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PETROVIC-TYPE INEQUALITIES:
GENERALIZATIONS AND EXTENSIONS

J.A. PAZ, Y. QUINTANA, J. M. RODRIGUEZ aND J. M. SIGARRETA*

ABSTRACT. In this paper, we consider the classes of h-convex and m-convex func-
tions and prove some continuous versions of Petrovié-type inequalities. Then, as
an application of these results, we provide some new properties for the generalized
Caputo-type fractional integrals.

1. INTRODUCTION

Integral inequalities belong to the class of mathematical inequalities playing a
significant leading role in different fields of science and technology, such as physical,
biological and engineering sciences, approximation theory and spectral analysis,
statistical analysis and theory of distributions, financial economics, and computer
science. Hence, it is not surprising that in last years many researchers have paid
attention to generalizations of classical integral inequalities with the purpose of
using them as tools in the description of several new properties of integral operators
linked with different types of fractional derivatives (see, e.g., [6, 7, 12, 15, 23,
25, 29, 30, 31, 35, 36]).

As is pointed out in [34], historically, both Liouville and Riemann introduced
the notion of fractional integral and their formulations associated to the unsolved
problem of the so-called complementary function. However, it was not until 1884
with the work of H. Laurent that the theory of generalized operators achieved a
level in its development suitable as a point of departure for the modern math-
ematician. Since then, there has been a growing interest in the study of many
classical inequalities applied to integral operators associated with different types
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of fractional derivatives. Some of the inequalities studied are Gronwall, Cheby-
shev, Jensen, Hermite-Hadamard-type, Ostrowski-type, Opial-type, Griiss-type,
Hardy-type, Gagliardo—Nirenberg-type, reverse Minkowski and reverse Holder in-
equalities (see, e.g., [12, 17, 15, 5, 19, 23, 25, 8, 29, 30, 31, 35, 36]).

We refer the interested reader to the classical books [14, 18, 21, 22, 28|,
and [13, 24] and the references cited therein for a detailed exposition about the
fundamentals of some recent trends of the research in this broad field.

Motivated by the recent papers [20, 7], in which the authors obtain, respec-
tively, a new Petrovié-type inequality (for convex functions) and a new Jensen-type
(for m-convex functions), and apply these inequalities to generalized Caputo-type
fractional integrals and generalized Riemann—Liouville-type integral operators, in
the present work we consider a similar situation for the classes of h-convex and
m-~convex functions. In each case, we obtain new Petrovi¢-type inequalities, and
as a consequence, we derive some new properties for the generalized Caputo-type
fractional integrals defined in [6], which include most of known Caputo-type frac-
tional integrals [9, 10, 11].

The current paper is organized as follows. The first part of Section 2 provides
some short background about the Caputo, Caputo—Fabrizio and generalized Ca-
puto derivatives and their associated integral operators, the second one deals with
the celebrated Petrovi¢ inequality and one of its recent analogs in the setting of
h-convex functions [32]. The main results of this paper about h-harmonic and m-
harmonic functions are given in Sections 3 and 4, respectively (see Theorems 3.1
and 4.3). Furthermore, as an application of our results, we obtain new properties
for the general fractional integrals of Caputo-type (see Propositions 3.3 and 4.4).
Finally, some concluding remarks are given in Section 5.

2. PRELIMINARIES

Michele Caputo proposed a new definition of fractional derivative in [9]. This
definition has an important property associated with the resolution of differential
equations, since it is not necessary to define the initial conditions of fractional
order. For multiple applications of the so-called Caputo differential operator, the
interested reader is referred to [10].

The Caputo derivative of a differentiable function g of order 0 < v < 1 is defined
as

(1) Do) = ey | e

An extension of “D? is the so-called Caputo—Fabrizio derivative (see [3, 11]),
given by

(2) CFfog(t) = M{(e) / g/(s)e7% ds,

-«

where M («) is a normalization function such that M (0) = M (1) = 1.



PETROVIC-TYPE INEQUALITIES 235

A more recent extension is the Atangana—Baleanu derivative, defined in [1] by

3) ABCDgg(t) = ]1\4£a02 /LL gI(S)Ea< - %) ds,
where o k
Bl =2 T 1)

is the Mittag—Leffler function. Note that Fi(z) = e*.

Definition 2.1. We say that F is an admissible kernel for the interval [a, b] if
F:[0,b—a] x (0,1) — [0,00) is a non-negative continuous function such that

b—a ds
F(o) :/0 Fls.0) < 00

for each a € (0,1). F is an admissible kernel for [a, 00) if it is admissible for [a, D]
for every b > a.

Next, we present the definition of the generalized Caputo derivative in [6].

Definition 2.2. Let « € (0,1), F be an admissible kernel for [a,b], ¢g: [a,b] = R
be a differentiable function and ¢ € [a,b]. The generalized Caputo derivative of
order « of the function g at the point ¢ is

0 Diaglt) = [

Remark 2.3. If F(z,«) = T'(1 —a) 2%, then we obtain the classical Caputo de-
rivative. Similarly, we can obtain the kernels for Caputo—Fabrizio and Atangana—
Baleanu extensions. Hence, each result for CD%JL has as a consequence the same
result for the classical Caputo derivative, and Caputo—Fabrizio and Atangana—
Baleanu extensions. This shows that the generalized Caputo derivative is quite
general and unifying.

The following integral operator is associated to the generalized Caputo deriva-
tive in a natural way.

Definition 2.4. Let o € (0,1), F' be an admissible kernel for [a, ], g: [a,b] = R
be a differentiable function and ¢ € [a, b]. The generalized Caputo integral operator
of order « of the function g at the point ¢ is

Upar®) = [ s s

Hence,
“DFa9(t) = IR0 ().
We will use also the functional defined by
b
Cra Cra g(S)
J ="J b) = —————ds.
B0 = Traot) = [ s

It is clear that the above operators are non-local linear operators.
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The following result summarizes some properties of the generalized Caputo
derivative and its associated integral operator (see [6]).

Proposition 2.5. Let a € (0,1), « € [a,b], and let F be an admissible
kernel for [a,b]. If g,g1,92 are differentiable functions on [a,z] and F, =
mingeo,o—a) F'(y, @) > 0, then

1
HCJIO;L',a(g)HLao[a’x] < E H gHLl[a,m] ’
1
HCD%‘,agHLao[a’w] < F H g/HLl[a,m] ’
1
HCJ%,a(gl) - CJg,a(QQ)HLa@[a?w] < E H g1 — gQHLl[a,m] )

1
c c
|| D%‘,agl - D%’,aQQHLx[a’w] < F H gi - géHLl[a,m] .
[e3%
On the other hand, the famous Petrovi¢ inequality [26] is stated as follows:

Theorem 2.6. Let f be a conver function on [0,a], and p1,...,p, > 0. If
T1,...,x, € [0,a] satisfy > _, zkpr € (0,a], and

n
JTjﬁzxkpk; jzla"'an7
k=1

then

n n n
> flaw)pr < f(zxkpk) + (Zpk - 1)f(0)'
k=1 k=1 k=1

There are many generalizations of Petrovi¢ inequality (see, e.g., [4, 16, 27, 32,
33| and the references therein). We are mainly interested in establishing some
continuous analog of Petrovi¢ inequality in the setting of the notion of h-convexity
[37]. So, we begin formulating the well-known concept of h convex function and
some recent results about a Petrovi¢ type inequality [32].

Definition 2.7. Let [c, d] be an interval containing (0,1) and h: [¢,d] — R be a
non-negative function. A function f: [a,b] — R is said to be an h-convex function
if f is non-negative, and for all z,y € [a,b], a € (0,1), the following inequality
holds:

() flaz+ (1= a)y) < h(@)f(z) + h(l —a) f(y).

If the inequality (5) is reversed, then f is said to be h-concave.

The notion of h-convexity was introduced by S. Varosanec in [37]. The most
important feature of this notion is that it allows the unified treatment of sev-
eral varieties of convexity. For instance, when h(a) = « in (5), we recover the
classical definition of convex function. If h(a) = 1, then (5) gives the definition
of P-functions. And the definitions of s-convex functions in the second sense,
Godunova—Levin functions, and s-Godunova—Levin functions in the second sense
appear, respectively, when we take in (5) h(a) = a®, h(a) = é and h(a) = &

as’”
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Definition 2.8. A function h: [¢,d] — R is said to be a submultiplicative
function if
(6) h(zy) < h(x)h(y) if z,y,zy € [e,d].

If the inequality (6) is reversed, then h is said to be a supermultiplicative function.
If (6) becomes into an equality, then h is said to be a multiplicative function.

Note that the examples of functions h before Definition 2.8 are multiplicative
functions.

Regarding an analog of Petrovié¢ inequality in the setting of h-convex functions,
we have the following recent result due to Rehman et al. [32, Theorem 2.1].

Theorem 2.9. Let x1,...,2, >0 and py,...,pn > 0 such that Y. _, pi > 0,
0<c<u; SZpkfrk <a forj=1,....n
k=1
Also let h: [0,a] — R be a supermultiplicative function such that
hMa)+h(l—a)<1 forallae(0,1).

If f:]0,a] = R is an h-convex function on [0, a] then
S Zk 1 Prh (z — ( )
;pkf(xk S o phre —0) Zpkwk
(Zp Zk 1pkh’( k_C))f(C).

Zk 1 PETk =€)

3. CONTINUOUS VERSIONS OF PETROVIC INEQUALITY
FOR h-CONVEX FUNCTIONS

We will show now a continuous version of Theorem 2.9.

Theorem 3.1. Let u be a finite measure on the space X and let g: X — [0, a]
be a p-integrable function such that

(7) Ogcgg(x)g/gduga for p-a.e. v € X.
b'e
Also let h: [0,a] — RT be a continuous supermultiplicative function such that

ha)+h(l—a)<1 forallae(0,1).

If f: [0,a] — R is a continuous h-convex function on [0, a], then fog and h(g—c)
are p-integrable and

(8)
° Xh( )d:u fX —Cd,U, c
/f gd'u_h(fxgdli )f</ngu>+<M(X) (fng,U_C)>f()
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Proof. Without loss of generality, we can assume that (7) holds for every z € X,
since if F' is the set of points in X such that (7) does not hold, we can define
g =[x gdp on F. This modification does not change the inequality (8).

Assume first that g is constant p-a.e. g = Cy. Thus, Theorem 2.9 with n = 1,
1 = C} and p; = p(X) yields (8).

Assume now that g is not constant p-a.e. Then, ¢ < 8 = fX gdpu.

For each n > 1 and 1 < k < 2™, consider the sets

Uni = (c+(k=1)27"(B—c), c+ k27" (B —¢)],
Ungn = (c+ (2" = 1)27"(8 — ¢), B),
Un,o = {c},
Unonp1 = {8}
Note that {U, ,}2 5! is a partition of [c, 8] for each n > 1.

For each n > 1 and 0 < k < 2" +1, define the sets E,, , = g~ ! (Unk) and choose
constants ay, i € Uy i satisfying

an ke p(En k) :/E gdp.
n.k

Thus, a0 = c and @y 2741 = 5.

Since ¢ is a measurable function satisfying 0 < ¢ < g < [, we have that
{En’k}i:gl are pairwise disjoint measurable sets and X = Ui;‘glEn,k for each
n > 1.

Recall that the characteristic function of a set E is defined as xg(xz) = 1 if
x € E and xg(r) =0if = ¢ E. If we define

2" 41
9n = Z Qn,k XEp k>
k=0

then
241

/X gn dﬂ' - Z Qn,k M(En,k:)

k=0
2" +1

=Z/ gdu=/gdu-
k=0 7 En.k X

OSCSan,kS/gdu=/gndu,
X X

OSCSQnS/gdLF/gndu,
X X

lgn — gl <277(B —0),

and so, g, uniformly converges to g.

It is clear that
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2+1E

Since {E,, k}'k " are pairwise disjoint sets and X = U n,k, We have

2m 41

Ogn— Zfank XEnkv

2"+1

/fogndu—Zfank k)
2" 41
h(gn - C) = Z h(an,k - C)XE”,M
k=0
2" +1
/ h(gn —¢)dp =Y hlank — )u(En k).
X k=0
Since
271_,'_1
¢ <an; S/ gduz/ gndp =Y an p(Enp),
X k=0

for 0 < j < 2" 4 1, the assumptions in Theorem 2.9 are satisfied, and hence,

2" 41 2741
+ ",

Z fang) p(Bp ) < =k=0 (ank — ) w(En i) ; 2§1a e
k=0 s n, = h( on4q ) . .
h(

k=0 ank://fEnk) C

(9)

2" +1 2 +1

an k= ¢) (En k)
+ (Enk) — e f(e).
2 (S )

Then, since [y g,dp = [y gdp for every n > 1, the right-hand side of (9) is
equal to

Jx —cdu Jx - H
(fnguc)f</ng”>+<”(X) (fnguc)>f(c)'

Since 0 < ¢ < g, < 8 = fng,u < a for every n, lim, ,o, g, = g and f, h
are continuous functions on [0, 3] C [0,a], we have lim, ,o f 0 g, = f o g and
limy, 00 h(gn — ¢) = h(g — ¢).

Since f,h are continuous functions on [0, 8], there exists a constant M with
|71, |h] < M on [0,8], and so, |f o gnl, |h(gn — ¢)| < M for every n.

Since p is a finite measure, M € L'(X, 1) and dominated convergence theorem
gives that f o g, h(g — ¢) are p-integrable and

tim [ o g, du= /fogdu,

n—oo

lim hgn—c dp = /h —c)

n—oo
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Therefore, the right-hand side of (9) has limit

o0 (] 0, . (um . f’“”) o)

h(Jxgde—c) h(fxgde—c)
Also, the left-hand side of (9) has limit
2741

lim_ kz_o F(ani)p(Bn) = lim | f o gudn= /X fogdu.

These facts finish the proof. O

The following result is a straightforward consequence of Theorem 3.1 just by
taking ¢ = 0. It can be considered as a continuous version of Petrovi¢ inequality
for h-convex functions.

Theorem 3.2. Let i be a finite measure on the space X and let g: X — [0, a]
be a p-integrable function such that

(10) g(a:)g/ gdu<a forp-ae xeX.
X

Also let h: [0,a] — R be a continuous supermultiplicative function such that
ha) +h(l—a) <1 foralla € (0,1).

If f:[0,a] = R is a continuous h-convex function on [0,a], then fog and hog
are p-integrable and

. thogdu _thogd,u
ay [ gduéh(fxgdu)f(/xgdu>+<u(X) h(fxgdu)>f(0)'

Theorem 3.1 has the following direct consequence for the general fractional
integrals of Caputo-type.

Proposition 3.3. Leta >0, a; < by, a € (0,1) and ¢ > 0. Let g: [a1,b1] —
[0,a] and h: [0,a] — RT be measurable functions, and let F be an admissible kernel
for the interval [ay, b1] such that:

(1) h is a continuous supermultiplicative function satisfying
h(t)+h(1—¢t) <1 forallte (0,1).
(2) The following inequalities hold

by s
o<oca [t q

If f:]0,a] = R is a continuous h-convex function on [0,a], then f(g(s))/F(by —
s,a) € Lt[ay, b1 and

B F(g(s) " gl
/al Mdsgfu Mds%m(a)—m(c)?

s<a forae. z€lay,b].

1
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i.e.,
CTp(fog) <Af(VUR(9) + (F(a) — A) f(e),
with ,
1T (s
ORI
and b hlge)e)
f F(b1 s a) ds

A= .
h(f:jﬁds—c)

4. CONTINUOUS VERSIONS OF PETROVIC-TYPE INEQUALITIES
FOR m-CONVEX FUNCTIONS

Definition 4.1. Let I C R be an interval containing 0, and let m € (0,1]. A
function f: I — R is said to be m-convex if the inequality

(12) flte +m(l = t)y) < tf(z) +m(l—1)f(y)
holds for every pair of points x,y € I and every coefficient ¢ € [0, 1].

If m € (0,1), then the hypothesis 0 € I guarantees that tz +m(1 —t)y € I.

It is clear, by taking m = 1 in Definition 4.1, that we recover the concept of
classical convex functions on I. Note that in this case it is not necessary the
hypothesis 0 € I, since tx + (1 — t)y € I for every z,y € I.

Note that if we choose the coefficient ¢t = 0 in (12), we get the inequality
flmy) < mf(y). Also, Definition 4.1 is equivalent to

(13) fimtz + (1 —t)y) <mtf(z)+ (1—1)f(y)

for all z,y € I and ¢ € [0, 1].
The following discrete Petrovié-type inequality for m-convex functions can be
deduced from [2, Corollary 3.4]:

Theorem 4.2. Let f be an m-convex function on [0,a] with m € (0,1]. Let
P1,--,Pn >0 and z1,... 2, € [0,4a] satisfy > _, prxr/m € (0,a], and

$3S2pkxka j:17"'an7

then

D peflar) < min{mf (W) + (Zpk - 1> f(0)
k=1 k=1

f <§pk$k> +m (;m - 1) f(o)}.

Next, we present a continuous version of the above Petrovié-type inequality.
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Theorem 4.3. Let i be a finite measure on the space X, let f be a continuous
m-convez function on [0,a] and let g: X — [0,a] be a u-integrable function with
Jx gdp/m € (0,a]. Then fog is a p-integrable function. If

(14) g(z) < /X gdu

for pu-a.e. x € X, then

[ sogau<min{ms (L2 4 00 -1 100,

F([ o)+ moue - 50},

Proof. Without loss of generality, we can assume that (14) holds for every
x € X, since if F' is the set of points in X such that (14) does not hold, we can
define g = [y gdp on F. This modification does not change the inequality (15).

Assume first that g is constant p-almost everywhere g = C;. Thus, Theorem 4.2
with n =1, 1 = C; and p; = pu(X) gives the conclusion.

Assume now that g is not constant p-a.e. We have

Oég(x)éaz/gdu
X

for prae. € X and 0 < a = fX gdpu, since g is not constant p-a.e. Since f is a
continuous function on [0,al, f o g is a bounded function on X. Since y is a finite
measure, f o g is a p-integrable function.

For each n > 1 and 1 < k < 27", let be the sets

In,O = {0}7
Iy =(k-1)2""a, k27 a]
Inon = (2" —1)27"w, @)

In,2"+1 = {Oé}

(15)

Note that {In’k}iﬂ_;gl is a partition of [0, o] for each n > 1.
For each n > 1 and 0 < k < 2™ + 1, define the sets

Sn,k = g_l(ln,k)

and choose constants a, ; € I, satisfying

e 1(Sr) = / gd.

Sn.k
It is clear that a, o =0 and ay 2n11 = o
Since g is a measurable function satisfying 0 < g < «, we have that {Sn,k}i:(gl
are pairwise disjoint measurable sets and X = uifglsn,k for each n > 1.
Recall that y g denotes the characteristic function of a set E. If we define
2741

gn = § Qn, k XSnW;w
k=0
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then g, are simple functions and

2" 41 2741

/gnduz > an g 1(Snn) = Z/ gdu=/ gdp.
X k=0 k=0 Sk X

Therefore, for each n > 1 and 0 < k < 2™+ 1,

OSan,kS/ gdu:/ gn dp, OégnS/ gdp, l9n — gl < 27"
X X X

Hence, g,, uniformly converges to g and

OSQnS/gdu:/gndu-
X X

Since {Sn,k}izgl are pairwise disjoint sets and X = Ui:{)lSn,k, we have that fog,
is a p-integrable function for every n > 1 and
om 41

Fogn="Y_ f(ank)Xs. s
k=0

2" 4+1

/ fogndu=3" Fani)n(Snr):
X k=0

Since
2" 41

0<an; < / gdu = / gndp =" anx p(Snx)
X X =0
forn>1and 0 < j < 2" 41, by applying the discrete Petrovié¢-type inequality in
Theorem 4.2, we obtain
(16)

2" 41 niq
S Hanu(Sun) Smin{mf (Zk—o “””““S"*’“)) + (u(X) — 1) £(0),
k=0

m

2" 41
f( S u(Sn,w) o (u(X) 1)f(0)}
k=0

m

r([ o)+ mx 050},

Hence, it suffices to prove that

:min{mf (W) + (u(X) = 1) £(0),

2" +1

lim f(an, )M(an, ) = fogdpu.

Since 0 < g, < a = fX gdu for every n, lim,, o, g, = g and f is a continuous
function on [0, o, we have lim,, o fo g, = fog.
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Since f is a continuous function on [0, ], there exists a constant M with |f| < M
on [0,a], and so, |f o g,| < M on X for every n.
Since p is finite measure, M € L'(X, u) and dominated convergence theorem
gives
lim fognd,u:/ lim fogndu:/fogd,u.
Therefore, we conclude
241
Jim ;0 f(ank)p(Snp) = lim . fogndu= /X fogdpu,

and this fact finishes the proof. O

Theorem 4.3 has the following direct consequence for the general fractional
integrals of Caputo-type.

Proposition 4.4. Let a > 0, a1 < b1, a € (0,1) and m € (0,1]. Assume
that F' is an admissible kernel for the interval [a1,b1] and g: [a1,b1] — [0,4a] is a
measurable function satisfying the following inequalities:

by
9(s) ds < a,

0 I
< mF(by —s,a)  —

ay

by
g(x) S/al F(b;q(S)s,oz)dS for p-a.e. x € [ay,by].

If f is a continuous m-convex function on [0,a], then f(g(s))/F (b1 —s,a) €
Lla1,b1] and

" flgls) Lo (A
[ s s < min g () +(8(0) = 1)5(0).£ (4) £ m (B(e) ~1) £0) .

Cra
13 (7 09) < minff (EL )4 (8(0) 1101, (7 (@) +m Fl)- DS O,
with

bi—a b
_ [ ds _ [ 9(s) _Cra
F(a)—/o Fs.0) and A—/a1 Flor —5,0) ds ="Jgp (9).

5. CONCLUDING REMARKS

The main goal of our research is to obtain new Petrovié¢-type inequalities for h-
convex and m-convex functions, and apply them to the general fractional inte-
grals of Caputo-type. In particular, we prove continuous versions of the discrete
Petrovié-type inequalities in [2, 32], in the setting of h-convexity and m-convexity.
Furthermore, as an application of these inequalities, we provide some new proper-
ties for the general fractional integrals of Caputo-type.
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