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MATRIX EXTENSION OF SOME CLASSES OF FUNCTIONS

P. EVIRGEN anp M. KUCUKASLAN

ABSTRACT. In this paper, the notions of equal convergence (ec), uniform equal con-
vergence (u.ec), discrete convergence (dc), and uniform discrete convergence (u.dc),
which were defined for the sequences of real-valued functions, are generalized with
regard to any regular matrix A = (an ), and their generalized form are studied.
The classical and generalized versions of these convergence concepts are compared,
and some inclusions are given. Through constructed examples, it is shown that
inclusions between them are strict.

Finally, as an application, a more general form of the famous Korovkin’s theorem
is presented.

1. INTRODUCTION

The concepts of discrete convergence and equal convergence for sequences of real-
valued functions were defined and hard-labored by Csédszér and Laczkovich in [3].
The authors investigated the conditions under which these two definitions are
equivalent, examined the properties they provide, and analyzed their relation to
the Baire classes. In addition, the properties of discrete Baire class were stud-
ied in [4]. Subsequently, in [15], Papanastassiou defined the concepts of uniform
equal convergence, uniform discrete convergence, and strong uniform equal conver-
gence for sequences of real-valued functions. Later in [8], Das and Papanastassiou
thoroughly studied the properties of classes of uniformly equally convergence func-
tions and uniformly discretely convergence functions. Using equally convergence
and uniformly equally convergence, the authors defined a-(ec), a-strong (u.ec)
and a-(u.ec), which are stronger then a-convergence. Das and Papanastassiou ex-
amined the properties of a-(u.ec) and a-(ec), obtained a necessary and sufficient
condition for a metric space to be compact using a-convergence and a-(uc). In
addition, subsequences of a-(uc), a-strong (u.ec) and a-(ec) sequences of function
were studied in [9]. Subsequently, in [14], Papanastassiou defined the concepts
of semi-a convergence and semi-uniform convergence for sequences of functions,
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and studied connections among pointwise convergence, semi-a convergence, semi-
uniform convergence, a-convergence, equal convergence and uniform equal conver-
gence for sequences of functions.

Let us recall ideal notion for any set D. A family Z C P(D) is called ideal if
the following conditions are satisfied: (i) If A € Z and B C A, then B € Z; and
(ii) f A,BeZ, then AUB e T.

In [7], the idea of (ec) for the sequences of functions was extended with the
help of the ideal and compared with the concepts of Z-(ec) and Z-(uc). Also,
T*-(ec) and Z*-(u.ec) were defined for the sequences of real-valued functions, and
Egoroff-type theorem was given for Z*-(ec). Later, in [6], the concepts of Z*-(u.dc)
and Z*-strong (u.ec) for the sequences of functions were defined, and the set of
these function classes was studied. Similarly, the ®Z -4 and T --s-%-€- clagses
were defined and the properties of these classes were investigated in [1]. Also, in
[1], it was indicated that Z*-exhaustiveness, Z*-uniform and Z*-a-convergence of
sequences of functions are conserved beneath the condition that uniform conjugacy.

In this study, we classify the equal convergence, uniform equal convergence, dis-
crete convergence, and uniform discrete convergence for the sequences of functions
with help of regular matrix.

In the first section, we compare these obtained new classes of functions with
classes of equally convergent functions, classes of uniform equally convergent func-
tions, classes of discretely convergent functions and classes of uniform discretely
convergent functions.

In the second section, we examine the properties of the new classes of functions.

In the third section, we apply Korovkin-type approximation to the new classes
of functions.

Let D be a non-empty subset of R, and let ® be a real-valued arbitrary class of
functions defined on D. Let B be any set, and denote by |B| the cardinality of B.

Definition 1.1 ([8]). A sequence of functions ¢ = (¢,,) in ® is called:

(i) equally convergent to a function ¢ (typed with ¢, —— ¢) if there exists a
sequence (&, )nen > 0 with €,, — 0 as n — oo such that for each ¢ € D, there
exists an n(t) € N such that

|pn(t) — ()| < en
holds for each n > n(t);

(ii) uniformly equally convergent to a function ¢ (typed with ¢, —% ¢) if there
exists a sequence (gy,)neny > 0 with €, — 0 as n — 0o and ny € N such that

[{n € N:[gn(t) — o(t)] = en}| < no
for each t € D;

(iii) discretely convergent to a function ¢ (typed with ¢,, LN ¢) if, for every t € D,
there exists n(t) € N such that ¢, (t) = ¢(t) holds for each n > n(t);

(iv) uniformly discretely convergent to a function ¢ (typed with ¢, ud ¢) if there
exists a ng € N such that

[{n € N:[6n(t) — 6(t)| > 0}] < no
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for each t € D.

From the definitions, we get the following function classes:
®™ = {¢: I(p,) € ® such that ¢, — ¢},

where m € {e,u.e,d, u.d}.
Let A = (an k) be an infinite matrix with complex (or real) entries. A-transform
of a sequence t = (¢,) may be defined as

(40 () = (gan,ktk),

(o]

whenever Z Gy it < 00 holds for all n € N. The sequence t is called A-summable
k=1

to a number tq if A,(f) — to when n — oo.

A matrix A is called to be a regular matrix if lim A, (t) = lim ¢ for every
n—o0 k—o0

convergent sequence t = (t).

Theorem 1.2 (Silverman-Toeplitz Theorem [13]). A matriz A = (ank) is
reqular if and only if

[ee]
(1) supz lan k| < o0,

neN =1
(ii) ank — 0 (n— o0, k fized),
o0
(iii) nl;rrgo Zamk =1
k=1
It is well known that a regular matrix method converts at least one sequence
that is divergent into a sequence that is convergent. For example, the bounded
sequence ((—1)¥) is not convergent, however its Cesaro transformation converges
to zero, that is, (C,1)-lim,_,o(—1)" = 0. This example shows that instead of
directly examining the convergence of the sequences, it would be more effective to
examine the convergence of their transform sequences under the matrix. The key
question of this study is whether this advantage expressed for sequences also holds
for sequence of functions.
Let A = (an k) be a regular matrix, and b= (oK )ken be a sequence of functions
in ®. A= (an,) transformation of QNS = (¢n)nen is

(An(@) () 1= (ki_l“nvk‘b’“(”)m

when the series Y7 | a, ¢k (t) is convergent for every n € N.

Definition 1.3. A sequence of functions ¢ = (¢ )ren in @ is said to A-(ec) to
a function ¢ if there exists a sequence (£, )neny > 0 with £, — 0 as n — oo, and
there is an n(t) € N for every ¢ € D such that

(An(@))(t) — (t)] < en
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holds for every n > n(t). This is denoted by ¢, A-eg o.

Definition 1.4. A sequence of functions ¢ = (¢g)ren in ® is said to A-(u.ec)
to a function ¢ if there exists a sequence (e, )neny > 0 with &, — 0 as n — oo, and
there is a ng € N such that

[{n € N |(4u(9)(t) — é(1)] = en}] < no

A-u.ec

holds for all ¢t € D. This is denoted by ¢, "—> ¢.

Definition 1.5. A sequence of functions ¢ = (¢y)ren in ® is said to A-(dc) to
a function ¢ if there exists a n(t) € N for all ¢ € D such that

(4(0))(t) = 6(t)
holds for each n > n(t). This is denoted by ¢, A-de o.
Definition 1.6. A sequence of functions ¢ = (¢y)ren in @ is said to A-(u.dc)
to a function ¢ if there exists a ng € N such that

[{n € N+ |[(4a(9))(t) — ¢(t)] > 0}] < o
holds for each ¢ € D. This is denoted by ¢, Azge 0.
Based on the definitions given above, the function classes ®%c, ®%°¢, ®%c and
@Z‘dc are obtained, where

m.— {¢:3(dy) € D such that ¢, 23 ¢},
where m € {ec, u.ec, dc, u.dc}.

Theorem 1.7. Let A = (ani) be a regular matriz, and let b = (dr)ken be

a sequence of function in ®. Then ¢, — ¢ implies that ¢, Am ¢, where m €
{ec,u.ec}.

Proof. We are going to demonstrate only the case m = ec. In the proof, the
Silverman-Toeplitz theorem will play important role. The case m = u.ec can be
proved by following almost the same steps given in the first case.

Let sequence of functions (¢y) be equally convergent to ¢. Then there exists a
sequence (e} )neny > 0, €5 — 0 (n — 00) and there exists a n(t) € N for all ¢t € D
such that

|9k (t) — o) < e,
holds for every n > n(t). Now, assume that q~5 is not A-equally convergent to ¢.
Then, for all positive (&,,) with &, — 0 (n — 00), there exists to € D such that for
all n € N there exists m,, > n such that

> amakbi(to) = d(to)| = em,
k=1

holds. Without lost of generality, we can suppose that the sequence (m,,) is strictly
increasing sequence of natural numbers. Let us consider A = (am,, k), which is
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submatrix of the regular matrix of A = (a, ) obtained by choosing m,,’s rows.
Since A = (an k) is a regular matrix, then A = (ap,,, 1) is also regular matrix.
Then we have the following inequality:

Em, < ’ ;amn,kﬂ%(to) - ¢(t0)‘
= | k0 (t0) = D k() + Y am k(t0) — o)
k=1 k=1 k=1

< Z |, k| [(9r(t0) — B(t0))| + |6 (t0)] Z |, — 1]
k=1 k=1

< Mej, + |9(to)|zm,

for every m,, > n. By using regularity of the matrix A= (@m, k), We can say
that there exists M > 0 such that ) -, |ammk| < M holds. Also, regularity
guaranties that the sequence (2y,,) = (> 5y |am, .k — 1|) = 0 as n — co. Then

if we choose €, := Me + |¢(to)|2m,,, then we meet a contradiction. Therefore,

bn =5 0. O

Remark 1.8. The converse of the Theorem 1.7 is not true, in generally.

Example 1.9. Let a sequence of functions ¢,,: [0,1] — R be defined by ¢,,(t) =
(=1)"t for each n € N. Let (¢,) > 0 be any positive reals sequence such that
en — 0 as n — oo, and let ¢(t) = 0. So,

|6n(t) = d(O)] = [(=1)"t] =t <en

holds for each n when ¢ = 0. If ¢ # 0, then this is not true. Therefore, ¢ = (¢,)
does not equally converge to ¢ = 0.
Now, consider Cesaro matrix

1 1<k<n,

Cl = (an,k) = {n’

0, otherwise.

Hence, transformation sequence of functions ¢ = (én)

n’

. {f n oddand 1 <k <n,

0, n even.

Observe the sequence (g,) = (ﬁ) . Then it is obvious that
neN

~ t < 1
That is, it is enough to choose n(t) := [|t?|]+1. Therefore, the sequence of func-
tions ¢ = (¢n) is C1-(ec) to the zero function.
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(a) Graph of the ¢ = (én)nen- (b) Graph of the ((C14)n)nen-

Example 1.10. Let ¢,,: R — R be a sequence of functions defined by

0, —oo<t<n-—1,
On(t) =< ()" (=t +n—-1), n—1<t<mn,
(=1)nt+L, n<t< oo,

for every n € N. For the arbitrary (g,,) > 0, &, = 0 (n — 00), then for all t € R,

we have
[{n € N: (¢, ()] = en}] < n(t),

where n(t) := [|t|] + 1 and sup, n(t) = co. Therefore, ¢ = ¢,, 5 0.
Now, let a matrix

l f— =
A= (ank) =12 k=nork=n+l,
’ 0, otherwise.

Obviously, A = (a, k) is a regular matrix. Then A transformation of b is

7(—1)"(—2t+n—1)’ ten—1,n],
e —1)" T (t4n+1)
(An(9))(t) = ¢ N (ntl) 2( , t€n,n+1],
0, otherwise.

So, for every (g,,) > 0 with &,, — 0 as n — oo and t € R, we have

[{n € N:[(4,(0))(1)] = en}| < 3.
Therefore, (¢y,) is A-(u.ec) to 0.

Theorem 1.11. Let A = (an ) be a reqular matriz. Then the below inclusions

are true:

(i) 4 C Y, (i) ¢4 C Y, (ili) @4 C dYee.
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I

6

(a) Graph of the & = (¢n)nen. (b) Graph of the (An($))nen.

Proof. (i) Let ¢ € ®%°° be a function. Then there exists (¢,) € ® such that

b= én Auge ¢. That is, there exists a sequence (g,,) > 0, &, — 0 (n — o) and
there is a ng € N such that

(1.1) [{n € N1 [(A4a()(t) = ¢(t)] > en}| < no,
holds for all t € D. Therefore, there is a n,, € N which is maximal natural number
satisfying (1.1), for all ¢ € D, such that

|(An(9))(t) — o(t)| < &n
holds for each n > n,,. Hence, this fact implies that ¢ € .
(ii) Assume that ¢ € ®%%. Then there exists (¢,,) € ® such that ¢ = ¢, Ao
¢. That is, there exists a ng € N such that
{n e N:|(An(¢))(t) — ¢(t)] > 0} < no
holds for all t € D. Therefore, there is a n,, € N for every ¢t € D such that

(4n(9))(t) = (1)
for each n > ny,,. Hence, ¢ € .
A-u.dc

(iii) Assume that ¢ € ®%9. Then there exists (¢,,) € ® such that b= ¢, S
¢

Namely, there exists a ng € N such that
(1.2) [{n € N: |(Aa(9))(8) — ¢(t)] > 0}] < no

holds for every t € D. So, the following inclusion

{n € N:|(An()(t) — ¢(t)] > en} C{n € N: |(An(9))(t) — ()| > 0}
holds, then the inequality

[{n € N+ [(An(9)(1) — &(t)] > en}] < {n € N [(An(9))(t) — 6(1)] > 0}

is true. Hence, from (1.5), the following inequality

[{n € N |(4n(#)(t) — 6(t)] > en}] < no
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holds. Thus, ¢ € ®%°°. (]

The following examples indicate that the converse inclusions of Theorem 1.11
are not correct, in general.

Example 1.12. Observe a sequence of functions ¢, : (0,1] — R defined by

(-1)™n, 0<t< i
t) .= n n
¢n() {(—tl) 7 l<t§l,

n —

for each n € N, and let A = (an k) be a regular matrix defined as

1, k=n=1,
A=(ank) =43 k=n#lork=n+]1,
0, otherwise.

A-transformation of the sequence of functions ¢ = (dn) is

(=p~*! 0<t< L
(71% ’ ) ) — n+11’

(An(@)(t) = (=), Ar<t<d,
0, l<i<i

-0

(a) Graph of the § = (¢n)nen. (b) Graph of the (An($))nen.

Let (e,) > 0, g, — 0 as n — 00. So, there exists ng € N for ¢ € (0, 1] such that
L <t < 1< is true. Hence, for the arbitrary (e,) > 0, &, — 0 (n — o0) then

no — ot+1
{n € N: [(An(9))(t)] > en}| <m0+ 1,

-u.ec

is satisfied. Therefore, (;;A—/-) 0.
However, there is a n,, € N for every t € (0, 1] such that

(An(9))(#)] < en

holds for all n > n,,. Therefore, é Acce 0, n — oo holds.
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Example 1.13. Let a sequence of functions ¢, : R — R be defined by ¢, (t) =
(—=1)"*! for all n € N. Consider the Cesaro matrix.
It is clear that

(Cr)n(t) = { n odd,

0, n even.

Let (g,) = (2). Then

[ € N [(Ci)a(0)] = 2} =0

A-u.ec

holds. Thus, ¢, “—= 0. But the following set
{n € N: [(C1¢)n(t)] > O}

is not finite. Therefore, ¢, Azgde ),

Example 1.14. Observe the sequence of functions ¢,,: R — R defined by

(=, t e (—oo,n—1],
¢n(t) T {(_l)n(t _ n_|_2), te [n - 1’00),

for every n € N. Let us consider

L k=nork=n+1
A= =42 ’
(@n.k) {O, otherwise.
So, the matrix A is regular and A-transformation of ¢ = (¢n) is
0, t € (—oo,n—1],
(An(@)(t) = § CU U=ty e 1 )
#, t € [n,0).

Hence,
{n € N:|(4n(9)) ()] > 0} < n(t),
where n(t) := [|t + 1[] for t € R. Therefore, ¢, "5 0. However, (4, (¢))(t) =0

for each n > n(t). Therefore, ¢, Ade g,

2. ALGEBRAIC PROPERTIES OF A-TYPES CONVERGENCE

In this section, we will analyze some algebraic properties of the sets @y, where
m € {ec,u.ec,dec,u.dc}.

Theorem 2.1. Let ¢,¢ € O and s € R, and let A = (ank) be a regular
matriz. Then the following statements are true:

(1) dF ¢ € D and s¢ € P, where s is a constant,
(ii) |¢| € ®§ and max{p, ¥}, min{¢p, ¢} € P.
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Proof. Suppose that ¢,¢ € ®%. Then there exist (¢,), () € ® such that

b= on Areg ¢ and P = ¥, Acce ¢ hold, respectively. That is, there exists () > 0,

ef — 0 asn — oo, and there is a n(t) € N for each ¢t € D such that for all n > n(t),
(2.1) (An(@)(t) = (1) < e,

holds, and there exists (£5*) > 0, e* — 0 as n — oo, and there is a m(t) € N for
all ¢ € D such that for all n > m(t),

(2.2) |(An())(8) = (1) < €
holds.
(i) Choose r(t) := max{n(t),m(t)}. Then from (2.1) and (2.2), the following
inequality
|((An(64+9) (1) —(8(1)+())] < [(An(0))(t) — S()[+|(An()(t) — $(t)] < en

holds for all n > r(t), where (g,,) := (¢} +&%*). Therefore, ¢+ € . Similarly,
it can be shown that ¢ — ¢ € ®.
(ii) Let s € R. From (2.1),

|(s(An(9))(2)) = (s6(0)] = Is]|(An(9))(t) — S(t)] < £n
for every n > n(t), where (g,,) = (|sle}). Hence, c¢ € .
(iii) From (2.1),
(A (@)D = 16D < [(An(9))(1) = d(1)] < 7,
for all n > n(t). Then |¢| € .

(iv) Recall that max{¢, ¢} = w and min{¢, v} = M
Let r(t) = max{n(t), m(t)} be chosen. Then from (2.1) and (2.2),

max{(An(4,%))(t)} — max{e(t), v (1)}

< (An(@)(O) = o] +[(An())(6) = Y (B)] < en

for all n > r(t), where (g,) = (e} + €*). Therefore, max{¢, ¢} € ®.
Similarly, we have

[min{(An (¢, 9))n (1)} — min{e(t), p(t)}| < en
for all n > r(t). Then min{¢g,} € ®. O

Theorem 2.2. Let A = (anx) be a reqular matriz. If ¢, € B and s € R,
then & F 1, s, ||, max{é, ¥}, min{p, ¥} € B, where B € {Byee, e, Prde)

Proof. Tt is proved by the same steps as in the proof of Theorem 2.1, taking
into account the definitions. O
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Remark 2.3. Let A = (a, ;) be a regular matrix, and let ¢ = ¢, Am ¢, where
m € {ec, u.ec,dc,u.dc}. If ¢ is bounded on D, then (A4, (¢)) is bounded on D.

Proof. We are going to demonstrate only the case m = ec. The other cases can
be proved by following the same steps given in the first case.
Suppose that ¢ be bounded on D. Then there exists M > 0 such that |¢(t)| <

M for every t € D. Since ¢, Aceg ¢, there exists a sequence (¢,) > 0, ¢, — 0
(n — o0) and there exists a n(t) € N for all t € D such that

|(An(9)(t) = &(t)] < en

holds for each n > n(t). Since €, = 0 (n — 00), (&,,) is bounded for each n € N.
That is, there exists K > 0 such that |e,| < K for each n € N.
Then, for each n > n(t)

<t>\ F16(0)] < en + [6(0)] < K + M.
On the other hand, for 1 < n < n(t),

t‘ L —max{ Za1k¢k ' 1k</>lc ’}

k=1
Hence, (A,(¢)) is bounded on D by max{L, K + /\/l} for all n € N and for all
teD. O

Remark 2.4. Let A = (ay, ) be a regular matrix, and let q’; = ¢ Am ¢, where
m € {ec,u.ec,dc,u.dc}. Assume that ¢(t) # 0 and (¢, (¢)) # 0 for every t € D,
n e N. If é is bounded on D, then (An(%)) is bounded on D.

Remark 2.5. Let A = (a,) be a regular matrix, and let ¢ = (¢,,) € ®. If
(A,.(¢)) is bounded on D, (¢,,) is bounded on D for every n.

Proof. Assume that (¢,) is unbounded on D but (A, (¢)) is bounded on D.
Since (¢,,) is unbounded on D, there exists a n,,, € N and ¢ty € D for all m > 0
such that

|¢nm(t0)| > m.
Set m = (——) such that (ay,,) # 0 for every n,m € N. Then

n,km
‘g ey, Pl (t0) ‘E Uk

This is a contradiction. Therefore, (¢,,) is bounded on D for every n and for every
teD. ]

> 00

nvm

Remark 2.6. Let A = (a, ;) be a regular matrix, and let ¢ = (¢,) € ®.
Assume that ¢(t) # 0 and (¢,(t)) # 0 for every t € D, n € N. If (An(é)) is

bounded on D, (q%n) is bounded on D for every n.
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Theorem 2.7. Let ¢,10: D — R be functions, let A = (anx) be a regular
matriz, and let ¢, € ®§ be arbitrary functions. If the functions ¢ and ¥ are
bounded on D, then ¢ -1 € .

Proof. Let A = (an) be a regular matrix. Since ¢,19 € P, there exists a

sequences of functions (¢, ), (1) € ® such that ¢ = ¢, Aeg ¢ and ¥ = 1, =X Aeg 1.

Suppose that the functions ¢ and v are bounded on D. Then there exists M > 0
such that |¢(t)] < M holds for every t € D. Also, (¢,,) is bounded on D from
Remark 2.3 and from Remark 2.5. Then there exists L > 0 such that [, ()] < K
holds for all n € N and t € D.

Since ¢y, deg ¢ and ¥, deeg ¥, there exists (f),(eX*) >0, e — 0and i — 0
as n — oo, and there exists n(t), m(t) € N for each ¢ € D such that

*

(An(B)(®) = 6(8)] < 22

holds for all n > n(t), and

EES

[(An())(8) — w(t)] < EM

holds for all n > m(t).
Set b(t) = max{n(t),m(t)}. So, for every n > b(t),

S sl ¢<t>w<t>\

2 RO Z st (8) + 600 kfjlan,m@) - ¢<t>w<t>]
(t)un(t Zanm ]+|¢> ()‘

<K —6(0) + 6(6) — 0(0) Z -0
t)'+/c ,k—l' —w(t)‘

< éEp

inequality is obtained, where (g,) = (g}, + Kzn +€5) and (2,) = (D pe; ank —1).
Therefore, ¢ - ¢ € . O

Theorem 2.8. Let ¢,9: D — R be functions. Assume that ¢, € B. If the
functions ¢ and v are bounded on D, then ¢-1p € B, where B € {PY4ec, dY, dYdc}.

Proof. Tt is proved by the same steps as the proof of Theorem 2.7, taking into
account the definitions. O
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Now, with the following example, we show that one of the functions ¢ and v
given in the Theorem 2.7 and Theorem 2.8 cannot be thrown out of the bounded-
ness condition.

Example 2.9. Let ¢,: (0,00) = R, 1,: [0,1] = R, and &,: R — R be defined

by 6 = (60) = (n(NH)) = (,) = ((—1)™10), and € = (&) = (¢ + (~1)")
for every n € N. Let

1 = =
A= (anp) = 42 k=nork=n+1,
' 0, otherwise.

The multiplications of the sequences of functions ¢, ¢ and & with the A regular
matrix are
- 1. /2 2 - >
(@) = (3 (DN (@)@ =0 and (4,0 = 0.

A—u.e

Hence, ¢, — %lnt2 = ¢(t) and v, Amge g = ¥(t). Obviously, ¢ is not

(

o0). Also, ¢, — Aee 1 lnt2 and ¥, 2°¢ ) from Theo-
((=1)"*'tIn (t(njl))) the multiplication of (¢t)(t)
(¢

Ap(o)(t) = ( (S(tié))) But ¢¢) 55 0 because

2
If we take t — oo in the rightmost expression of this last inequality, ¢ In (M) —

a bounded function on (0,
rem 1.11(i). Since (¢9)(t) =
(

with A regular matrix is

n(n+2)
oo. That is, as t approaches infinity, ng € N cannot be determined such that

L In <7£L?:i);)) ‘ < &,. Since ¢ip 55 Age Ayec

0, ¢
A-u.de A-u.dc . .
In addition, &, —> ¢ = &(t) and ¢, “—=" 0 = ¢(¢). Obviously, ¢ is not a

b91~1nded function on R. Also, &, 4461 and U, —>~O~ from Theorem 1.11(ii). Since
(&) (t) = ((—1)"T12 — ¢), the multiplication of (£3)(t) with A regular matrix is

(An(€9))(t) = (~1). But &)
(An(E))(t) = —t = 0= (E¥)(t)-
Also, from Theorem 1.11(ii), £ is not A-uniformly discretely convergent to £v.

0 because there is no n € N such that

Theorem 2.10. Let ¢,¢,: D — R be functions, and let ¢, Age ¢ be bounded

on D such that ¢(t) # 0 and (¢ (t )) # 0 for each t € D and for alln € N. If the
functwn is bounded on D, then * 3 € oef.

Proof. Assume that the function % 3 is bounded on D. Then there exists M > 0
such that ‘W < M for allt € D. Let A = (an) be a regular matrix. Since

¢ € ¢, there exists (¢,) € ® such that ¢ = ¢, = Age ¢. Also, (—) is bounded
on D from Remark 2.4 and from Remark 2.6. Then there exists I > 0 such that




78 P. EVIRGEN anxp M. KUCUKASLAN

¢>n1(t) < K for every t € D and for all n € N. Since ¢, Aif ¢, there exists

(e*) >0, e — 0 (n — oo) and there exists n(t) € N for all ¢ € D such that

*

(Au@)(®) - 6(0)] < o

holds for all n > n(t). So, for every n > n(t),

(5)0-am

oo e}

an k$(t) — Px(t)
D ENOE0) ‘

o ¢)lank = 1] + dp(B)lank — 1] + (1) — an ki (t)
D
k=1 Ok (t)o(t)

1 1
g’“ﬂ - ¢<t>‘ N

< (K+M)

Zan’k — 1‘ + ’CM
k=1

S nsdn(t) - ¢<t)‘ <en
k=1

where (2,) = (3 pey ank — 1) and (e,,) = (K + M)z, +¢}). Hence, é edr. O

Theorem 2.11. Let ¢, ¢, : D — R be a function, and let ¢ € B be bounded on
D such that ¢(t) # 0 and (pn(t)) # 0 for each t € D and for all n € N. If the
function % is bounded on D, then é € B, where B € {dYec, ol pyde},

Proof. 1t is proved by the same steps as in the proof of Theorem 2.10, taking
the definitions into account. (|

In the following examples, we show that the contrary of the Theorem 2.10 and
Theorem 2.11 is not correct.

Example 2.12. Observe ¢,: (0,1) — R, defined by ¢ = (¢, (t)) = (t + %)
for every n € N. Let

-1, k=n,
A= (ank) =<2, k=2n,
0, otherwise.

The multiplication of sequences of function (¢,) with the A regular matrix is

(An((,g))(t) = {t + o n Odd,

t, n even.

Obviously, ¢, Awgey ¢, ¢ is bounded on (0, 1) and ¢(t) # 0 for every t € (0,1).
However, é is not bounded on (0,1). Additively, ¢, deg ¢ from Theorem 1.11.

The multiplication of sequences of function (q%) with the A regular matrix is

5
——~ 2n n Odd,

ﬁ, n even.
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If n is odd, then

4n —1 -2 1 —4tn +1
:1:|n2 |— 1 2 N~ 7 < nt :bn(t)
2n (t—L)(t+5) t t(nt — 1)
If n is even, then
» 1 _ t+ 2 1_ 1 0
= - = —— = Sp(?).
TP 43+l T (t+ 1) (E+5) T tnt+1)

If we take ¢ — 0 in the rightmost expression of this inequalities, s,,, b, — 00. That
is, as t approaches zero, ng € N cannot be determined such that

((5)), 0l <=

1 A-u.ec 1
SO, (;57" a
Example 2.13. Let ¢,,: (0,1) — R be defined by (¢,(t)) = ¢ = (t + (=1)")
for every n € N.
Let

Therefore, 4% Age %

L k=nork=n+1,

A= (ank) = {27

0, otherwise.

The multiplication of sequences of function (¢, ) with the A regular matrix is
(An(0))() = (¢)-
A-u.dc

Obviously, ¢, "—=" t = ¢, ¢ is bounded on (0,1) and ¢

Additively, from Theorem 1.11(ii), ¢, Ade ¢. However,

—~

t) # 0 for every t € (0,1).
is not bounded on (0, 1).

o=

A transformation of ((l%) is

(A“@))n 0= (Froa)

Assume that ((l%) is A-discretely convergent to % Then there is a n(t) € N such

that . .
((3)), 0=

holds for every n > n(t). Given the above equation,

t 1
t-—1)@Et+1) ¢
2 =1>-1,
0=-1.
It is contradiction. Therefore, q% Age % From Theorem 1.11(ii), 4% Agde %
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3. KOROVKIN TYPE THEOREMS

Let (L,) be a sequence of positive linear operators defined on
C(K):={¢| ¢: K — R continuous},

where K is a compact subset of the set of real numbers.

Korovkin [12] defined the necessary properties for the uniform convergence of
L, (¢) to a function ¢ by utilising 1, ¢, t? test functions. Furthermore, there have
been many studies of the Korovkin type approximation theorem, as in [2, 5, 10,
11, 16] and [17].

In this section, we will prove that Korovkin-type approximation theorems hold
for the sequence of functions for A-equal convergence, A-uniform equal conver-
gence, A-discrete convergence and A-uniform discrete convergence in C(KC).

Theorem 3.1. Let (L,) be a sequence of positive linear operators from C(K)
to C(K), and let A = (ank) be a regular matriz. Then L, (¢) A ¢ holds for
every ¢ € C(K) if and only if L,(e;) A e, fori =0,1,2, where e;(t) = t* and
m € {ec,u.ec,dc,u.dc}.

Proof. We are going to bestow upon only the proof the case m = ec. Other
cases of m can be proved by following the same steps with small differences given
in m = ec.

Assume that L, (¢) Areg ¢ for every ¢ € C(K). Then it is provided in ¢(t) =

eo(t), o(t) = e1(t), &(t) = ea(t). Therefore, L,(e;) A< ¢, for i = 0,1,2, where
ei(t) =t

For the converse, assume that Ly (e;) A6 ¢, for i = 0, 1,2, where ei(t) =t'. Let
A = (an) be a regular matrix. Then there exists (¢) > 0, &/, — 0 (n — 00) and
there is a n(t) € N for every t € K such that

Zan,kLk(ei; t) —ei(t)| <€, fori=0,1,2
k=1

holds for each n > n(t).
Since ¢ € C(K), there exists M > 0 such that

[p(t)] < M
for each t € K. So,
(3.1) [6(t) — o(to)| < 2M
for each t,ty € K. Also, since ¢ € C(K) for every € > 0, there is a d(g,t5) > 0
such that |tg — ¢| < § implies
(3.2) lp(to) — d(t)| <e
holds for every ¢t € K. Set 1 = 1)(tg) = (t — to)? and from (3.1) and (3.2)

2M

e 22y < 00) —otr) < e+ 2
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inequality is satisfied. Since L, (¢;t) is positive and linear,

- Z an i Li(eo;t) (5 + 25/\2/11/)) < Z ankLi(e0; t)(p(to) — &(t))
k=1

2M
< Zan k‘Lk eOa (€+ (52 1/’)

holds. Consider ¢ is fixed, then ¢(¢) is a constant. Hence,

—¢ Z an kL (eo;t) — 52 Z an k- Li(Y(to);t)
k=1

(3.3) < Zan kLi(it) Zan kL (eost
k=1
<€ZankLk (eo;t + ZankLk )i t).
k=1

From (3.3), we have

Zan kL (o5t) Zan kLr(¢5t) Zan kLk(eost
t) |:Zan,kLk(€0§t) - 1}
k=1

(3.4) <e+e { Z an L (eo;t) — eo(t)]

k=1

+ 25—’\24 ; an 1 Li (¢ (to); t)
t) [Z an kL (eost) — eo(t)} )
k=1

Let us calculate Y po ; an i Li(¥(t0);t),

ZankLk ZankLk to—t)%1)
— [; an i Li(eg;t) — eg(t)] — 21{% ankLr(e1;t) — el(t)}

k=1

+t* [iakak(eo; t) — eo(t)} .

k=1
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Then, with (3.4),
kian,kLk(gb;t) —¢(t) <e+ (5+</> + —t > [Zan kLk(eoit) —eo(t)
=
. gt[;an,mk(em) ~ )]
+ QTT [ian,,@k(ez;t) - eg(t)].

Since ¢ is arbitrary positive real number, we write
kfjan,kLkw;t) — o) < (¢ )+ 25te) [Zan Dalenit) = )]
~
(3.5) - t{Zan wLi(er;t) —eq(t )}
—2 {Zamk[/k(eg; t) — 62(t):| .
&=
By using (3.5)
0= 000 <[ (604 251 ) S matatest) - o)
+ ‘(‘3?@) S ansLiler:t) - el(t)‘
=
+ ‘(?j) iakak(e%t) - eg(t)‘
()
( 5 |t> ZankLk e1;t) —ex(t )’

! (@)

where (,) = ((M + Z242) 0 + (4 ¢]) ek + (241) £2). Therefore,

wLi(eost) —eolt )‘

t) —62(t)‘< Ens

A-ec

Ln(¢) — ¢
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Example 3.2. Let the sequence of functions ¢,: [0,1] — R be defined by
én(t) = (—=1)"*1. Considering the Szdsz polynomials on C([0, 1]),
R AN (o
Sp(p;t) =™ — ,
(951) := e §j¢(n) o
k=0
and define the positive linear operators by

Ln(¢5t) := (1 + ¢n(t))Sn(e3 1),
where e;(t) = t', i = 0,1,2 and t € [0, 1]. Then, by simple calculation, we obtain

2, mn odd, 2t, n odd,
Ly (eost) = { Ly(e1;t) = {

0, n even, 0, n even,

and

2(2+ 1), nodd,
Ln(@;t)_{o( n) n even

It is clear that L, (e;;t) is not equally convergent to e;(t) for i = 0,1, 2.

Let
A=apy = %’ k:n(.)rkzn—l—l,
' 0, otherwise.

A-transformations of L, (e;;t) for ¢ = 0,1,2 are

(AL)p(eo;t) =1,

(AL)n(e1:t) =,
24 1

(AL)(e2:t) = t2+ ”; n odd,
t + g noeven.

Then (g,,) > 0 with €, — 0 as n — oo such that
[(AL)n(e0;t) —eo(t)] = [1 = 1] = 0 < &y,
|(AL)n(61; t)—e®) =t =i =0<en,
hold for every n € N. Hence, L, (eg; t) is A-equally convergent to eo(t) and L, (eq;t)

is A-equally convergent to ej(t).
Also, if n is odd, then

t t 1
AL —et)| =P+ - -t =~ < —
(AL (eait) = ealt) = 2+ T =] = - < -,
holds. It is enough to choose n(t) = [|t?|].
If n is even, then

t t 1
AL —et)| =P+ —— —t?| = —

(AD)u(eai ) — ea(®)] = £+ s =2 = 1 <

holds for every n € N. Therefore, L, (es;t) is A-equally convergent to es(t).
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A8 B A4 2 4 48 A6 A4 02 0

-+

02 04 06 68 1 12 4 15 18

(a) Graph of the (Lyn(e0;t))nen-

A8 B A4 2 4 48 A6 A4 2 0

-

02 04 06 638 1 12 W4 15 13

(b) Graph of the ((AL)n(e0;t))nen-

48 b A4 2 4 48 A6 A4 02 0

4

02 04 06 08 1 12 4 15 13

(a) Graph of the (Lyn(e1;t))nen-

I

8 b A4 2 4 48 A6 A4 2 0

El

02 04 06 68 1 12 14 15 13

(b) Graph of the ((AL)n(e1;t))nen-

a5 4 a4 o 0w

6w 1 2 14 15 1

(a) Graph of the (Lp(€2;t))nen-

4 4 4 42 0 noow

(b) Graph of the ((AL)n(e2;t))nen-

Conclusion 3.3. In this study, we expanded the concepts of equally conver-
gence, uniformly equally convergence, discretely convergence and uniformly dis-
cretely convergence given in study [8]. We have obtained the diagram given below.
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(Note that F—G means that FCG, and ®?¢ and ®"* are classes of pointwise con-
vergence and uniformly convergence, respectively):

Puc Ppu-ec 5 (I)dc > Ppec

7 N

(I)u.dc Pp-we

N d

q)jg.dc (I)ﬁ.ec q)fléxc 5 q)lc;xc

Open Problem 3.4. Let D and C be arbitrary sets, and let ¢, ¢,,: D — C be
functions for all n € N. The sequence of functions (¢, ),en a-converges to ¢ if
and only if for each ¢ € D and for all sequence (t,),en of points of D converging
to t, the sequence (¢, (t,))nen converges to ¢(t). It is written as ¢, — ¢ and it is
known as continuous convergence.

The sequence (¢, )nen strongly uniformly equally converges to ¢ if there exists

o0

a sequence (& )nen of positive reals with Zsk < oo and ng € N such that
k=1

{n eN: |¢n(t) - ¢(t)| > 5n}
is at most ng for each t € D. Tt is written as ¢, 5 ¢.
In [8], a-(u.ec), a-(ec) and a-strong (ec) are defined by expanding a-(c).
Similar to the definitions we have given, an A regular matrix transformation
of the concepts of strongly uniformly convergence, a-(c), a-strongly (uc), a-(u.ec)
and a-(ec) can be given.

cardinality of the set
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