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CONFORMALLY CLOSED WEAKLY LANDSBERG METRICS

A. TAYEBI AxD B. NAJAFI

ABSTRACT. In this paper, we define the notion of conformally closed weakly Lands-
berg metric. Then, we prove that a Finsler metric is a conformally closed weakly
Landsberg metric if and only if it is a Riemannian metric.

1. INTRODUCTION

Let F = F(z,y) and F' = F(z,y) be two Finsler metrics on a manifold M. Then, F
is said to be conformal with F if there is a scalar function ¢ = o(z), called the con-
formal factor of the conformal transformation such that F(z,y) = exp(o)F(z,y).
The conformal transformations of Finsler metrics and their curvatures have been
studied by many geometers [5, 6, 7, 10, 11, 17]. The celebrated Weyl theorem
shows that the conformal and projective properties of a Finsler metric characterize
the metric properties uniquely. Therefore, studying the conformal transformations
of a Finsler metric deserves an extra consideration.

In [6], Knebelman found out that the conformal factor of the conformal trans-
formation of Finsler metrics is a function of position only. Then, Hashiguchi
studied the basic and interesting properties of Finsler conformal transformations
and obtained some relations between the Riemannian curvature and some non-
Riemannian curvatures of conformal Finsler metrics. Also, he obtained some
conformal invariants. Their investigations show that the conformal transforma-
tions do not preserve the Riemannian and non-Riemannian curvatures in Finsler
geometry [1, 2, 15].

Among the non-Riemannian curvatures in Finsler geometry, the mean Lands-
berg curvature has distinguished place. Geometrically, the mean Landsberg cur-
vature J measures the rate of changes of the mean Cartan torsion I along the
geodesics in a general Finsler space. Indeed, J = VI, where V denotes the hor-
izontal derivation along Finslerian geodesics. A Finsler metric F' is called weakly
Landsberg metric if it has vanishing mean Landsberg curvature J = 0. This non-
Riemannian curvature has been observed in many situations, including the case
when working with the Gauss—Bonnet theorem in the Finslerian setting. Consider
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the Riemannian metric g, := g;;(z,y)0y’ ® dy? on T, My, where g;; := 1/2[F?],i,
and {0y’ := dy’ + Njdxz’} is the natural coframe on T, M associated with the
natural basis {9/0x|,} for T, M. The constancy of the volume function of the
unit tangent sphere S, M C (T,M,g,) is required to establish a Gauss—Bonnet
theorem for Finsler manifolds. In [4], it is proved that the volume function is a
constant for every weakly Landsberg metric.

In conformal Finsler geometry, the class of conformally closed Finsler metrics
has an interesting position and many investigations have been done for this class
of metrics. Let us denote by F™ the set of a special kind of n-dimensional Finsler
metrics, e.g., Berwald metrics or weakly Landsberg metrics. If F' € F™ remains
to belong to F™ by any conformal transformation, then F™ is called conformally
closed. It is well known that every Riemannian metric is conformally closed. Also,
if a Finsler metric F' is conformal to a locally Minkowskian metric, then the Finsler
metric F = exp(c)F is also conformal to a locally Minkowskian metric [14, 16].
Then, any conformally flat Finsler metric is conformally closed. In [7], Matsumoto
studied conformally closed Berwald metrics and found the necessary and sufficient
conditions under which a Berwald metric is conformally closed. More precisely,
he proved that a Berwald metric is conformally closed if and only if F2g% are
homogeneous polynomials of degree 2 in y = (y*). Also, he considered conformally
closed Douglas metrics. In [12], Shen studied S-closed conformal transformations
in Finsler geometry and proved that such a transformation must be a homothety
unless the Finsler manifold is Riemannian. Recently, it was proved that two-
dimensional conformally related Douglas metrics are Randers metrics [9]. In [8],
Matsumoto showed that a Landsberg metric is conformally closed if and only if
its T-tensor is vanishing. By definition J := trace(L), every Landsberg metric
is a weakly Landsberg metric. In this paper, we generalize and complete the
Matsumoto theorem. More precisely, we prove the following.

Theorem 1.1. A weakly Landsberg metric remains weakly Landsberg metric
under any conformal transformation if and only if it is a Riemannian metric.

2. PRELIMINARIES

Let M be an n-dimensional C* manifold, TM = |J,,, T M the tangent bundle,
and TMy := TM — {0} the slit tangent bundle. A Finsler structure on M is a
function F': TM — [0, 00) with the following properties:
(i) F'is C* on T My;
(ii) F' is positively 1-homogeneous on the fibers of tangent bundle TM, i.e.,
F(z,\y) = AF(x,y) for all A > 0;
(iii) The following quadratic form g, : T, M x T, M — R is positive definite on
TM07
2
—[FQ(y—i—su—l—tv) , u,v € Tp M.

s=t=0

8 (1) = 555
Then the pair (M, F) is called a Finsler manifold.
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Let € M and F, := F|7, . To measure the non-Euclidean feature of F, one
can define Cy: T, M x T, M x T, M — R by
1d
2dt
The family C := {C,},ernm, is called the Cartan torsion. It is well known that

C = 0 if and only if F is Riemannian.
For y € T, My, define I,: T,M — R by

Cy(u,v,w) := {gyﬂw(u,u)} ) u,v,w € T, M.

I(u) := Z gij (y)Cy(u, 0i, 95),

where {0;} is a basis for T, M at « € M. The family I := {I,},crn, is called the
mean Cartan torsion. By definition, I, (y) = 0 and I, = A‘lIy, A > 0. Therefore,
I, (u) := Li(y)u?, where I; := g'*Cjy.
For a Finsler manifold (M, F'), a global vector field G is induced by F' on T' My,
which in a standard coordinate (x%, %) for T My, is given by
2 G 0
ox? oy’
where G' = G%(z,y) are local functions on TM given by
1 il{GQ[FQ} E_ 3[F2]}
4 Oxk oyt Y ozt J’
G is called the associated spray to (M, F)).
Define B,,: T, M x Ty M x T, M — T, M by By (u,v,w) := Bijkl(y)ujvkwl a;aci o
where

G=y

Gi = yETmM.

; adGz
o ooy
B is called the Berwald curvature and F' is called a Berwald metric if B = 0.
For y € T, M, define the Landsberg curvature Ly, : T, M x T, M x T, M — R by

1
Ly(u,v,w) := —§gy (By(u,v,w), y)

See page [13, p. 84]. In local coordinates, Ly, (u, v,w) := L ;jx(y)u‘v/w®, where
1
Lijr = *ilelijk-

L,(u,v,w) is symmetric in u, v and w, and L,(y,v,w) = 0. L is called the
Landsberg curvature. A Finsler metric F is called a Landsberg metric if L = 0.
Also, the Landsberg curvature of F' can be defined by following
d
L, (u,v,w) i= 2 [Con (U0, VO, WD) _,
where y € T, M, 0 = o(t) is the geodesic with ¢(0) = z, §(0) = y, and U(t),
V(t, W(t) are linearly parallel vector fields along o with U(0) = u, V(0) = v,
W(0) = w. Then the Landsberg curvature L, is the rate of change of C, along
geodesics for any y € T, My. For more details, see [13].
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For y € T, M, define J,,: T, M — R by J,(u) := J;(y)u’, where
Jy(u) = Zgij(y)Ly(u,ai, 9;)-
i=1
The non-Riemannian quantity J is called the mean Landsberg curvature or J-cur-
vature of F. We say that I is a weakly Landsberg metric if J = 0. It is easy to
see that the mean Landsberg curvature of F' is also given by

Jy(u) = %[Id(t)(U(t))}

where y € T, M, o is the geodesic with ¢(0) = z, 6(0) = y and U is linearly
parallel vector field along o with U(0) = u. Thus the mean Landsberg curvature
J, is the rate of change of I, along geodesics for any y € T, My ([13]).

’
t=0

Throughout this paper, we use the Berwald connection on Finsler manifolds.
The h- and v-covariant derivatives of a Finsler tensor field are denoted by “|” and
“.” respectively.

3. PROOF OF THEOREM 1.1

Lemma 3.1. A Finsler metric F' on a manifold M is conformally closed
Berwald metric if and only if AY := F2¢" are homogeneous polynomials of de-
gree 2 iny = (y*).

Proof. Let F and F be two Finsler metrics on a manifold M. By using the
Rapcséks identity, the following relationship between G* and G holds

_. ) 1 _ gt __
(1) G'=G"+ = |mymyz+L{F(F|k).lyk —FFu},
2F 2
where “|” and “.” denote the horizontal and vertical derivations with respect to

the Berwald connection of F' (see [13, p. 180]). Suppose that F' is conformally
related to F', namely, F' = ¢° F', where o = o(z) is a scalar function on M. Since
Fj;, = 0, then the following hold:

( ) ETYL = UmeUFa F;= egFia (F|m).l = UmeUFZa
2

Gij = €*7gij, g7 =e"?7g,
where we put
0o
By putting (2) in (1), we get
_ . 1 .
(3) G'=G' + opy’ — §F20",

where we define

o i . Am
gg ‘= 0;Y, O =g Om.
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Then, (3) can be written as follows

where
| .

(5) P = oyt Q= §F20’.
Let us define

Gii=G  Gh=Gly

Gj =07 ik = Gl

P; =P, Pji, == P},

Q; = Q?Jw Q}k = Q;‘.ka Q}kl = Q;‘kl'
Taking vertical derivations of (4) imply that
(6) G) =G+ Py’ + P&, — Q3
(8) B;kl = B;‘Icl + Piriy’ + Pixd; + P, + Pkl(s;1 - Qé‘kh
The following hold
9) P, = oy, Py = Py = 0.
By (8) and (9), we get
(10) Bl =B~ Q'

(10) gives us the proof.

()

O

Lemma 3.2. Let F be a weakly Landsberg metric on a manifold M. Then,

F :=e°F is a weakly Landsberg metric if and only if
(11) 201+ L) + F2 (L1 + gaC'5,)] 0 = 0.
Proof. Since o
yi = FF; = e*y;,
contracting (10) with g; implies that

_ 1 .
(12) ijl = 620 (ijl — iyinjkl).

Multiplying (12) with g7* implies that

_ 1 . .
(13) Jl = Jl — Eyig]szjkl'

Thus, F' is also weakly Landsberg metric if and only if
(14) yigijijkl =0.

To complete the proof, we need to simplify (14). Using (0?); = —QCijmom, we

J
get

(15) Q; = yjai — FzCijmam,
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(16) Qijk = gjkai - 2(yjcllcm + ykc;m>am - F2( ;p,k - 2lemcl’gzl7>ap’
(17) Q' 1 = 2Cjro" — 29;,C" 07

- 2(gjlcikrm + yjcikm.l + gklcijm + ykcljml)am

+ 4(yjclkm + ykcijm)CTpUp - 2yl (Cijp.k - ZCljm %p)op

- F2 (Cijp.k.lf

2Cijm.lcmlzp7 2Cijm %p.l)ap
+ 2F? (C’ijp, 20, fgp)cpltat.
Using y;C";;, = 0 and contracting (17) with y; imply that

(18) yiQijkl =200Cjr — 2yi(yjcikm.l + ykcijm‘l)o’m - 2ylyicijp.kgp
- F2yi(Cijp.k.l_2Cijm.lcngp)ap+2F2yi0ijpkcplqaq'

We have

(19) yiciijC = —Cjpk-

Also, taking a vertical derivation of (19) with respect to ' yields
(20) yici‘jp.k.l = —Cipk.t — gilcijp.k'

Putting (19) and (20) in (18) gives
(21) YiQ' jx1 = 200C;k1 + 2(Y; Cliom + YkCljm + YiCimpr)o™
+ FQ(ijkil + gilCijp.k — QijlC";p)g-p — 2F20jpk0plqaq.
Contracting (22) with g% implies that
(22) yigijijkl = |:2(Z,Ipfl + ylfp)
+ (g% Chpt + g7 guC, — 2C%,,CT — 2chqlp)} o
We have 4
Ipi = (9" Cipr) 4 = —2C% Ciphe + ¢ Cjph,
which yields
(23) gjijka = Ip‘l + 2lek0jpk.
Also, we get
CHl = (C¥Y = (¢77C",) ke = —217C, + g7*C"
which implies that
(24) gkC!

jpk =

Jp-k>

CH o +20CY,.
Contracting (24) with g;; yields
(25) 9" " Cy k= 9uCl i 4+ 217 Cyjp.
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Putting (23) and (25) in (22) implies
(26) yigijijkl = [Q(yle + lep) + F2(Ip.l + gszC’“;.k)} oP,
which completes the proof. (|

Proof of Theorem 1.1. Suppose that (11) holds for every smooth function
o = o(x) on the manifold M. In this case, the following holds:

(27) 2(yle + yl—rp) + Fz(Ip.l + gSlOk;.k‘) = 0.

We have

(28) Cko k= (9s1C™) 1 = 2CiuC"3 + g CF2

which yields

(29) gs1C = Ck = 2C15,C%F.

Putting (29) in (27) yields

(30) 2(yle + lep) + FQ(Ip.l + Cklp‘k - QClskcss) =0.

We have

(31) y*Ch, = -1

Considering (31) and multiplying (30) with y? imply that I; = 0. In this case, by

Deicke’s theorem, F' reduces to a Riemannian metric [3]. (]
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