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A COUPLED SYSTEM OF RIEMANN-LIOUVILE TYPE

FRACTIONAL LANGEVIN EQUATIONS WITH NONLOCAL

MULTI-POINT AND MULTI-STRIP COUPLED BOUNDARY

CONDITIONS

A. ALSAEDI, H. A. SAEED, B. AHMAD and S. K. NTOUYAS

Abstract. In this paper, we investigate the existence and uniqueness of solutions

for a coupled system of nonlinear Riemann-Liouvile type fractional Langevin equa-

tions equipped with nonlocal multi-point and multi-strip coupled boundary con-
ditions. We make use of Leray-Schauder’s alternative and Banach’s fixed point

theorem to derive the desired results, which are well-illustrated with examples. Our

results are useful in the given configuration and enrich the literature on boundary
value problems for fractional Langevin equations.

1. Introduction

Langevin in [34] applied Newtonian dynamics to a Brownian particle and pre-
sented an analytical approach to deal with the random processes. In fact, he
invented Newton’s second law of motion for stochastic physics, which is known
as the Langevin equation. Langevin (1872–1946) was a French physicist and con-
temporary of Einstein. In his own words, his approach to Brownian motion was
“infinitely more simple” than the one offered by Einstein.

However, it was found later that Langevin equation failed to describe the com-
plex systems. This finding led to some generalizations of Langevin equation to for-
mulate the physical phenomena in disordered regions [28], fluctuation-dissipation
configuration [29], statistical physics [30], etc. The fractional analogue of Langevin
equation was proposed by replacing the ordinary derivative in it by fractional order
derivative in [18], while the Langevin equation in terms of two different fractional
orders was considered in [36]. Other variants of Langevin equation can be found
in the papers [19, 45].

The topic of initial and boundary value problems is an important and interesting
area of research as such problems constitute mathematical models associated with
real-world problems. One can observe an overwhelming interest in the investigation
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of boundary value problems involving different kinds of fractional derivatives and
boundary conditions. For some recent works on the theoretical aspects of fractional
boundary value problems, we refer the reader to the books [4, 1] and articles
[16, 22, 25, 46, 31, 2, 39, 27, 3, 32, 40]. One can find some recent results on
boundary value problems of systems of fractional differential equations in [5, 6,
21, 7, 24, 8, 23, 37].

The study of boundary value problems for fractional order Langevin equation,
initiated in [9], received considerable attention in the later years, for instance, see
[10, 11, 44, 42, 35, 48, 13, 12, 17, 47, 41]. Systems of nonlinear fractional
order Langevin equations equipped with boundary conditions have also been dis-
cussed by many researchers. The authors in [43] studied a coupled system of
Riemann-Liouville type fractional Langevin equations complemented with uncou-
pled generalized nonlocal integral boundary conditions. In [33], a coupled sys-
tem of nonlinear fractional Langevin equations with nonlocal and non-separated
boundary conditions was investigated. In [38, 15], the authors studied systems
of generalized Sturm-Liouville and Langevin fractional differential equations. The
authors in [14] analyzed a coupled system of fractional order Langevin differential
equations associated with anti-periodic boundary conditions.

Motivated by aforementioned works on systems of fractional order Langevin
equations, in this paper, we investigate the existence and uniqueness of solutions
for a coupled system of Riemann-Liouville type fractional Langevin equations with
nonlocal multi-point and multi-strip coupled boundary conditions given by

(1)



Dα1(Dβ1 + λ1)x(t) = f1(t, x(t), y(t)), t ∈ J ,
Dα2(Dβ2 + λ2)y(t) = f2(t, x(t), y(t)), t ∈ J ,

x(0) = 0, x′(1) =

m∑
i=1

µiy(ηi), x(1) =

n∑
j=1

ρj

∫ ξj

ζj

y(s)ds,

y(0) = 0, y′(1) =

m∑
i=1

σix(ηi), y(1) =

n∑
j=1

ωj

∫ ξj

ζj

x(s)ds,

where Dα1 , Dα2 , Dβ1 and Dβ2 denote the Riemann–Liouvile fractional derivatives
of order α1, α2, β1, β2, respectively, with 0 < α1, α2 < 1, 1 < β1, β2 < 2, λ1, λ2 > 0,
µi, σi, ρj , ωj ∈ R, J = [0, 1], 0 < ηi < ζj < ξj < 1 and f1, f2 ∈ C(J × R× R,R).

We apply Leray-Schauder’s alternative and Banach’s contraction mapping prin-
ciple to establish the existence and uniqueness of solutions to the problem (1),
respectively. Our results are novel and enrich the literature on boundary value
problem for systems of fractional order Langevin equations. Moreover, some new
results follow from the present ones as special cases by fixing the values of the
parameters involved in the boundary conditions (see the Conclusions section).

We arrange the rest of the paper as follows. We collect some preliminary defini-
tions and solve a linear version of the problem (1) in Section 2. The main results
are accomplished in Section 3. Illustrative examples for the obtained results are
offered in Section 4. Section 5 contains the concluding remarks and indicates some
special cases arising from the present work.
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2. A subsidiary result

Let us begin this section with some basic concepts of fractional calculus [26].

Definition 2.1. For ψ ∈ L1[a, b], the (left) Riemann–Liouville fractional inte-
gral Iαa+ of order α ∈ R+ is defined as

Iαa+ψ (t) =
1

Γ (α)

t∫
a

(t− s)α−1 ψ (s)ds,

where Γ denotes the Euler gamma function.

Definition 2.2. Let ψ,ψ(m) ∈ L1[a, b] for −∞ ≤ a < t < b ≤ +∞. The
Riemann–Liouville fractional derivative Dα

a+ of order order α ∈ (m−1,m], m ∈ N,
is defined as

Dα
a+ψ (t) =

dm

dtm
I1−αa+ ψ (t) =

1

Γ (m− α)

dm

dtm

t∫
a

(t− s)m−1−α ψ (s)ds.

In the present work, we denote the Riemann-Liouville fractional integral and
derivative operators Iqa+ and Dq

a+ with a = 0 by Iq and Dq, respectively.

Now, we prove an auxiliary lemma dealing with linear variant of the problem (1).

Lemma 2.3. For g1, g2 ∈ C([0, 1])∩L([0, 1]), the unique solution of the linear
system

(2)

{
Dα1(Dβ1 + λ1)x(t) = g1(t)), t ∈ J ,

Dα2(Dβ2 + λ2)y(t) = g2(t), t ∈ J ,

subject to the boundary conditions in (1), is given by a pair of integral equations

x(t) =

∫ t

0

[ (t− s)β1+α1−1

Γ(β1 + α1)
g1(s)− λ1

(t− s)β1−1

Γ(β1)
x(s)

]
ds(3)

+ φ1(t)

{ m∑
i=1

µi

∫ ηi

0

[ (ηi − s)β2+α2−1

Γ(β2 + α2)
g2(s)− λ2

(ηi − s)β2−1

Γ(β2)
y(s)

]
ds

−
∫ 1

0

[ (1− s)β1+α1−2

Γ(β1 + α1 − 1)
g1(s)− λ1

(1− s)β1−2

Γ(β1 − 1)
x(s)

]
ds

}
+ φ2(t)

{ n∑
j=1

ρj

∫ ξj

ζj

∫ s

0

[ (s− u)β2+α2−1

Γ(β2 + α2)
g2(u)− λ2

(s− u)β2−1

Γ(β2)
y(u)

]
duds

−
∫ 1

0

[ (1− s)β1+α1−1

Γ(β1 + α1)
g1(s)− λ1

(1− s)β1−1

Γ(β1)
x(s)

]
ds

}
+ φ3(t)

{ m∑
i=1

σi

∫ ηi

0

[ηi − s)β1+α1−1

Γ(β1 + α1)
g1(s)− λ1

(ηi − s)β1−1

Γ(β1)
x(s)

]
ds

−
∫ 1

0

[ (1− s)β2+α2−2

Γ(β2 + α2 − 1)
g2(s)− λ2

(1− s)β2−2

Γ(β2 − 1)
y(s)

]
ds

}
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+ φ4(t)

{ n∑
j=1

ωj

∫ ξj

ζj

∫ s

0

[ (s− u)β1+α1−1

Γ(β1 + α1)
g1(u)− λ1

(s− u)β1−1

Γ(β1)
x(u)

]
duds

−
∫ 1

0

[ (1− s)β2+α2−1

Γ(β2 + α2)
g2(s)− λ2

(1− s)β2−1

Γ(β2)
y(s)

]
ds

}
and

y(t) =

∫ t

0

[ (t− s)β2+α2−1

Γ(β2 + α2)
g2(s)− λ2

(t− s)β2−1

Γ(β2)
y(s)

]
ds(4)

+ θ1(t)

{ m∑
i=1

µi

∫ ηi

0

[ (ηi − s)β2+α2−1

Γ(β2 + α2)
g2(s)− λ2

(ηi − s)β2−1

Γ(β2)
y(s)

]
ds

−
∫ 1

0

[ (1− s)β1+α1−2

Γ(β1 + α1 − 1)
g1(s)− λ1

(1− s)β1−2

Γ(β1 − 1)
x(s)

]
ds

}
+ θ2(t)

{ n∑
j=1

ρj

∫ ξj

ζj

∫ s

0

[ (s− u)β2+α2−1

Γ(β2 + α2)
g2(u)− λ2

(s− u)β2−1

Γ(β2)
y(u)

]
duds

−
∫ 1

0

[ (1− s)β1+α1−1

Γ(β1 + α1)
g1(s)− λ1

(1− s)β1−1

Γ(β1)
x(s)

]
ds

}
+ θ3(t)

{ m∑
i=1

σi

∫ ηi

0

[ηi − s)β1+α1−1

Γ(β1 + α1)
g1(s)− λ1

(ηi − s)β1−1

Γ(β1)
x(s)

]
ds

−
∫ 1

0

[ (1− s)β2+α2−2

Γ(β2 + α2 − 1)
g2(s)− λ2

(1− s)β2−2

Γ(β2 − 1)
y(s)

]
ds

}
+ θ4(t)

{ n∑
j=1

ωj

∫ ξj

ζj

∫ s

0

[ (s− u)β1+α1−1

Γ(β1 + α1)
g1(u)− λ1

(s− u)β1−1

Γ(β1)
x(u)

]
duds

−
∫ 1

0

[ (1− s)β2+α2−1

Γ(β2 + α2)
g2(s)− λ2

(1− s)β2−1

Γ(β2)
y(s)

]
ds

}
,

where

φ1(t) =
( Γ(α1)

Γ(α1 + β1)
r4t

α1 + r3
)
tβ1−1, φ2(t) =

( Γ(α1)

Γ(α1 + β1)
z4t

α1 + z3
)
tβ1−1,(5)

φ3(t) =
( Γ(α1)

Γ(α1 + β1)
u4t

α1 + u3

)
tβ1−1, φ4(t) =

( Γ(α1)

Γ(α1 + β1)
s4t

α1 + s3
)
tβ1−1,

θ1(t) =
( Γ(α2)

Γ(α2 + β2)
r2t

α2 + r1
)
tβ2−1, θ2(t) =

( Γ(α2)

Γ(α2 + β2)
z2t

α2 + z1
)
tβ2−1,

θ3(t) =
( Γ(α2)

Γ(α2 + β2)
u2t

α2 + u1

)
tβ2−1, θ4(t) =

( Γ(α2)

Γ(α2 + β2)
s2t

α2 + s1
)
tβ2−1,

e1 = B2 −
A2B1

A1
, e2 =

A3B1

A1
−B3, e3 =

A4B1

A1
−B4, e4 =

A2E1

A1
− E2,

e5 = E3 −
A3E1

A1
, e6 = E4 −

A4E1

A1
, e7 =

A2L1

A1
− L2, e8 = L3 −

A3L1

A1
,

e9 = L4 −
A4L1

A1
, e10 =

B1

A1
, e11 =

−E1

A1
, e12 =

−L1

A1
, e13 = k4 −

k2k3
k1

,

e14 =
1

e1
, k1 = e5 − e2e4e14, k2 = e6 − e3e4e14, k3 = e8 − e2e7e14,
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k4 = e9 − e3e7e14, r1 =
1

e13

[k3
k1

(
e11 − e4e10e14

)
− e12 + e7e10e14

]
,

r2 =
−1

k1

(
e11 + k2r1 − e4e10e14

)
, r3 = −e14

(
e10 + e3r1 + e2r2

)
,

r4 =
1

A1

(
−A2r3 +A4r1 +A3r2 + 1

)
, z1 =

−1

e13

(
e7e14 −

k3e4e14
k1

)
,

z2 =
−1

k1

(
e4e14+k2z1

)
, z3 = e14

(
− e3z1 − e2z2 + 1

)
,

z4 =
−1

A1

(
A2z3 −A3z2 −A4z1

)
, u1 =

−k3
k1e13

, u2 =
1

k1

(
1− k2u1

)
,

u3 = −e14
(
e2u2 + e3u1

)
, u4 =

1

A1

[
−A2u3 +A3u2 +A4u1

]
, s1 =

1

e13
,

s2 =
−k2s1
k1

, s3 = −e14
(
e3s1 + e2s2

)
, s4 =

1

A1

(
A4s1 −A2s3 +A3s2

)
,

A1 =
Γ(α1)

Γ(α1 + β1 − 1)
, A2 = (β1 − 1), A3 =

Γ(α2)

Γ(α2 + β2)

m∑
i=1

µiη
α2+β2−1
i ,

A4 =

m∑
i=1

µiη
β2−1
i , B1 =

Γ(α1)

Γ(α1 + β1)
, B2 = 1,

B3 =
Γ(α2)

Γ(α2 + β2 + 1)

n∑
j=1

ρj(ξ
α2+β2
j − ζα2+β2

j ), B4 =
1

β2

n∑
j=1

ρj(ξ
β2
j − ζ

β2
j ),

E1 =
Γ(α1)

Γ(α1 + β1)

m∑
i=1

σiη
α1+β1−1
i , E2 =

m∑
i=1

σiη
β1−1
i ,

E3 =
Γ(α2)

Γ(α2 + β2 − 1)
, E4 = (β2 − 1),

L1 =
Γ(α1)

Γ(α1 + β1 + 1)

n∑
j=1

ωj(ξ
α1+β1
j − ζα1+β1

j ),

L2 =
1

β1

n∑
j=1

ωj(ξ
β1
j − ζ

β1
j ), L3 =

Γ(α2)

Γ(α2 + β2)
, L4 = 1.

Proof. Applying the integral operators Iα1 and Iα2 to the first and second
equations in (2), respectively, we get

(6)

{
(Dβ1 + λ1)x(t) = Iα1g1(t) + tα1−1c1,

(Dβ2 + λ2)y(t) = Iα2g2(t) + tα2−1d1,

where c1, d1 ∈ R are unknown arbitrary constants.
Now, applying the integral operators Iβ1 and Iβ2 to the first and second equa-

tions in (6), respectively, we obtain
(7)

x(t) = Iα1+β1g1(t)− λ1Iβ1x(t) +
Γ(α1)

Γ(α1 + β1)
tα1+β1−1c1 + tβ1−1c2 + tβ1−2c3,

y(t) = Iα2+β2g2(t)− λ2Iβ2y(t) +
Γ(α2)

Γ(α2 + β2)
tα2+β2−1d1 + tβ2−1d2 + tβ2−2d3,
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where c2, d2, c3 and d3 are unknown arbitrary real constants. Combining the con-
ditions x(0) = 0 = y(0) with (7), we find that c3 = d3 = 0 as 1 < β1, β2 < 2.
Then, the system (7) takes the form

(8)

x(t) = Iα1+β1g1(t)− λ1Iβ1x(t) +
Γ(α1)

Γ(α1 + β1)
tα1+β1−1c1 + tβ1−1c2,

y(t) = Iα2+β2g2(t)− λ2Iβ2y(t) +
Γ(α2)

Γ(α2 + β2)
tα2+β2−1d1 + tβ2−1d2.

From (8), we have

(9)

x′(t) = Iα1+β1−1g1(t)− λ1Iβ1−1x(t) +
Γ(α1)

Γ(α1 + β1 − 1)
tα1+β1−2c1

+ (β1 − 1)tβ1−2c2,

y′(t) = Iα2+β2−1g2(t)− λ2Iβ2−1y(t) +
Γ(α2)

Γ(α2 + β2 − 1)
tα2+β2−2d1

+ (β2 − 1)tβ2−2d2.

Now, using (8) and (9) in the remaining boundary conditions of (1), we get

(10)

A1c1 +A2c2 −A3d1 −A4d2 = J1,

B1c1 +B2c2 −B3d1 −B4d2 = J2,

−E1c1 − E2c2 + E3d1 + E4d2 = J3,

−L1c1 − L2c2 + L3d1 + L4d2 = J4,

where Ap, Bp, Ep, Lp, p = 1, 2, 3, 4, are given in (5), and

(11)

J1 =

m∑
i=1

µi

[
Iα2+β2g2(ηi)− λ2Iβ2y(ηi)

]
−
[
Iα1+β1−1g1(1)− λ1Iβ1−1x(1)

]
,

J2 =

n∑
j=1

ρj

∫ ξj

ζj

[
Iα2+β2g2(s)− λ2Iβ2y(s)

]
ds−

[
Iα1+β1g1(1)− λ1Iβ1x(1)

]
,

J3 =

m∑
i=1

σi

[
Iα1+β1g1(ηi)− λ1Iβ1x(ηi)

]
−
[
Iα2+β2−1g2(1)− λ2Iβ2−1y(1)

]
,

J4 =

n∑
j=1

ωj

∫ ξj

ζj

[
Iα1+β1g1(s)− λ1Iβ1x(s)

]
ds−

[
Iα2+β2g2(1)− λ2Iβ2y(1)

]
.

Solving the system (10) for c1, c2, d1 and d2, we find that

(12)

c1 = r4J1 + z4J2 + u4J3 + s4J4,

c2 = r3J1 + z3J2 + u3J3 + s3J4,

d1 = r2J1 + z2J2 + u2J3 + s2J4,

d2 = r1J1 + z1J2 + u1J3 + s1J4.
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Inserting the above values of c1, c2, d1 and d2 in (8) together with (5) and (11),
we obtain the solution (3) and (4). By direct computation, one can obtain the
converse of the lemma. �

3. Main results

Let Y denote the Banach space of all continuous functions from J → R endowed
with the supremum norm ‖x‖ = supt∈J |x(t)|. Then, the product space Y × Y is
also a Banach space endowed with the norm ‖(x, y)‖ = ‖x‖+ ‖y‖, (x, y) ∈ Y × Y.
In view of Lemma 2.3, we can transform the problem (1) into a fixed point problem
(x, y) = T (x, y), where T : Y × Y → Y × Y is an operator defined by

(13) T (x, y)(t) =

(
T1(x, y)(t)
T2(x, y)(t)

)
,

with
T1(x, y)(t)(14)

=

∫ t

0

[ (t− s)β1+α1−1

Γ(β1 + α1)
f1(s, x(s), y(s))− λ1

(t− s)β1−1

Γ(β1)
x(s)

]
ds

+ φ1(t)

{ m∑
i=1

µi

∫ ηi

0

[ (ηi − s)β2+α2−1

Γ(β2 + α2)
f2(s, x(s), y(s))− λ2

(ηi − s)β2−1

Γ(β2)
y(s)

]
ds

−
∫ 1

0

[ (1− s)β1+α1−2

Γ(β1 + α1 − 1)
f1(s, x(s), y(s))− λ1

(1− s)β1−2

Γ(β1 − 1)
x(s)

]
ds

}
+ φ2(t)

{ n∑
j=1

ρj

∫ ξj

ζj

∫ s

0

[ (s− u)β2+α2−1

Γ(β2 + α2)
f2(u, x(u), y(u))−λ2

(s−u)β2−1

Γ(β2)
y(u)

]
duds

−
∫ 1

0

[ (1− s)β1+α1−1

Γ(β1 + α1)
f1(s, x(s), y(s))− λ1

(1− s)β1−1

Γ(β1)
x(s)

]
ds

}
+ φ3(t)

{ m∑
i=1

σi

∫ ηi

0

[ηi − s)β1+α1−1

Γ(β1 + α1)
f1(s, x(s), y(s))− λ1

(ηi − s)β1−1

Γ(β1)
x(s)

]
ds

−
∫ 1

0

[ (1− s)β2+α2−2

Γ(β2 + α2 − 1)
f2(s, x(s), y(s))− λ2

(1− s)β2−2

Γ(β2 − 1)
y(s)

]
ds

}
+ φ4(t)

{ n∑
j=1

ωj

∫ ξj

ζj

∫ s

0

[ (s−u)β1+α1−1

Γ(β1+α1)
f1(u, x(u), y(u))−λ1

(s−u)β1−1

Γ(β1)
x(u)

]
duds

−
∫ 1

0

[ (1− s)β2+α2−1

Γ(β2 + α2)
f2(s, x(s), y(s))− λ2

(1− s)β2−1

Γ(β2)
y(s)

]
ds

}
and

T2(x, y)(t)(15)

=

∫ t

0

[ (t− s)β2+α2−1

Γ(β2 + α2)
f2(s, x(s), y(s))− λ2

(t− s)β2−1

Γ(β2)
y(s)

]
ds

+ θ1(t)

{ m∑
i=1

µi

∫ ηi

0

[ (ηi − s)β2+α2−1

Γ(β2 + α2)
f2(s, x(s), y(s))− λ2

(ηi − s)β2−1

Γ(β2)
y(s)

]
ds

−
∫ 1

0

[ (1− s)β1+α1−2

Γ(β1 + α1 − 1)
f1(s, x(s), y(s))− λ1

(1− s)β1−2

Γ(β1 − 1)
x(s)

]
ds

}
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+ θ2(t)

{ n∑
j=1

ρj

∫ ξj

ζj

∫ s

0

[ (s−u)β2+α2−1

Γ(β2+α2)
f2(u, x(u), y(u))−λ2

(s− u)β2−1

Γ(β2)
y(u)

]
duds

−
∫ 1

0

[ (1− s)β1+α1−1

Γ(β1 + α1)
f1(s, x(s), y(s))− λ1

(1− s)β1−1

Γ(β1)
x(s)

]
ds

}
+ θ3(t)

{m∑
i=1

σi

∫ ηi

0

[ηi−s)β1+α1−1

Γ(β1+α1)
f1(s, x(s), y(s))−λ1

(ηi−s)β1−1

Γ(β1)
x(s)

]
ds

−
∫ 1

0

[ (1− s)β2+α2−2

Γ(β2 + α2 − 1)
f2(s, x(s), y(s))− λ2

(1− s)β2−2

Γ(β2 − 1)
y(s)

]
ds

}
+ θ4(t)

{ n∑
j=1

ωj

∫ ξj

ζj

∫ s

0

[ (s− u)β1+α1−1

Γ(β1+α1)
f1(u, x(u), y(u))−λ1

(s−u)β1−1

Γ(β1)
x(u)

]
duds

−
∫ 1

0

[ (1− s)β2+α2−1

Γ(β2 + α2)
f2(s, x(s), y(s))− λ2

(1− s)β2−1

Γ(β2)
y(s)

]
ds

}
.

Observe that the fixed points of the operator T are solutions to the problem (1).
In the forthcoming analysis, we need the following assumptions:

(H1) There exist real constants mp, np ≥ 0, p = 1, 2, and m0, n0 > 0 such that

|f1(t, x, y)| ≤ m0 +m1|x|+m2|y|,
|f2(t, x, y)| ≤ n0 + n1|x|+ n2|y|,

for all x, y ∈ R;
(H2) There exist constants `1 and `2 such that for all t ∈ J , xp, yp ∈ R, p = 1, 2,

|f1(t, x2, y2)− f1(t, x1, y1| ≤ `1(|x2 − x1|+ |y2 − y1|),
|f2(t, x2, y2)− f2(t, x1, y1| ≤ `2(|x2 − x1|+ |y2 − y1|).

For the sake of computational convenience, we introduce the notations:

Z1 =
1

Γ(β1 + α1 + 1)
+ φ1

1

Γ(β1 + α1)
+ φ2

1

Γ(β1 + α1 + 1)
(16)

+ φ3

m∑
i=1

|σi|
ηβ1+α1
i

Γ(β1 + α1 + 1)
+φ4

n∑
j=1

|ωj |
Γ(β1+α1 + 2)

(
ξβ1+α1+1
j −ζβ1+α1+1

j

)
,

Z2 = φ1

m∑
i=1

|µi|
ηβ2+α2
i

Γ(β2 + α2 + 1)
+ φ2

n∑
j=1

|ρj |
Γ(β2 + α2 + 2)

(
ξβ2+α2+1
j − ζβ2+α2+1

j

)
+ φ3

1

Γ(β2 + α2)
+ φ4

1

Γ(β2 + α2 + 1)
,

Z3 = λ1

[
1

Γ(β1 + 1)
+ φ1

1

Γ(β1)
+ φ2

1

Γ(β1 + 1)
+ φ3

m∑
i=1

|σi|
ηβ1i

Γ(β1 + 1)

+ φ4

n∑
j=1

|ωj |
Γ(β1 + 2)

(
ξβ1+1
j − ζβ1+1

j

)]
,

Z4 = λ2

[
φ1

m∑
i=1

|µi|
ηβ2i

Γ(β2 + 1)
+ φ2

n∑
j=1

|ρj |
Γ(β2 + 2)

(
ξβ2+1
j − ζβ2+1

j

)
+ φ3

1

Γ(β2)
+ φ4

1

Γ(β2 + 1)

]
,
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N1 = θ1
1

Γ(β1 + α1)
+ θ2

1

Γ(β1 + α1 + 1)
+ θ3

m∑
i=1

|σi|
ηβ1+α1
i

Γ(β1 + α1 + 1)

+ θ4

n∑
j=1

|ωj |
Γ(β1 + α1 + 2)

(
ξβ1+α1+1
j − ζβ1+α1+1

j

)
,

N2 =
1

Γ(β2 + α2 + 1)
+ θ1

m∑
i=1

|µi|
ηβ2+α2
i

Γ(β2 + α2 + 1)

+ θ2

n∑
j=1

|ρj |
Γ(β2 + α2 + 2)

(
ξβ2+α2+1
j − ζβ2+α2+1

j

)
+ θ3

1

Γ(β2 + α2)

+ θ4
1

Γ(β2 + α2 + 1)
,

N3 = λ1

[
θ1

1

Γ(β1)
+ θ2

1

Γ(β1 + 1)
+ θ3

m∑
i=1

|σi|
ηβ1i

Γ(β1 + 1)

+ θ4

n∑
j=1

|ωj |
Γ(β1 + 2)

(
ξβ1+1
j − ζβ1+1

j

)]
,

N4 = λ2

[
1

Γ(β2 + 1)
+ θ1

m∑
i=1

|µi|
ηβ2i

Γ(β2 + 1)
+ θ2

n∑
j=1

|ρj |
Γ(β2 + 2)

(
ξβ2+1
j − ζβ2+1

j

)
+ θ3

1

Γ(β2)
+ θ4

1

Γ(β2 + 1)

]
,

where

φp = sup
t∈J
|φp(t)|, θp = sup

t∈J
|θp(t)|, p = 1, 2, 3, 4.

Now, we are in a position to present our main results. Our first result, dealing
with the existence of solutions for the problem (1), relies on Leray-Schauder’s
alternative [20].

Theorem 3.1. If the condition (H1) is satisfied, then the problem (1) has at
least one solution on J , provided that max{W1,W2} < 1, where

(17)
W1 = m1(Z1 +N1) + n1(Z2 +N2) + (Z3 +N3),

W2 = m2(Z1 +N1) + n2(Z2 +N2) + (Z4 +N4),

Zp and Np, p = 1, 2, 3, 4, are given in (16).

Proof. Let us first establish that the operator T : Y × Y → Y × Y defined
by (13) is completely continuous. Observe that the operator T is continuous in
view of continuity of functions f1 and f2. Let Bρ = {(x, y) ∈ Y ×Y : ‖(x, y)‖ ≤ ρ}
with

(18) ρ ≥ m0(Z1 +N1) + n0(Z2 +N2)

1−max{W1,W2}
,

where W1 and W2 are given in (17). For any (x, y) ∈ Bρ, let

|f1(t, x, y)| ≤ m0 +m1‖x‖+m2‖y‖ = K1,

|f2(t, x, y)| ≤ n0 + n1‖x‖+ n2‖y‖ = K2.
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Then, for any (x, y) ∈ Bρ, we obtain

‖T1(x, y)‖

≤ sup
t∈J

{∫ t

0

[ (t− s)β1+α1−1

Γ(β1 + α1)
|f1(s, x(s), y(s))|+ λ1

(t− s)β1−1

Γ(β1)
|x(s)|

]
ds

+ |φ1(t)|
{ m∑
i=1

|µi|
∫ ηi

0

[ (ηi − s)β2+α2−1

Γ(β2 + α2)
|f2(s, x(s), y(s))|+ λ2

(ηi − s)β2−1

Γ(β2)
|y(s)|

]
ds

+

∫ 1

0

[ (1− s)β1+α1−2

Γ(β1 + α1 − 1)
|f1(s, x(s), y(s))|+ λ1

(1− s)β1−2

Γ(β1 − 1)
|x(s)|

]
ds

}
+ |φ2(t)|

{ n∑
j=1

|ρj |
∫ ξj

ζj

∫ s

0

[ (s− u)β2+α2−1

Γ(β2+α2)
|f2(u, x(u), y(u))|+ λ2

(s− u)β2−1

Γ(β2)
|y(u)|

]
duds

+

∫ 1

0

[ (1− s)β1+α1−1

Γ(β1 + α1)
|f1(s, x(s), y(s))|+ λ1

(1− s)β1−1

Γ(β1)
|x(s)|

]
ds

}
+ |φ3(t)|

{ m∑
i=1

|σi|
∫ ηi

0

[ηi − s)β1+α1−1

Γ(β1 + α1)
|f1(s, x(s), y(s))|+ λ1

(ηi − s)β1−1

Γ(β1)
|x(s)|

]
ds

+

∫ 1

0

[ (1− s)β2+α2−2

Γ(β2 + α2 − 1)
|f2(s, x(s), y(s))|+ λ2

(1− s)β2−2

Γ(β2 − 1)
|y(s)|

]
ds

}
+ |φ4(t)|

{ n∑
j=1

|ωj |
∫ ξj

ζj

∫ s

0

[ (s− u)β1+α1−1

Γ(β1 + α1)
|f1(u, x(u), y(u))|+ λ1

(s− u)β1−1

Γ(β1)
|x(u)|

]
duds

+

∫ 1

0

[ (1− s)β2+α2−1

Γ(β2 + α2)
|f2(s, x(s), y(s))|+ λ2

(1− s)β2−1

Γ(β2)
|y(s)|

]
ds

}}
≤ K1Z1 +K2Z2 + Z3‖x‖+ Z4‖y‖,

where Zp, p = 1, 2, 3, 4, are given in (16). Hence

(19) ‖T1(x, y)‖ ≤ K1Z1 +K2Z2 + Z3‖x‖+ Z4‖y‖.

Similarly, we can find that

(20) ‖T2(x, y)‖ ≤ K1N1 +K2N2 +N3‖x‖+N4‖y‖,

where Np, p = 1, 2, 3, 4, are given in (16).
Inserting the values of K1 and K2 into (19) and (20) and using the definition

of norm, we get

‖T (x, y)‖ ≤ m0(Z1 +N1) + n0(Z2 +N2) + max (W1,W2)ρ ≤ ρ,

where have used (18). This shows that T (Bρ) is uniformly bounded.
Next, we show that T (Bρ) is equicontinuous. For that, we take t1, t2 ∈ J with

t1 < t2 and (x, y) ∈ Bρ. Then, we obtain

|T1(x, y)(t2)− T1(x, y)(t1)|

≤
∣∣∣∣ ∫ t2

0

[
(t2 − s)β1+α1−1

Γ(β1 + α1)
f1(s, x(s), y(s))− λ1

(t2 − s)β1−1

Γ(β1)
x(s)

]
ds

−
∫ t1

0

[
(t1 − s)β1+α1−1

Γ(β1 + α1)
f1(s, x(s), y(s))− λ1

(t1 − s)β1−1

Γ(β1)
x(s)

]
ds

∣∣∣∣
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+ |φ1(t2)− φ1(t1)|
∣∣J̃1∣∣+ |φ2(t2)− φ2(t1)|

∣∣J̃2∣∣
+ |φ3(t2)− φ3(t1)|

∣∣J̃3∣∣+ |φ4(t2)− φ4(t1)|
∣∣J̃4∣∣

≤ [m0 + (m1 +m2)ρ]

Γ(β1 + α1 + 1)

[
2(t2 − t1)β1+α1 + |tβ1+α1

2 − tβ1+α1
1 |

]
+

λ1

Γ(β1 + 1

[
2(t2 − t1)β1 + |tβ12 − t

β1
1 |
]
ρ

+

[
Γ(α1)|r4|

Γ(β1 + α1)
|tβ1+α1−1
2 − tβ1+α1−1

1 |+ |r3||tβ1−1
2 − tβ1−1

1 |
]∣∣J̃1∣∣

+

[
Γ(α1)|z4|

Γ(β1 + α1)
|tβ1+α1−1
2 − tβ1+α1−1

1 |+ |z3||tβ1−1
2 − tβ1−1

1

]∣∣J̃2∣∣
+

[
Γ(α1)|u4|

Γ(β1 + α1)
|tβ1+α1−1
2 − tβ1+α1−1

1 |+ |u3||tβ1−1
2 − tβ1−1

1

]∣∣J̃3∣∣
+

[
Γ(α1)|s4|

Γ(β1 + α1)
|tβ1+α1−1
2 − tβ1+α1−1

1 |+ |s3||tβ1−1
2 − tβ1−1

1

]∣∣J̃4∣∣
−→ 0 as (t2 − t1)→ 0 independently of (x, y) ∈ Bρ,

where J̃1 and J̃2 are obtained from (11) by replacing g1 and g2 with f1 and f2,
respectively, and∣∣J̃1∣∣ ≤ n0

m∑
i=1

|µi|
ηα2+β2
i

Γ(α2 + β2 + 1)
+

m0

Γ(α1 + β1)

+

[(
n1+n2

) m∑
i=1

|µi|
ηα2+β2
i

Γ(α2+β2 + 1)
+

m1+m2

Γ(α1+β1)
+

λ1

Γ(β1)
+λ2

m∑
i=1

|µi|
ηβ2i

Γ(β2+1)

]
ρ,

∣∣J̃2∣∣ ≤ n0

n∑
j=1

|ρj |
(
ξα2+β2+1
j − ζα2+β2+1

j

)
Γ(α2 + β2 + 2)

+
m0

Γ(α1 + β1 + 1)

+

[(
n1 + n2

) n∑
j=1

|ρj |
(
ξα2+β2+1
j − ζα2+β2+1

j

)
Γ(α2 + β2 + 2)

+
m1 +m2

Γ(α1 + β1 + 1)
+

λ1

Γ(β1 + 1)

+ λ2

n∑
j=1

|ρj |
(
ξβ2+1
j − ζβ2+1

j

)
Γ(β2 + 2)

]
ρ,

∣∣J̃3∣∣ ≤ m0

m∑
i=1

|σi|
ηα1+β1
i

Γ(α1 + β1 + 1)
+

n0

Γ(α2 + β2)

+

[(
m1+m2

) m∑
i=1

|σi|
ηα1+β1
i

Γ(α1+β1+1)
+

n1+n2

Γ(α2+β2)
+ λ1

m∑
i=1

|σi|
ηβ1i

Γ(β1+1)
+

λ2

Γ(β2)

]
ρ,

∣∣J̃4∣∣ ≤ m0

n∑
j=1

|ωj |
(
ξα1+β1+1
j − ζα1+β1+1

j

)
Γ(α1 + β1 + 2)

+
n0

Γ(α2 + β2 + 1)

+

[(
m1 +m2

) n∑
j=1

|ωj |
(
ξα1+β1+1
j − ζα1+β1+1

j

)
Γ(α1 + β1 + 2)

+
n1 + n2

Γ(α2 + β2 + 1)

+ λ1

n∑
j=1

|ωj |
(
ξβ1+1
j − ζβ1+1

j

)
Γ(β1 + 2)

+
λ2

Γ(β2 + 1)

]
ρ,
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Similarly, it can be shown that

|T2(x, y)(t2)− T2(x, y)(t1)| −→ 0 as (t2 − t1)→ 0 independently of (x, y) ∈ Bρ.
Thus, T1(Bρ) and T2(Bρ) are equicontinuous and hence T (Bρ) is equicontinu-

ous. Therefore, by Arzelà-Ascoli theorem, T is completely continuous.
In the final step, we consider a set Ω = {(x, y) ∈ Y ×Y : (x, y) = τT (x, y), 0 <

τ ≤ 1} and show that it is bounded. Let (x, y) ∈ Ω. Then (x, y) = τT (x, y)
implies that x(t) = τT1(x, y)(t) and y(t) = τT2(x, y)(t) for t ∈ J . Then, by the
assumption (H1), we have

‖x‖ = sup
t∈J
|x(t)| ≤ sup

t∈J
|T1(x, y)(t)|

≤ sup
t∈J

{∫ t

0

[ (t− s)β1+α1−1

Γ(β1 + α1)

(
m0 +m1|x|+m2|y|

)
+ λ1

(t− s)β1−1

Γ(β1)
|x(s)|

]
ds

+ |φ1(t)|
{ m∑
i=1

|µi|
∫ ηi

0

[ (ηi − s)β2+α2−1

Γ(β2 + α2)

(
n0 + n1|x|+n2|y|

)
λ2

(ηi − s)β2−1

Γ(β2)
|y(s)|

]
ds

+

∫ 1

0

[ (1− s)β1+α1−2

Γ(β1 + α1 − 1)

(
m0 +m1|x|+m2|y|

)
+ λ1

(1− s)β1−2

Γ(β1 − 1)
|x(s)|

]
ds

}
+ |φ2(t)|

{ n∑
j=1

|ρj |
∫ ξj

ζj

∫ s

0

[ (s− u)β2+α2−1

Γ(β2 + α2)

(
n0 + n1|x|+ n2|y|

)
+ λ2

(s− u)β2−1

Γ(β2)
|y(u)|

]
duds

+

∫ 1

0

[ (1− s)β1+α1−1

Γ(β1 + α1)

(
m0 +m1|x|+m2|y|

)
+ λ1

(1− s)β1−1

Γ(β1)
|x(s)|

]
ds

}
+ |φ3(t)|

{ m∑
i=1

|σi|
∫ ηi

0

[ηi − s)β1+α1−1

Γ(β1 + α1)

(
m0 +m1|x|+m2|y|

)
+ λ1

(ηi − s)β1−1

Γ(β1)
|x(s)|

]
ds

+

∫ 1

0

[ (1− s)β2+α2−2

Γ(β2 + α2 − 1)

(
n0 + n1|x|+ n2|y|

)
+ λ2

(1− s)β2−2

Γ(β2 − 1)
|y(s)|

]
ds

}
+ |φ4(t)|

{ n∑
j=1

|ωj |
∫ ξj

ζj

∫ s

0

[ (s− u)β1+α1−1

Γ(β1 + α1)

(
m0 +m1|x|+m2|y|

)
+ λ1

(s− u)β1−1

Γ(β1)
|x(u)|

]
duds

+

∫ 1

0

[ (1− s)β2+α2−1

Γ(β2 + α2)

(
n0 + n1|x|+ n2|y|

)
+ λ2

(1− s)β2−1

Γ(β2)
|y(s)|

]
ds

}}
,

which implies that

(21) ‖x‖ ≤ (m0Z1 +n0Z2) + (m1Z1 +n1Z2 +Z3)‖x‖+ (m2Z1 +n2Z2 +Z4)‖y‖.
In a similar manner, we can find that

(22) ‖y‖ ≤ (m0N1+n0N2)+(m1N1+n1N2+N3)‖x‖+(m2N1+n2N2+N4)‖y‖.
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From (21) and (22), it follows that

‖x‖+ ‖y‖ ≤ m0(Z1 +N1) + n0(Z2 +N2) + max (W1,W2)
(
‖x‖+ ‖y‖

)
,

where W1 and W2 are given in (17). The above inequality can alternatively be
written as

‖(x, y)‖ ≤ 1

G0
[m0(Z1 +N1) + n0(Z2 +N2)],

where
G0 = 1−max (W1,W2).

Therefore, the set Ω is bounded. In consequence, we deduce by the Leray-Schauder
alternative [20] that there exists at least one fixed point for the operator T . Hence,
the problem (1) admits at least one solution on J . �

Now, we accomplish a uniqueness result for the problem (1) by means of a fixed
point theorem due to Banach.

Theorem 3.2. Suppose that the condition (H2) is satisfied. Then the prob-
lem (1) has a unique solution on J , provided that

(23) `1(Z1 +N1) + `2(Z2 +N2) + max (Z3 +N3,Z4 +N4) < 1,

where Zp and Np, p = 1, 2, 3, 4, are given in (16).

Proof. Define a closed ball Br = {(x, y) ∈ Y × Y : ‖(x, y)‖ ≤ r} with

(24) r ≥ M1(Z1 +N1) +M2(Z2 +N2)

1−
[
`1(Z1 +N1) + `2(Z2 +N2)

]
−max (Z3 +N3,Z4 +N4)

,

where supt∈J |f1(t, 0, 0)| = M1 < ∞ and supt∈J |f2(t, 0, 0)| = M2 < ∞. Now,
we show that T Br ⊂ Br, where T : Br −→ Y × Y is defined by (13). By (H2), we
have

|f1(t, x(t), y(t))| ≤ |f1(t, x(t), y(t))− f1(t, 0, 0, )|+ |f1(t, 0, 0, )| ≤ `1r +M1,

|f2(t, x(t), y(t))| ≤ |f2(t, x(t), y(t))− f2(t, 0, 0, )|+ |f2(t, 0, 0, )| ≤ `2r +M2.

For (x, y) ∈ Br, we obtain

‖T1(x, y)‖

≤ sup
t∈J

{∫ t

0

[ (t− s)β1+α1−1

Γ(β1 + α1)

(
`1r +M1

)
+ λ1

(t− s)β1−1

Γ(β1)
|x(s)|

]
ds

+ |φ1(t)|
{ m∑
i=1

|µi|
∫ ηi

0

[ (ηi − s)β2+α2−1

Γ(β2 + α2)

(
`2r +M2

)
+ λ2

(ηi − s)β2−1

Γ(β2)
|y(s)|

]
ds

+

∫ 1

0

[ (1− s)β1+α1−2

Γ(β1 + α1 − 1)

(
`1r +M1

)
+ λ1

(1− s)β1−2

Γ(β1 − 1)
|x(s)|

]
ds

}
+ |φ2(t)|

{ n∑
j=1

|ρj |
∫ ξj

ζj

∫ s

0

[ (s− u)β2+α2−1

Γ(β2+α2)

(
`2r +M2

)
+λ2

(s− u)β2−1

Γ(β2)
|y(u)|

]
duds

+

∫ 1

0

[ (1− s)β1+α1−1

Γ(β1 + α1)
(`1r +M1

)
+ λ1

(1− s)β1−1

Γ(β1)
|x(s)|

]
ds

}
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+ |φ3(t)|
{ m∑
i=1

|σi|
∫ ηi

0

[ηi − s)β1+α1−1

Γ(β1 + α1)

(
`1r +M1

)
+ λ1

(ηi − s)β1−1

Γ(β1)
|x(s)|

]
ds

+

∫ 1

0

[ (1− s)β2+α2−2

Γ(β2 + α2 − 1)

(
`2r +M2

)
+ λ2

(1− s)β2−2

Γ(β2 − 1)
|y(s)|

]
ds

}
+ |φ4(t)|

{ n∑
j=1

|ωj |
∫ ξj

ζj

∫ s

0

[ (s− u)β1+α1−1

Γ(β1+α1)

(
`1r+M1

)
+λ1

(s− u)β1−1

Γ(β1)
|x(u)|

]
duds

+

∫ 1

0

[ (1− s)β2+α2−1

Γ(β2 + α2)

(
`2r +M2

)
+ λ2

(1− s)β2−1

Γ(β2)
|y(s)|

]
ds

}}
≤
(
`1r +M1

)
Z1 + Z3‖x‖+

(
`2r +M2

)
Z2 + Z4‖y‖.

Likewise, we can find that

‖T2(x, y)‖ ≤
(
`1r +M1

)
N1 +N3‖x‖+

(
`2r +M2

)
N2 +N4‖y‖.

Using the above inequalities together with (24), we get

‖T (x, y)‖ = ‖T1(x, y)‖+ ‖T2(x, y)‖
≤
[
`1(Z1 +N1) + `2(Z2 +N2)

]
r +M1(Z1 +N1) +M2(Z2 +N2)

+ max (Z3 +N3,Z4 +N4)r ≤ r,

which shows that T (x, y) ∈ Br. Hence, T Br ⊂ Br as (x, y) ∈ Br is an arbitrary
element.

Next, it will be established that the operator T is a contraction. For that, let
(x1, y1), (x2, y2) ∈ Y × Y. Then, for any t ∈ J , we obtain

‖T1(x2, y2)− T1(x1, y1)‖

≤ sup
t∈J

{∫ t

0

[ (t− s)β1+α1−1

Γ(β1 + α1)
|f1(s, x2(s), y2(s))− f1(s, x1(s), y1(s))|

+ λ1
(t− s)β1−1

Γ(β1)
|x2(s)− x1(s)|

]
ds

+ |φ1(t)|
{ m∑
i=1

|µi|
∫ ηi

0

[ (ηi − s)β2+α2−1

Γ(β2 + α2)
|f2(s, x2(s), y2(s))− f2(s, x1(s), y1(s))|

+ λ2
(ηi − s)β2−1

Γ(β2)
|y2(s)− y1(s)|

]
ds

+

∫ 1

0

[ (1− s)β1+α1−2

Γ(β1 + α1 − 1)
|f1(s, x2(s), y2(s))− f1(s, x1(s), y1(s))|

+ λ1
(1− s)β1−2

Γ(β1 − 1)
|x2(s)− x1(s)|

]
ds

}
+ |φ2(t)|

{ n∑
j=1

|ρj |
∫ ξj

ζj

∫ s

0

[ (s− u)β2+α2−1

Γ(β2 + α2)

∣∣∣f2(u, x2(u), y2(u))− f2(u, x1(u), y1(u))|

+ λ2
(s− u)β2−1

Γ(β2)
|y2(u)− y1(u)|

]
duds

+

∫ 1

0

[ (1− s)β1+α1−1

Γ(β1 + α1)
|f1(s, x2(s), y2(s))− f1(s, x1(s), y1(s))|

+ λ1
(1− s)β1−1

Γ(β1)
|x2(s)− x1(s)|

]
ds

}
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+ |φ3(t)|
{ m∑
i=1

|σi|
∫ ηi

0

[ηi − s)β1+α1−1

Γ(β1 + α1)
|f1(s, x2(s), y2(s))− f1(s, x1(s), y1(s))|

+ λ1
(ηi − s)β1−1

Γ(β1)
|x2(s)− x1(s)|

]
ds

+

∫ 1

0

[ (1− s)β2+α2−2

Γ(β2 + α2 − 1)
|f2(s, x2(s), y2(s))− f2(s, x1(s), y1(s))|

+ λ2
(1− s)β2−2

Γ(β2 − 1)
|y2(s)− y1(s))|

]
ds

}
+ |φ4(t)|

{ n∑
j=1

|ωj |
∫ ξj

ζj

∫ s

0

[ (s− u)β1+α1−1

Γ(β1 + α1)
|f1(u, x2(u), y2(u))− f1(u, x1(u), y1(u))|

+ λ1
(s− u)β1−1

Γ(β1)
|x2(u)− x1(u)|

]
duds

+

∫ 1

0

[ (1− s)β2+α2−1

Γ(β2 + α2)

∣∣∣f2(s, x2(s), y2(s))− f2(s, x1(s), y1(s))|

+ λ2
(1− s)β2−1

Γ(β2)
|y2(s)− y1(s)|

]
ds

}}
≤
(
`1Z1 + `2Z2

)
(‖x2 − x1‖+ ‖y2 − y1‖) + Z3‖x2 − x1‖+ Z4‖y2 − y1‖.

Similarly, we can get

‖T2(x2, y2)− T2(x1, y1)‖
≤
(
`1N1 + `2N2

)
(‖x2 − x1‖+ ‖y2 − y1‖) +N3‖x2 − x1‖+N4‖y2 − y1‖.

From the foregoing inequalities, we have

‖T (x2, y2)− T (x1, y1)‖
≤
[
`1(Z1 +N1) + `2(Z2 +N2) + max (Z3 +N3,Z4 +N4)

]
× (‖x2 − x1‖+ ‖y2 − y1‖),

which, in view of (23), implies that T is a contraction. Thus, the conclusion of
Banach’s fixed point theorem applies and the operator T has a unique fixed point.
Therefore, the problem (1) has a unique solution on J . �

4. Examples

Example 4.1. Consider a coupled system of nonlinear Langevin equations:

(25)



Dα1(Dβ1 + λ1)x(t) = f1(t, x(t), y(t)), t ∈ J ,
Dα2(Dβ2 + λ2)y(t) = f2(t, x(t), y(t)), t ∈ J ,

x(0) = 0, x′(1) =

m∑
i=1

µiy(ηi), x(1) =

n∑
j=1

ρj

∫ ξj

ζj

y(s)ds,

y(0) = 0, y′(1) =

m∑
i=1

σix(ηi), y(1) =

n∑
j=1

ωj

∫ ξj

ζj

x(s)ds,
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where α1 = 3/4, α2 = 1/2, β1 = 3/2, β2 = 4/3, η1 = 1/28, η2 = 1/21, η3 = 1/14,
µ1 = 1/15, µ2 = 1/10, µ3 = 1/5, σ1 = 1/15, σ2 = 1/10, σ3 = 1/5, ζ1 = 1/9,
ζ2 = 3/9, ζ3 = 5/9, ξ1 = 2/9, ξ2 = 4/9, ξ3 = 6/9, λ1 = 1/20, λ2 = 1/4, ρ1 = 1/11,
ρ2 = 1/5, ρ3 = 1/3, ω1 = 1/12, ω2 = 1/6, ω3 = 1/4, m = n = 3, J = [0, 1].

Using the given values, we find that Z1 ≈ 0.78606595, Z2 ≈ 0.08344012,
Z3 ≈ 0.07533521, Z4 ≈ 0.02825324, N1 ≈ 0.04145488, N2 ≈ 1.16257045, N3 ≈
0.00364788, and N4 ≈ 0.42076590.

(
Zp and Np, p = 1, 2, 3, 4, are given in (16)

)
.

In order to illustrate Theorem 3.1, we take the following nonlinear functions in (25):

(26)

f1(t, x(t), y(t)) =
1

12
+

|x(t)|
210(1 + |x(t)|)

+
|y(t)|

(t+ 2)3(1 + |y(t)|)
,

f2(t, x(t), y(t)) =
1

6
+

|x(t)|
2(1 + |x(t)|)

+
|y(t)|

(t+ 3)3(1 + |y(t)|)
.

For each t ∈ [0, 1] and x, y ∈ R, we have

|f1(t, x(t), y(t))| ≤ 1

12
+

1

210
|x(t)|+ 1

8
|y(t)|,

|f2(t, x(t), y(t))| ≤ 1

6
+

1

2
|x(t)|+ 1

27
|y(t)|.

Hence, the assumption (H1) holds with m0 = 1/12, m1 = 1/210, m2 = 1/8,
n0 = 1/6, n1 = 1/2, n2 = 1/27. Moreover, we find that

W1 ≈ 0.70592896 < 1 and W2 ≈ 0.59860778 < 1.

Thus, the hypothesis of Theorem 3.1 is verified. Therefore, by the conclusion of
Theorem 3.1, the Langevin system (25), with the nonlinear functions f1 and f2
given by (26) has at least one solution on J .

Example 4.2. Consider a coupled fractional boundary value problem of

(27)



Dα1(Dβ1 + λ1)x(t) = f1(t, x(t), y(t)), t ∈ J ,
Dα2(Dβ2 + λ2)y(t) = f2(t, x(t), y(t)), t ∈ J ,

x(0) = 0, x′(1) =

m∑
i=1

µiy(ηi), x(1) =

n∑
j=1

ρj

∫ ξj

ζj

y(s)ds,

y(0) = 0, y′(1) =

m∑
i=1

σix(ηi), y(1) =

n∑
j=1

ωj

∫ ξj

ζj

x(s)ds,

where α1 = 3/4, α2 = 1/2, β1 = 3/2, β2 = 4/3, η1 = 1/28, η2 = 1/21, η3 = 1/14,
µ1 = 1/15, µ2 = 1/10, µ3 = 1/5, σ1 = 1/15, σ2 = 1/10, σ3 = 1/5, ζ1 = 1/9,
ζ2 = 3/9, ζ3 = 5/9, ξ1 = 2/9, ξ2 = 4/9, ξ3 = 6/9, λ1 = 1/20, λ2 = 1/4, ρ1 = 1/11,
ρ2 = 1/5, ρ3 = 1/3, ω1 = 1/12, ω2 = 1/6, ω3 = 1/4, m = n = 3, J = [0, 1].

Making use of the given data, we find that: Z1 ≈ 0.78606595, Z2 ≈ 0.08344012,
Z3 ≈ 0.07533521, Z4 ≈ 0.02825324, N1 ≈ 0.04145488, N2 ≈ 1.16257045, N3 ≈
0.00364788, N4 ≈ 0.42076590.

(
Zp and Np, p = 1, 2, 3, 4, are given in (16)

)
.
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For demonstrating the application of Theorem 3.2, we take the nonlinear func-
tions in (27) as

(28)

f1(t, x(t), y(t)) =
1

100
tan−1x(t) +

1

4(t+ 5)2(1 + |y(t)|)
+ 2,

f2(t, x(t), y(t)) =
1

3
√
t3 + 144

(
cosx(t) +

|y(t)|
1 + |y(t)|

)
+ 5et.

For each t ∈ J and x1, y1, x2, y2 ∈ R, we notice that

|f1(t, x2, y2)− f1(t, x1, y1)| ≤ 1

100
(|x2 − x1|+ |y2 − y1|),

|f2(t, x2, y2)− f2(t, x1, y1)| ≤ 1

36
(|x2 − x1|+ |y2 − y1|).

Clearly, the condition (H2) holds true with `1 = 1/100 and `2 = 1/36. Further,
we have

`1(Z1 +N1) + `2(Z2 +N2) + max(Z3 +N3,Z4 +N4) ≈ 0.49190575 < 1.

Since the assumptions of Theorem 3.2 are satisfied, therefore, it follows by its
conclusion that the problem (27) with f1 and f2 given in (28) has a unique solution
on J .

5. Conclusion

In this study, we have established the existence and uniqueness results for a cou-
pled system of Riemann–Liouville type nonlinear fractional Langevin equations
equipped with nonlocal multi-point and multi-strip coupled boundary conditions.
Our results are novel in the given configuration and contribute significantly to
the related literature on fractional Langevin equations. Some new results can be
obtained from the present ones by fixing the parameters involved in boundary
data of the given problem. For example, by taking µi = σi = 0 for i = 1, . . . ,m,
our results correspond to the ones equipped with multi-strip coupled boundary
conditions

x(0) = 0, y(0) = 0, x′(1) = 0, y′(1) = 0,

x(1) =

n∑
j=1

ρj

∫ ξj

ζj

y(s)ds, y(1) =

n∑
j=1

ωj

∫ ξj

ζj

x(s)ds.

By taking ρj = ωj = 0 for j = 1, . . . , n, in the present results, we obtain the ones
associated with multi-point coupled boundary conditions

x(0) = 0, x(1) = 0, y(0) = 0, y(1) = 0,

x′(1) =

m∑
i=1

µiy(ηi), y′(1) =

m∑
i=1

σix(ηi).
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