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GENERATING FUNCTION FOR SOME GENERALIZED
MOCK THETA FUNCTIONS

S. TIWARI, S. SABA AnD A. ESI

ABSTRACT. In this paper, we provide the generating functions for partial generalized
mock theta functions of the second order, as well as for some new partial generalized
mock theta functions.

1. INTRODUCTION

In his last letter to G. H. Hardy [13], S. Ramanujan listed seventeen mock theta
functions of order three, five, six and seven. According to Ramanujan, a mock
theta function is a function f(q), |¢| < 1, satisfying the following two conditions:

(0) For every root of unity &, there is a 6-function 0¢(q) such that the difference
f(q) — 8¢(q) is bounded as g — £ radially.

(1) There is no single #-function which works for all &, i.e., for every #-function
0(q) there is some root of unity ¢ for which f(q) — 0(q) is unbounded as
q — & radially.

McIntosh [11] considered three second-order mock theta functions and gave
transformation formulas for them. Andrews [3] generated some new mock theta
functions and identified four of particular interest. Bringmann, Hikami and Love-
joy subsequently developed two additional mock theta functions. The works
[18, 20, 21] provide a comprehensive study of these functions.

Following the study of these mock theta functions in [16, 17, 18], we derived
the generating functions for the newly introduced partial generalized mock theta
functions, as well as for the partial generalized second-order mock theta func-
tions [14].

The four mock theta functions of Andrews [3] are stated as follows:
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(1.4) Z T

Andrews called 15(q) as a companion to Ramanujan’s third-order mock theta
function oo n?

w<q):Z(_q

Bringmann, Hikami, and Lovejoy [16] defined two mock theta functions as
follows:

(1.5) Zq —4¢;q) 2n+1

(1.6) 61(q) = Z q"(—
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Mclntosh [3] introduced the following three second-order mock theta functions:

oo (n+1)2 L9 oo (n+1)(_ 2.2
q (—a4;¢°) q (=% q%)
(1.7) A=Y 1P N~ - 8T
n=0 (qu )n+1 n=0 (Q7 q2)n+1

2n

oo n+n

1.8 4 q" q, n
e 'r;) (a9 )n+1 7;) O
(1.9) 1u(q) = i m

2
o (md%d?),
Partial generalized mock theta functions

e Partial generalized new mock theta functions:

m 2n2 —3n+na 2n
— 1 t
110)  Bomltionzg) = 3 Dt =
( )OO n=0 (iv )
q 2n
m 2n2—n+na 2n
_ t
L) Base =g >

% 10 (’jQ;q)
2n+1
2
_ LS @, T (500,
(1.12) '¢27m(t7 a, Z3 Q) = (t) Z 9. o .2 ’
0 n=0 (Z7q)n( q ’q)

g" T ()]

(1.13) Yyt a, 2,q) = - Z(t)n z2.z

_ . - n—2na 2n _22~
(114) ¢0’m(t7a7'z’q) (t) Z (t) q : <q7q> 2n+1 ’

_ 1 & _ 2
(1.15) ¢mem:Z@Mm%%(;Q.
3 2n



GENERATING FUNCTION ... 227

e Partial generalized second-order mock theta functions:
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2. DEFINITIONS AND NOTATIONS

We will use the following standard basic hypergeometric notations:

n

(a; qk)n = H (1 - aqk(mfl)) , ’qk| < 1, n a non-negative integer,
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A generalized basic hypergeometric function with base ¢ is defined as
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For r = s + 1, the above series is convergent for |z| < 1.

n=0

For r < s, the above series is convergent for all z.

For r > s + 1, the above series diverges for all z except z = 0.

3. MAIN RESULT

We shall use the following identity to obtain the generating functions for the
generalized partial mock theta functions.
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The following identity can be easily deduced from the identity of Srivastava [10]:
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Taking 8, = t" with |t| < 1, we obtain
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4. GENERATING FUNCTIONS FOR GENERALIZED PARTIAL
NEW MOCK THETA FUNCTIONS
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Taking o, = qT in (3.1), we get
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Special case:
For z = ¢, « = 1in (4.1) and (4.2), we get the generating function for partial
mock theta function of Andrews:
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Here, we are listing the generating functions for other generalized partial mock
theta functions, omitting calculations and giving only the value of «,. in parenthe-
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Here 4, ,,,(q) is the partial mock theta function of Andrews.

Special case:
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Here 1), ,,(q) is the partial mock theta function of Andrews.

m=0

Special case :
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Here ¢, ,,(q) is the partial mock theta function of Bringmann, Hikami and Lovejoy.

Special case:
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2 2r _22
(Taking ar =q" "% ——:q] in (3.1)).
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Here ¢, ,,,(q) is the partial mock theta function of Bringmann, Hikami and Lovejoy.

Special case:
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5. GENERATING FUNCTIONS FOR GENERALIZED PARTIAL SECOND-ORDER
MOCK THETA FUNCTIONS
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Special case:
For z = ¢, a =1 1in (5.1) and (5.2), we get the generating function for partial
mock theta function of Mclntosh
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We list the generating functions for the other generalized and partial mock theta
functions omitting calculations only given the value of .. in parenthesis.
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Here B,,,(g) is the partial mock theta function of McIntosh.
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CONCLUSION

Mock theta functions are mysterious functions. These investigations will be help-
ful in understanding more about these functions. In Section 4 and 5, we have
given generating function of generalized new mock theta functions and general-
ized second-order mock theta functions.
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