If we choose n =m = s =1 and h(t) =t, then (17) yields

0 (23] (o)

where

|/ a)|* 1f" (D)
Ey = + F
21 2 12 and Foq

and for g =1, we have (14).

+ ;

[f"a)l* | [ ()
12 24

3. APPLICATIONS

As we remarked it previously, our main results extend previously known inequal-
ities from the literature. Moreover, they can be applied to functions of various

type.
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First, let us consider f: [a,b] C [0,00) — R, f(x) = 2%, « > 2. Then, by
Theorem 2.2 or Theorem 2.8, taking n = 2, we have

1 o (3a+b a+ a+b a_ a—+3b a.,.lba
4 2 4 2

501

(b—a)? 1 os a+b\*% 1 2
<VO7Y ta—1| e Lia—2)
<5 ala ) 2a + > + 2b

Second, let us consider f: [0, %] — R, f(x) = sinz, for which |f|"? = sin?z is
convex. Then, by Theorem 2.4 or Theorem 2.10, taking n = 3 and ¢ = 2, we have

%sinafsin(g)ag_b) +sin(2a;_b) fsin(aT—’_b) +sin(a—g2b) —sin (a—l(—;’)b) +% sinb
< (54;;); (\/sir12(1—|—3si]f12 <2a3—|—b> + \/SSin2a+sin2 (Qa;— b)
+ \/sin2 <M> + 3sin? (a—|—2b) + \/3sin2 (2a+b) + sin? <a—|—2b)
3 3 3 3
—|—\/sin2 (a—ng) + 3sin?b + \/SSin2 (a—ng) + sin? b) ,

for any 0 < a < b < 7, and similarly, by Theorem 2.6 or Theorem 2.12, we get

’% sina—sin(5ag—b) —&—sin(?a;—b) —sin(aT—H)> —|—sin<a_;2b> —sin (a—g5b) —|—% sinb
< (i;l;); (\/sin2a+2sin2 (%T—’_b> + \/251n2a+sin2 (Qa;—b)
+ \/sin2 (M) + 2sin? <a+26) + \/QSin2 (2a+b) + sin? (a+2b>
3 3 3 3
Jr\/sin2 (a—;%) +2sin?b+ \/2sin2 (a—;%) + sin? b) ,

which shows that Theorem 2.6 or Theorem 2.12 gives a better estimation in this

case.
Finally, let f: [O,arccos (\/g)} — R, f(z) = sinz, for which |f|"® = sin®z is
convex. Then, by Theorem 2.4 or Theorem 2.10, taking n = 2 and ¢ = 3, we have

1 3 b b 3b 1
'2sina—sin( a: )—i—sm(a; )—sin(a—t1 >+251nb‘
(b—a)® (.. 3 .3 fatb 3/q .3 .3 fatb
<X ar?t a+0o
S8 V% sin® a + 3 sin 5 + {/3sin” a + sin 5
—l—\s/sin?’ (a—;—b) + 3sin® b+ \3/351113 (a—2|—b> + sin® b) ,
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for any 0 < a < b < arccos <\/g), and similarly, by Theorem 2.6 or Theorem 2.12,
we get

1._.3617+b+. a+b_.a+3b+1.b
5 sina —sin ( — sin | —5 sin 1 5 sin

b—a)? b b
< (16-?/)5 }lsin® a + 2sin® <CLJ2F> + 2/2sin® a + sin® (Cl;r>

b b
+ 2/sin® <CL;) +2sin® b+ ¢/ 2sin® (a—2|—> +sin®b

4. CONCLUSIONS

In this article, we have examined the Jensen inequality for modified (h, m)-convex
functions. We have presented a generalized formulation of Jensen’s inequality
and explored its application in the context of these functions. In conclusion,

our

research contributes to a better understanding and application of Jensen’s

inequality for modified (h,m)-convex functions. We hope that the findings of
this study will be valuable for further research in this area and find practical
applications in various real-life situations.

10.
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