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PSEUDO-UMBILICAL CR-SUBMANIFOLD OF AN ALMOST
HERMITIAN MANIFOLD

XIE LI anD WAN YONG

ABSTRACT. In this paper, we firstly study differentiable functions on M, where M
is a pseudo-umbilical CR-submanifold of an almost Hermitian manifold, then give
a theorem which concerns the geodesic character of M, and extend Bejancu and
Chen B.Y.’s conclusions.

1. INTRODUCTION

Let M be a real differentiable manifold. An almost complex structure on M is
a tensor field J of type (1, 1) on M such that at every point 2 € M we have
J? = —1I, where I denotes the identify transformation of T, M. A manifold M
endowed with an almost complex structure is called an almost complex manifold.

A Hermitian metric on an almost complex manifold M is a Riemannian metric
g satisfying

(1.1) g(JX,JY)=g(X,Y)

for any X,Y € T'(TM).

An almost Hermitian manifold M with Levi-Civita connection V is called a
Kaehlerian manifold if we haveVx.J = 0 for any X € I'(TM).

Let M be an m-dimensional Riemannian submanifold of an n-dimensional Rie-
mannian manifold M. We denote by TM~ the normal bundle to M and by g both
metric on M and M. Also, by V we denote the Levi-Civita connection on M, by
V denote the induced connection on M, by V+ and denote the induced normal
connection on M.

Then, for any X,Y € T'(T'M), we have

(1.2) VxY =VxY +h(X,Y),

where h: T(TM) x T'(TM) — T'(TM*) is a normal bundle valued symmetric
bilinear form on I'(T'M). The equation (1.2) is called the Gauss formula and h is
called the second fundamental form of M.
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Now, for any X € T(TM) and V € T'(TM*) by —Ay X and V%V we denote
the tangent part and normal part of VxV, respectively. Then we have

(1.3) VxV =—-AvX + VxV.
Thus, for any V € I'(TM~), we have a linear operator, satisfying
(1.4) g(AvX,Y) = g(X, AvY) = g(h(X,Y),V).

The equation (1.3) is called the Weingarten formula.

Definition 1.1 ([1]). Let M be a real n-dimensional almost Hermitian manifold
with almost complex structure J and with Hermitian metric g. Let M be a
real m-dimensional Riemannian manifold isometrically immersed in M. Then
M is called a CR-submanifold of M if there exists a differentiable distribution
D:x— D, CT,M, on M satisfying the following conditions:

(1) D is holomorphic, that is, J(D,) = D, for each x € M,

(2) the complementary orthogonal distribution D*: z — D C T, M,
is anti-invariant, that is, J(Dy) C T, M+ for each x € M.

Let M be a CR-submanifold of an almost Hermitian manifold M, then we have
the orthogonal decomposition

(1.5) T™M* = JDt @

By r denote the complex dimension of v, (x € M), Since v is a holomorphic vector
bundle, we can take a local field of orthonormal frames on TM+

{JE\,JEy,--- ,JE;, V1, Vo, Vi, Vg1 = IV, Vigo = JVo, -+ Vo = JV,}
where {E1, Es, -+, E,} is a local field of orthonormal frames on D+. Then we let
Ai=Ase, Aa=Av,, A=Ay,

where
ig k=1, g, By, =1, ek, By =4 1, 20

Definition 1.2 ([1]). The CR-submanifold M is said to be pseudo-umbilical if
the fundamental tensors of Weingarten are given by

(1.6) AiX = a; X + big(X, E;)E;,
q
(1.7) AoX = a.X + ) bg(X, E)E;,
i=1
q .
(1.8) Ao X = ao- X + Y bhg(X, E)E;,
=1

where a;, b;, Gy, Qo+, bL,, bl are differential functions on M and X € T'(T'M).

Now let M be an arbitrary Riemannian manifold isometrically immersed in an
almost Hermitian manifold M. For each vector field X tangent to M, we put

(1.9) JX =X +wX,
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where ¢X and wX are the tangent part and the normal part of JX, respectively.
Also, for each vector field V normal to M, we put

(1.10) JV = BV +CV,

where BV and C'V are the tangent part and the normal part of JV, respectively.
The covariant derivative of B, C, respectively, is defined by

(1.11) (VxB)V = VxBV — BV%V,
(1.12) (VxC)W =VxCV —CV%V

for all X € T(TM),V € T(TM™). o
A CR-submanifold M of an almost Hermitian manifold M is D-geodesic if we
have

(1.13) MX,Y)=0
for any X,Y € I'(D). M is mixed geodesic if we have
(1.14) hMX,)Y)=0

for any X € I'(D) and Y € T'(D%).
2. MAIN RESULTS
Theorem 2.1 ([1]). Let M be a CR-submanifold of an almost Hermitian man-
ifold M, then M is mized geodesic if and only if
Ay X € T(D), AyU € T'(D1)
for each X e T(D), U € T(D1), V € T(TM).

Theorem 2.2. Let M be a pseudo-umbilical CR-submanifold of an almost Her-
matian manifold M, then M is mized geodesic.

Proof. For each X € T'(D), Y € I'(D%), according to the Definition 1.2 we get
A, X =a,X €eT(D), Ao X =a, X €T(D), Ag»X = aq+ X € I'(D)
and

AY =a;Y +big(Y, E;)E; € T(D),

q
ALY =aY + ) bhg(Y, E)E; € T(DY),

i=1

q
ApY =ao-Y + > bl.g(Y,E;)E; € T(D*).
i=1
The assertion follows from Theorem 2.1. O

Since a Kaehlerian manifold is an almost Hermitian manifold, we obtain the
following corollary.

Corollary 2.1 ([1]). Any pseudo-umbilical CR-submanifold of a Kaehlerian
manifold is mized geodesic.
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Lemma 2.1. Let M be a pseudo-umbilical CR-submanifold of an almost Her-
mitian manifold M, then

(2.1) g(AjvX — JAy X + (VxJJ)V,Z) =0
forall X, Z e (D), V eT'(v).

Proof. Let X,Z € T'(D), V € I'(v). From Weingarten formula and (1.1), we
get

g(Ajv X —JAV X, 2) = g(-VxJV,Z) + g(Av X, J Z)
(2.2) =—g(VxJV,Z) + g(JVxV, Z)
= —g(Vx )V, 2).
The proof is now complete from (2.2). O

Lemma 2.2. Let M be a CR-submanifold of an almost Hermitian manifold

M. Then we have
(VxB)V =VxBV — BV%V

= AcvX = pAvX + ((Vx)V)T
forall X ¢ T(TM), V e T(TM*).

Proof. Let X € T(TM),V € I(TM%). From (1.10) and Weingarten formula,
we obtain

(2.3)

(VxJ)V =VxJV - JVx

=Vx(BV +CV) + J(Ay X — VxV).
By using the Gauss formula, we get
(2.5) Vx(BV +CV)=VxBV +h(X,BV) - Acy X + V%CV.
Taking account of (1.9) and (1.10), we have
(2.6) J(AvX = VxV) = ¢Av X + wAy X — BVxV — CVxV.
From (2.5), (2.6), (1.11) and (1.12), (2.4) can become
(VxJ)V = (VxB)V +h(X,BV)— AcvX

+ (VO + pAy X + wAy X

By comparing to the tangent part in (2.7), (2.3) is satisfied. O

(2.4)

(2.7)

Theorem 2.3. Let M be a pseudo-umbilical proper CR-submanifold of an al-
most Hermitian manifold M. If ¢ > 1, then we have AjE; = Ay X = A= X =0
forall X e (D), i # 3.

Proof. From (1.4) and (1.6), we obtain
9(Ajg, Ej, B;) = g(AsE, Ei, Ej) =0,

thus AJEjEi S F(D) On the other hand, AJE].EZ‘ = ajE,» + bjg(Ei,Ej)Ej =
a; 5 € ['(D4), hence A;E; = 0.
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For a unit vector X € T'(D),by using (1.7), (1.1), (2.1) and (1.8) we have
(2.8) g(aa X, X) = g(AuX, X)
9(Ap X + (VxJ)Va, JX)
9(
a

o+ X + (VxJ)Va, JX)
o 9(X, IX) + g(Vx J)Va, JX)
(2.9) = 9((VxJ)Va) ", JX).
Taking (2.3) into account, (2.9) can become
— g(—Acv, X + Ay, X, JX)
= g(~An- X, JX) + g(Au X, X).
From (2.8) and (2.10), we have
(2.11) g(—Au- X, JX) =0,

thus A,~X € I'(D1). On the other hand, Ay X = a0 X +> 1, bhg(X, E)E; =
ao+X € T'(D), hence A,+X = 0.
In a similar way we get A, X = 0. ]

For E; € I'(D*) and a unit vector field X € I'(D), from a; = g(A;Ej, E;),
ao+ = g(An+X, X) and (2.8), according to the Theorem 2.3, we have the following
theorem.

(2.10)

Theorem 2.4. Let M be a pseudo-umbilical proper CR-submanifold of an al-
most Hermitian manifold M. If ¢ > 1, then a; = aq = aq- = 0.

Since a Kaehlerian manifold is an almost Hermitian manifold, we obtain

Corollary 2.2 ([1]). Let M be a pseudo-umbilical proper CR-submanifold of a
Kaehlerian manifold M. If ¢ > 1, then the functions a;, aa, an~ vanish identically
on M.

Theorem 2.5. Let M be a pseudo-umbilical proper CR-submanifold of an al-
most Hermitian manifold M. If ¢ > 1, then M is D-geodesic.

Proof. Taking account of Definition 1.2 and Theorem 2.4, we get

h(X,Y) ZJE+ZV+ Z Voo

a*=r+1
q 2r
=> g(AEX,Y)+ Zg (A, X, Y)+ > g(Ae-X,Y)
(212) ijl a=1 a*=r+1
= big(X, E)g(Y, E;) +ZZb 9(Y, E;)
=1 a=11i=1

5T S b9, Eg(Y, By

a*=r+4+1i=1
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for all X,Y € T'(D). From (2.12), we have

q T 2r
gh(X, Y)Y JE 4> Vat > Var) =0,
i=1 a=1

a*=r+1
so h(X,Y) =0, i.e., M is D-geodesic. O
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