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OSCILLATORY AND ASYMPTOTIC BEHAVIOUR OF VECTOR
SOLUTIONS OF FIRST-ORDER 2-D NEUTRAL
DIFFERENCE SYSTEMS

S. DAS anDp A. K. TRIPATHY

ABSTRACT. The aim of this paper is to obtain the sufficient conditions for oscilla-
tion and nonoscillation of vector solutions of a class of first-order two-dimensional
nonautonomous neutral delay difference systems of the form:

a(v) +q(v)a(v —p) ] _ [ ai(v) az(v) } { d(a(v —1)) ] " [M(V) }

Bw) +q(v)B(v — p) az(v) as(v) | [ $(B(r—m)) wa(v) |’
where p > 0, m > 0, | > 0 are integers, a;(v), j = 1,2,3,4, q(v), w1 (v),w2(v) are
real valued sequences for v € N(1vg), and ¢, ¢ € C(R,R) are bounded functions with
the properties u¢(u) > 0, vip(v) > 0 for u # 0, v # 0. We verify some of our results
with illustrative examples.

1. INTRODUCTION

In this paper, we study the oscillatory behaviour of solutions of the first-order
two-dimensional nonautonomous difference systems of the form:
(NASI)
a(v) +Q(V)04(V—P)} _ [al(V) az(V)] [ dla(v—1)) } n {wl(V)}
B) +q(v)B(v —p) az(v) as(v) | | ¥(B(v —m)) wa(v)
for v > vy > p = max{l,m,p}, where p > 0, m > 0, I > 0 are integers, a;(v),
i =1,2,3,4, q(v), wi(v), wa(v) are sequences of real numbers for v € N(vg) =
{vo,vo+1,...}, and ¢,¢ € C(R,R) are bounded nondecreasing functions with the
properties ug(u) > 0, vip(v) > 0 for u # 0, v # 0.
In [15], the authors Tripathy and Das have studied the first-order neutral au-
tonomous system
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where a1, a2, as3,a4,q € R, p > 1,1, m € N. Here, the state of art is the construction
of characteristic equation along with its qualitative study to locate the roots on R.
Another state of art is the linearized oscillation method for the first-order nonlinear
neutral nonautonomous difference systems
(NAS3)
a(v) — qw)hi(a(v —p)) } n { a1 (v) asx(v) } { d(a(v —=1)) ] 0. v
B) = a()ha(B(v — p)) az(v) as(v) | | 9B —m) |~ 7=
in the range 1 < ¢(v) < oo, where hq, ha, ¢, % € C(R,R). The authors’ purpose was
to understand the oscillatory and nonoscillatory behaviour of solutions of (NAS2)
and (NAS3), and the study of (NAS3) is incomplete as long as ¢(v) < 0 and
0 < g(v) <1 are concerned.

Very often, two neighbouring countries with their common boundaries involve
with common boundary issues, which affects the countries defence budgets. If
a(v) and S(v) are the expenditures on arms by two neighbouring countries B and
D, respectively, at discrete time v, then the change in the next defence budget
expenditure by the country B has a term proportional to (3, since the larger ex-
penditure in arms by D, the larger will be the change of expenditure in arms by
B. Also, it has a term proportional to —a;, since its own arms expenditure has
an inhibiting effect on the next expenditure on arms by B. It may also contain a
term independent of the expenditures depending on mutual suspicions or mutual
goodwill. Taking these considerations into account, the above arms race model for
two countries takes the form:

Aa(v) = —a1a(v) + a2B(v) + 1,
AB(v) = azf(v) — asB(v) + s,

where a1, a2,as,a4 € R are positive constants, and r,s > 0 (< 0) for mutual
suspicions (mutual goodwill). In the matrix form, we have the model

av) | | —a1 a2 a(v) r
alsn )= ][]
which can also be treated as the discrete version of the Richardson’s armed race
model, and the study of the preceding system have been documented in the liter-
ature [13] and [14] unlike the methods established in [4, 8, 9] and [10].

Let a(v) and 3(v) be the population size of matured male and female, respec-
tively, at time v. Before maturity, that is at time (v—7), let a(v—7) and S(v—7) be
the unmatured male and female size, respectively. After the 7 period, the growth
of population size depends on the so called matured male and female along with
the converted unmatured male and female, which can be modelled in the form:

Ala(v) +qw)a(v — 7)) = ar(v)¢(a(v — @) + ax (V) (B(r — <)),
ABW) +aw)Bv — 7)) = as(w)d(a(v — p) + as(W)P(B(v — <)),

where 7, u,¢ € IT. With this population growth, if there is a possibility of em-
igration or immigration of some matured male and female say wi(v) and wa(v),
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respectively, then the resultant population size could be

A | (@) +a()alv — ) ] _ {M(V) az(v) } V(a(v — ) ] n {M(V) ]
(BW) +q)Bv — 1)) az(v) as(v) | | Y(B(v —<)) wa(v) |’

which is similar to (NAS1). More on difference equations and system of difference
equations, we refer the monographs [1, 2, 3, 7] and some works [5, 6, 12].

Qualitative behaviour of solutions of system of differential/difference equations
play an important role in Dynamical Systems. Keeping this fact in mind, our
object here is to study the necessary and sufficient conditions for oscillatory and
asymptotic behaviour of vector solutions of population model (NAS1). We infer
the Richardson’s armed race model as a special case of (NAS1).

Definition 1.1. By a solution of (NAS1), we mean a vector ¥(v)=[a(v), B(v)]%,
which satisfies (NAS1) for v € N(—) = {9, -9+ 1,...0,1,2,...}. We say that
the vector solution W(v) oscillates componentwise or strongly oscillates or sim-
ply oscillates, if each component oscillates. Otherwise, the vector solution ¥(v)
is called nonoscillatory, that is, each component of the vector solution is either
eventually positive or eventually negative and say strongly nonoscillatory if both
components of ¥(v) are nonoscillatory.

Lemma 1.2 (cf. [11]). Let ¢(k), (k) and q(k) be real valued functions of
discrete arguments defined for k > ko > 0 such that ¢(k) = (k) + q(k)p(k — s),
k > ko + s, where s > 0 is an integer. Suppose that there exist real numbers o1,
02, 03, 04 such that q(p) is in one of following ranges:

1. —oco < 01 < q(k) <0,
2.0<¢q(k) <02 <1,
3. 1< 03 <q(k) < o4 < o0.
If (k) > 0 for k > ko, likminfzp(k) =0, and klim ¢(k) = d exists, then d = 0. If
— 00 bde el
Y(k) <0 for k > ko, limsupvy (k) =0, and klim ¢(k) = d emists, then d = 0.
— 00

k—o0

Theorem 1.3 (cf. [3]). Let X be a Banach space. Let V' be a bounded closed
conver subset of X, and let M1, Mo be two maps of V into X such that Mia +
Msf €V for every pair o, 5 € V. If My is contraction and Ma is completely
continuous, then the equation

M1Q+M204 =

has a solution in V.
2. NECESSARY AND SUFFICIENT CONDITIONS
In this section, we establish the necessary and sufficient conditions for all vec-

tor solutions ¥(v) = [a(v), B(v)]T of the system (NAS1), which either strongly
oscillate or tend to zero as v — 0.
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Lemma 2.1. Let —1 < ¢; < q(v) <0 and a1(v) < 0, az(v) > 0, az(v) > 0,
as(v) <0 for any large v. Assume that the following conditions hold:

> wi(v) ng(y) <

v=0

(A2) D as(v) < Z
v=0

v=

(A3) Y ar(v) = Z
v=0 v=0

Let U(v) = [a(v), B(v)]T be a strongly nonoscillatory vector solution of (NASI)
such that a(v) < 0, a(v —p) < 0, a(v —1) < 0, and B(v) < 0, B(v —p) < 0,
B(v—m) <0 forv>wvy >uvy. Then le T(v) =0.

< 00,

Proof. We have that ¥(v) = [a(v), 8(v)]T is a strongly nonoscillatory vector
solution of (NAS1) such that a(v) < 0, a(v —p) <0, a(v —1) < 0, and B(v) < 0,
Bv—p) <0, B(v—m) <0 forv>wvs >y We set

= D" aa(iyu(B(i —m)), Zas a(i—1));
z1(v) = a(v) +q(v)a (V—p), zz(V)—ﬁ( )+q( )B(V—p);
Wl(l/) = —|—P1 Zwl WQ(V) = +P2 ng

forv > v > 1y +p. Therefore,

(1) AW (v) = a1 (v)¢(a(v —1)) = 0,
(2) AW,(v) = as(v)p(B(v —m)) = 0
for v > vy. Consequently, W1 (v) and W (v) are monotonic for v > vy. Let W1 (v) >

0 for v > vy. We claim that «(v) is bounded. If not, let there exist a subsequence
a(v;) of a(v) such that v; — oo and a(y;) — —oo as j — oo and a(y;) =
min{a(v) : vo < v <wv;}. We may choose v; sufficiently large such that v, —p > vy,
and hence,

(3) Wi(v;) = o) + q(vj)ex )+ Z as(i m)) = > wi(i)
i=v; =0
vi—1
< (1+ca)a(y; —|—Za2 Zwl — —o0as j — 0o

lVJ

implies that Wy (v;) < 0 for large v;, a contradiction. Thus, our claim holds, and
lim Wi (v) exists. If limsup a(v) = 41, —oc0 < d; < 0, then we can find m; < 0

v—00 v—00
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and vs > vy such that a(v —1) <y for v > v3. Tt follows from (1) that

S a@olalv 1) = 3 AW() = Wi(t) - Wilws) < WA ()

implies that

om) - aw) < 3 a@)slaly — 1) < Jim Wa(t) < oo,

which contradicts to (Asz). Ultimately, limsup a(v) = 0. Now, lim Wj(v) exists
v—00 v—oo
implies that lim z;(v) exists. Using Lemma 1.2, we get lim z; = 0, and similar
V—00 v—00
conclusion holds if Wy (v) < 0 for v > v,. For —1 < ¢1 < ¢(v) <0, we infer that

0= liyrggf z1(v) < liyrggf[a(u) + cra(v — p)]

< liminf a(v) + lim sup[c; (v — p)]

1 Zede el V—>00

= liminf a(v) + ¢; lim inf[a(v — p)]
1 Zde el vV—00
= (1 + ¢1) liminf a(v),
vV—00

that is, liminf a(v) = 0, and hence, lim «(v) = 0. The preceding argument can
V—0Q0 V—00

be made for W5(v) as well, and consequently, 0 = ILm B(v). This completes the

proof of the lemma. O

Lemma 2.2. Assume that all the conditions of Lemma 2.1 hold. Let ¥ (v) =
[a(v), BW)]T be a strongly monoscillatory vector solution of (NAS1) such that
alv) >0, alv—p) >0, alv—1) >0, and f(v) >0, B(v—p) >0, Blv—m)>0
forv>wvy > vy. Then VILH;C ¥(v) =0.

Proof. We have that ¥(v) is a strongly nonoscillatory vector solution of (NASI)
such that a(v) > 0, a(v —p) > 0, a(v —1) > 0, and B(v) > 0, B(v —p) > 0,
B(v—m) > 0 for v > vy. Setting a*(v) = —a(v), 8*(v) = =B(v), wi(v) = —w1 (v),
wi(v) = —wa(v), ¢*(a) = —d(—a), P*(a) = —p(—p), we see that the vector
[a*(v), B*(v)]T is the solution of
(NAS4)

A a*(V)Jr(J(V)a*(VP)} _ [m(V) 02(’/)] [ ¢ (a*(v = 1)) } n {WT(V)}
p*w) +a()s (v —p) ag(v) as(v) | | 97 (8" (v —m)) wy(v) |

v > v, which is equivalent to (NAS1). The rest of the proof follows from

Lemma 2.1. This completes the proof of the lemma. O

Lemma 2.3. Assume that all the conditions of Lemma 2.1 hold. Let U (v) =
[a(v), B)]T be a strongly nonoscillatory vector solution of (NAS1) such that
a(v) <0, a(v—p) <0, alv—-1) <0, and f(v) >0, B(v—p) >0, B(v—m) >0
forv >y >1vy. Then Vlirigo U(v) =0.
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Proof. Let U(v) be a strongly nonoscillatory vector solution of (NAS1) such
that a(v) < 0, a(v—p) <0, a(rv—1) < 0,and f(v) >0, B(v—p) >0, f(v—m) >0
for v > vy, then we find
(4) AWy (v) = a1(v)¢(a(v —1)) = 0,

() AW (v) = as(v)p(B(v —m)) <0,
in which W3 (v) and Wa(rv) are monotonic. All we are done for W1 (v) insisting the
fact lim a(v) = 0. If we put —5(v) = v(v) in (5), then it happens to be

vV—00

(o)
Alo(v) + q()o(v —p) + ) as(D)o(a(i —1)] = aa()(v(v —m)) >0,
i=v
which is similar to (4), and the argument is analogous to that of Lemma 2.1. O

Lemma 2.4. Assume that all the conditions of Lemma 2.1 hold. Let U (v) =
[a(v), B(W)])T be a strongly nonoscillatory vector solution of (NAS1) such that
alv) >0, a(v—p) >0, a(v—1) >0, and f(v) <0, f(v—p) <0, Blv—m) <0
forv >wvi >1y. Then VILH;O U(v) =0.

Lemma 2.5. Let 0 < q(v) < c2 < o0 and a1(v) < 0, az(v) > 0, as(v) > 0,
as(v) <0 for any large v. Assume that all the conditions of Lemma 2.1 hold. Let
U(v) = [a(v), B(w)]T be a strongly nonoscillatory vector solution of (NAS1) such
that a(v) < 0, a(v—p) <0, a(rv—1) <0, and B(v) <0, B(r—p) <0, B(rv—m) <0
forv >y >1vy. Then Vlirrgo U(v) =0.

Proof. Let ¥(v) = [a(v), B(v)]T be a strongly nonoscillatory vector solution
of (NASI). Assume that a(v) < 0, a(v —p) < 0, a(v —1) < 0, and B(v) < 0,
B(v—p) <0, f(r—m) <0 for v > vy. Setting as in Lemma 2.1, we conclude that
Wi(v) and Wh(v) are monotonic for v > vy. Let Wi (v) > 0 for v > vy > vy. As
in Lemma 2.1, we can claim the boundedness of a(v). Consequently, Vli_{lgo Wi (v)

exists. Proceeding as in Lemma 2.1, we have limsup a(v) = 0. As lim 2z (v) exists
v—00 V=0

and due to Lemma 1.2, it follows that Vli_)rgo z1(v) = 0. If Wh(v) < 0 for v > vy,
then Vli_}nolo W1 (v) exists, and so, Uli_)n;o z1(v). Since z1(v) < a(v) for v > vy, then it
follows that «(v) is bounded. Again, as in Lemma 2.1, we have Vlggo z1(v) =0. Of
course, z1(v) < a(v) for v > vy implies that Vli_{& a(v) = 0. The proof is analogous
for monotonic Ws(v), from which we find that Vli_}r{io B(v) = 0. Hence, the proof of

the lemma is completed. O

Lemma 2.6. Assume that all the conditions of Lemma 2.5 hold. Let VU (v) =
[a(v), BW)]T be a strongly nonoscillatory vector solution of (NAS1) such that
av) >0, a(v—p) >0, a(v—1) >0, and f(v) >0, f(v—p) >0, Blv—m) >0
forv >y >1vy. Then Van;O U(v) =0.
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Lemma 2.7. Assume that all the conditions of Lemma 2.5 hold. Let ¥(v) =
[a(v), BW)]T be a strongly monoscillatory vector solution of (NAS1) such that
a(v) <0, a(v—p) <0, alv-1)<0, and B(v) >0, B(rv—p) >0, B(v—m) >0
forv>uvy >vy. Then VILII;c ¥(v) =0.

Lemma 2.8. Assume that all the conditions of Lemma 2.5 hold. Let ¥(v) =
[a(v), BW)]T be a strongly nonoscillatory vector solution of (NAS1) such that
a() >0, a(v—p) >0, alv-1)>0,and B(v) <0, B(r—p) <0, B(v—m) <0
forv>uvy >vy. Then Vli_)rgo ¥(v) =0.

Lemma 2.9. Let —c0 < ¢5 < q(v) < ¢ < —1 and a1(v) < 0, az(v) > 0,
az(v) >0, as(v) < 0 for any large v. Assume that all the conditions of Lemma 2.1
hold. Let W(v) = [a(v),B(V)]T be a strongly nonoscillatory vector solution of
(NAS1) such that a(v) < 0, a(v—p) <0, a(v—1) <0, and S(v) <0, S(v—p) <0,
B(v—m) < 0 forv > vy > vy. Then every bounded vector solution ¥(v) of (NAS1)
tends to zero as v — oc.

Proof. The proof of the lemma follows from Lemma 2.1, and using Lemma 1.2,

we have lim z1(v) =0 = lim z3(v). Hence,
n—oo V— 00

0= lim 2 (v) = liminf(a(v) + g(w)a(y — p))
< liminf(a(v) + esa(v — p))

< limsup a(v) + lim inf(cga(v — p))
v—00 v—00

= (1 + ¢g) limsup a(v)

vV— 00

implies that lim a(r) = 0. lim A(v) = 0 can similarly be dealt with. This

V—r0Q0 V—r00
completes the proof of the lemma. O

Lemma 2.10. Assume that all conditions of Lemma 2.9 hold. Let ¥(v) =
[a(v), B)]T be a strongly nonoscillatory vector solution of (NAS1) such that
a(v) >0, a(v—p) >0, a(v—1) >0, and B(v) > 0, B(v—p) > 0, B(v—m) > 0 for
v > vy > vy. Then every bounded vector solution U(v) of (NAS1) tends to zero as
v — o0.

Lemma 2.11. Assume that all conditions of Lemma 2.9 hold. Let ¥(v) =
[a(v), B(W)])T be a strongly nonoscillatory vector solution of (NAS1) such that
a(v) <0, a(v—p) <0, a(v—1I) <0, and B(v) >0, B(v—p) >0, B(v—m) > 0 for
v > vy > vy. Then every bounded vector solution U (v) of (NAS1) tends to zero as
vV — OQ.

Lemma 2.12. Assume that all conditions of Lemma 2.9 hold. Let ¥(v) =
[a(v), BW)]T be a strongly nonoscillatory vector solution of (NAS1) such that
a(v) >0, a(v—p) >0, a(v—1) >0, and B(v) <0, B(v—p) <0, B(v—m) <0 for
v > vy > vy. Then every bounded vector solution U (v) of (NAS1) tends to zero as
v — 00.
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Theorem 2.13. Let a1(v) < 0, az(v) > 0, ag(v) > 0, as(v) < 0 for large v.
Suppose that ¢, € Lip{ly,ls,[a,b], —00 < a < b < o0}, and (A1), (Az) hold. If
—1 < ¢ < q(v) <0, then every vector solution of (NAS1) either strongly oscillates
or converges to zero as v — oo if and only if (As) holds.

Proof. Let ¥(v) = [a(v), B(v)]T be a vector solution of (NAS1). If it oscillates,
then there is nothing to prove. Assume that it is a strongly nonoscillatory vector
solution of (NAS1). Without loss of generality, we consider here the four possible
cases:

Case 1: a(v) < 0, alv —p) < 0, a(v —1) < 0, and S(v) < 0, B(v —p) < 0,
By —m) <0 for v >y > 1.
Case 2: a(v) > 0, a(v —p) > 0, a(v —1) > 0, and B(v) > 0, S(v — p) > 0,
Bv —m) >0 for v >y > 1.
Case 3: a(v) < 0, alv —p) <0, a(v —1) < 0, and S(v) > 0, B(v —p) > 0,
By —m) >0 for v >y > 1.
Case 4: a(v) > 0, a(v —p) > 0, a(v—1) > 0, and B(v) < 0, B(v —p) < 0,
Blv —m) <0 for v > 1y > 1.

In each of the above cases, we find lim ¥(r) = 0 by using Lemma 2.1, Lemma 2.2,
V—00

Lemma 2.3 and Lemma 2.4, respectively.
Conversely, we assume that

Zal(u) > —00, Za4(u) > —00.

Let B = I5° be the Banach space of all real bounded sequences ¥ = [a(v), B(v)]"
with the sup norm defined by

B={¥:N—=R?: |V :su§|\ll| < oo}
ve

For a fixed interval I, define
v ={YeB:al),BV)elxI,v>u},

where I = [H%, 1]. Clearly, v;1 C B is closed, bounded and convex. By (Aj),
there exists v; > 0 such that

o (L+e) o (L)

i:Zy ‘al(l)| < 12l1 ) ;aﬂ(l) < 12l2 )

= (14a) = , (1+c1)

>oasti) < St Dlatil < g
and

= +e) — | (+a)

;wl(z) < Y iz_;wg(z) <T

for v > vy, where Iy = max{ui,¢(1)}, lo = max{ug, (1)}, and uy,us are the

Lipschitz constants of ¢ and 1), respectively, on [l'gcl ,1].
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Define the maps 7,T: v; — B such that
1 — .
( —ch) —q(u)oz(u—p)—;al(z) a(i —1)) Zo.q
1+ —
B2 o) —p) = 3 anliy(Bl —m) — 3" wal)

(TO)(v) = (T¥)(11) for vi —n <v < v,

and o
—ZGQ (@A) (B(i —m))
(T¥)(v) = for v > v,

Zag ai—1))

(T\I/)(I/):(T\I/)( ) forvi —n<v <.

We note that -
_ | | Ty
=[] = [%]

Let ¥, T € v;. Then for v > vy,

(TY)(v) =

) szlv

(Tw)0) + () = LD Zal afi D)
wal (7) —Zag (DB —m))
(1+01

< +Z|a1 M¢lali = D)+

ZWQ(i)

+Z laz(9) [ (B(i — m)) — ¥ (0)]

= % —a+o(l) (11;?1) . ;401) +o(1) (11;?)
S(l%fl)_01+(l+6q) (1;401) _ 1122301 -
and (1+c1)
(W) (v) + (M) (v) = —— ~ Zal a(i—1))
—iwli —Za2i7//5i—m))
1+c1

)| = D laa ()18 = m)) = (0)|

1(1+01)_(1+C1)
120, 8
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Similarly, (720)(v) + (T2 Y)(v) € vy for v > vq, and so, TV + TY € v;. For ¥,
and ¥y € vy,

[(Ti0)(v) = (Ti¥2) (V)] < lg(v)lar(v —m) — az(v —m))|

3 lar(0)é(as i = ) = é(az(i - D)

1+c¢
< —erflar =l + 2 (1 oy — aal)
1214
— e+ 28 flou — el = Ly — o
= C1 1 o] — ogf| = o a1 — Qi
and also,
1-—11c
(BU)E) = (R)@)] < —5— 181 = B
for v > v implies that
1—-11c
[TW; — T < Tl|\‘1’1 — Uy,

that is, 7 is a contraction mapping.

Next, we show that T is continuous. Let ¥;(v) = [a;(v), 3;(v)]T € v; for any
j € N. Let U;(v) be such that a;(rv) = a(v) and B;(v) — B(v) as j — oo. If
we choose ¥(v) = [a(v), B(v)]T, then ¥; € vy implies that ¥ € vy, and hence,
a(v), B(v) € I for v > vy. Therefore,

(T195)(v) = (T10) (@) < D las (@)l (55 (i = m)) = d(B(i —m))|

<l Y az(@)]|B;(i —m) = Bli —m)| =0 as j = oo

and

(T2%5)(v) = (T2 ¥) ()] < Y las(@)|d(ay(i — 1) = dlali - D)
i=v
<l Y as(i)]a(i —m) —a(i—1)] =0 asj— oo
i:Vl
imply that
[(T®;) — (TY)[| = 0 as j — oo,

that is, T is continuous. Next, we show that Tv; is uniformly Cauchy. Let ¢ >
% > 0 be given. We can find v5 > 17 such that for v > vy,

Z@(ﬂ\ﬂ#(ﬁ(i —m))| <e

> as(@)lélali —m))| < e
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due to (As) and the definitions of Pj(v) and Py(v). For vy > v5 > v, it follows
that

(T) o) — (T ) 5)] = | 3 a8~ m) — 3 ax(ipi3ti —m)
_ Z@(W(ﬁ(i—m))‘
< Y laa@(aG - m)] <«
and
(Tw) ) — (T9) )| = | 3 as(i)otati —0) — 3 as(ihplati — 1)
-| Y- watotati- )

<Y las(@)élali —1)] < e,
i:Vg
that is, Tv; is uniformly Cauchy for every vs, vy > v5. Hence by the Krasnoselskii’s
fixed point theory, there exists a solution ¥(v) = [a(v), B(v)]T of (NAS1) in vy
such that (T¥)(v) + (TV)(v) = ¥(v) for v > v,. Looking at the fact that

(M¥)() + (Ta¥)(v) = alw),  (T29)(¥) + (T2¥)(¥) = B(v)

for v > vy, it is easy to verify that ¥(v) = [a(v), 3(v)]T is the required vector
solution of (NAS1). This completes the proof of the theorem. O

Theorem 2.14. Let 0 < g(v) < co < 1 for large v. Suppose that ¢, €
Lip{l1,ls, [t1,t2],0 < t1 < ta < oo}. If (A1) and (Ag) hold, then every vector
solution of (NASI) strongly oscillates or converges to zero as v — oo if and only
if (As) holds.

Proof. Let ¥(v) = [a(v), B(v)]T be a vector solution of (NAS1). If it oscillates,
then there is nothing to prove. With (A3), let ¥(v) = [a(v), 8(v)]T be a strongly
nonoscillatory vector solution of (NAS1), then proceeding like Theorem 2.13, we
can undertake four similar cases. In each case, we can also find ILm U(v) =0 by
using Lemmas 2.5, 2.6, 2.7 and 2.8, respectively. o

Conversely, we assume that (A3) fails to hold. Let B = [7? be the Banach space
of all real bounded sequences ¥ = [a(v), 3(v)]T with the sup norm

B={U:N-R?: |V :su§|\11| < o0}
ve

Define
vo={VeB:aW),Br)elxI,v>un}
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where [ = [1152, ]. Tt is easy to see that vy C B is closed, bounded and convex.
By using (A7), we can find v; > 0 such that
= (=) N )
; ()] < === ;02(1) <R,
> . (1 — Cg) s 3 (1 — 62)
Doosli) < S P et < S
and
= - ] (A—co)
i_zywl(z) < TR ;wg(z) < 10

for v > vy, where Iy = max{ui,¢(1)}, lo = max{uz, (1)}, and u;,us are the

Lipschitz constants of ¢ and 1, respectively, on [11062, ]. We define the maps
T,T: vy — B such that
243 = . . — .
@) ya —p) — Y a@efal — )~ > @)
(T¥)(v) = & = , v,
243 . . .
B3 0B =)~ D syl — m)) — 3 wal)
(TO)(v) = (T¥) (1) forvi —n<v<un
and
= as (i) (B(i —m))
(TO)(v) = =y for v > vy,
~> " asi)éali ~ 1)
(TO)(v) = (TU)(ry) forvy —np<v<u.
Without any loss of generality,
| | T
=zl =]
The rest of the proof of the theorem follows from the proof of Theorem 2.13, and
hence the details are omitted. O

Theorem 2.15. Let 1 <3 <q(v)<c¢ < (Cg)z < oo for large v. Suppose that
¢, € Lip{ly,la, [t3, ta], —00 < t3 < tqg < oo}. If (A1) and (Aa) hold, then every
vector solution of (NAS1) either strongly oscillates or converges to zero as v — 0o

if and only if (Asz) holds.

Proof. The first half of the proof follows from Theorem 2.14. Here, also in each
case, by using same Lemmas followed by Theorem 2.14, we can find lim ¥(v) = 0.

V—r00
For the remaining half, B = I7° is the Banach space of all real bounded sequences
U(v) = [a(v), B(v)]* with the sup norm
B={¥:N—=R?:|¥| =sup|¥| < oo},
veN
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and for a fixed interval I,
vs={P eB:(a),Bw)elxI,v>u},
0371

where I = [g2=",1] and v3 C B is closed, bounded and convex. Due to (A;), we
can find v; > 0 such that

> . (63 — ].) > . (Cg — ].)
iz:; |a1(z)| < 403l1 9 ZQZ(Z) < 8C4l2 9

0o
N (e3—1) -1
; a3(2) < 86411 ’ Z ‘Cl4 463l2

and
(s —1)
88304 ’

(c3 —1)
80364

Zwl(i) < Z‘”Q(i) <

for v > vy, where Iy = max{ui,¢(1)}, lo = max{ug, (1)}, and uy,us are the
Lipschitz constants of ¢ and 1), respectively, on [gigci 1].
Define the maps T, T: vs — B such that

(T¥)(v)
(2c3+c3 — 1) a(v+p) > _ 1 > o (i
| desavtp)  alvtp) l/+p Z a(gleti 1) - q(v +p) i;p 0
| @d4es—1) Brtp) = . e S o |
desq(v+p)  a(v+p) u+p ZZ « N ) ;p 1)
for v > 11,
(TO)(v) = (TY)(11) forvi —n<v <,
and
1 o0
s > (e - m)
(TY)(v) = 1 =vip for v > v,
1 . -
Cq(v+p) 1;17 as(i)plali - 1)
(TO)(v) = (TO)(vy) forvy —p<v <.
Indeed,
| T Ty
7] ]
Let U, T € v3. For v > vy,
(T0)() + (T, T)(v)
7(203—5—03—1)70[(1/—1—17)7 1 > ) .
= den D) i) a0, ;padz)(ﬁ(a(z 1)
1 > ‘ 1 = , ,
e Z;pm(z) - l;paz(z)ﬂ)(ﬁ(z —m))
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Cte=1) LS 0 @leati— 1) - 60)
< 4c3 q(v+p) iy
1 - . 1 - , .
+“V+mig%fmﬁ+@@+p%gggwunwﬁu—m»—wwn
(2¢2 4+ c3 — 1) - , 1 [es—1
&%+mu%2;ymm+%[&wj
1 oo
+ wmg > Jaa(i)]
i=v-+p
(2c24+c3—1) e3—1 c3—1 e3—1
4c2 4c2 8¢2 8¢3
_ 4¢3 + 6c3 — 6
and
_ @23+ -1 atp) 1 . .
B0+ M) =L o)~ dorn) ) 2 06D
1 > . 1 > _ _
- i;pm(l) ~ T ;p ax (i) (B(i —m))
(2c§+0371)_a(u+p)_ 1 >, .
4esey qv+p) qlv+p) i:zn—:i,-p wi ()
1 > . .
T i:zy;rp |laz (4)|[¢(B(i —m)) — 4(0)]
(2¢2+c3—1) 1 1 Jez—1 1 [es—1
dezey o [80304 } — ¥ )g [ 8cyly ]
23 +e3—1) 1 =1 ¢z—1
46364 C3 80364 86364
- 4¢3 —8cy _ c3—1
- 86304 ’

86304
that is, (T1¥)(v)+(T1Y)(v) € vz, and similar observation follows when (T2 ¥)(v)+

(T2Y)(v) € vs. For ¥y and ¥y € vs,

T () — T Ua(v)
LS i (@)lléon (i — 1) - dlas(i — 1))

1
< —|laa(v+p) — B2(v +p)|| +
03” ( ) ( | TR

1
< = _ _
T c3 ||0¢1 062” + C3 40311

1 {CS - 1] |p(ar (i = 1)) = dlaz(i — 1))
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IN

L 1+ (2 ||
— |01 — ¢ — a1 —
o 1 2 120, 1 2
< i C3 — 1

C3 42

and so also, we can find that |20, (v) — T2Ua(v)| < 563 1||ﬂ1 Bzl for v > vy.
As a result,

5c3
lar — aqf| = 42 ||a1 sl

5
1T, — 70| < 25

||‘I’1 Uyl

shows that 7 is a contraction mapping.

For continuity of T, we let ¥;(v) = [a;(v), B;(v)]T € vs for any j € N, and
U,;(v) has the property: «;(v) — a(v), B;(v) = B(v) as j — oo. If we choose
U(v) = [a(y),ﬁ( )T, then W;(v) € vy if and only if ¥(r) € vs3, and hence,

a(v), B) € [@=k

Hence, the detalls are omitted. So, the theorem is proved. O

1} for v > 1. The rest of this part follows from Theorem 2.14.

Theorem 2.16. Let —oo < ¢5 < q(v) < ¢g < —1 for large v. Suppose that
¢, € Lip{ly,la,[r1,7r2],—00 < 11 < ro < oo}, and let (Ay), (A2) hold. Then
every bounded vector solution of (NAS1) either strongly oscillates or converges to
zero if and only if (As) holds.

Proof. The sufficient part follows from Theorem 2.13. Also, in each case, we
can obtain lim ¥(r) = 0 by using Lemmas 2.9, 2.10, 2.11 and 2.12, respectively.
V—00

Conversely, we assume that

Saw) >0, P aw) > -
v=0 v=0

Let B = [}7 be the Banach space of all bounded sequence in R2 with the sup norm
B={¥:N—R?:|¥| =sup|¥| < oo},
veN
and define
vy ={V eB: (av),B(v) €I x1,v=uw}

where [ = [ﬁ,A]. Indeed, vy C B is closed, bounded and convex. Because of
(A1), we choose

2M — (M +1
M>max{—05,c6+ < } A= (M + 1)

1+CG _(Cﬁ_M)(1+CG)
such that

(—¢6) S (—¢6)
3 I < T Z‘W“m’

v=rq v=ri
= (_CG) (_CG)
a3(V) < —"—, a4 —_
;;l 3(v) 2(M — c6)ly VX; | 2(M — cg)la
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and
- (—¢s) - (—cs)
VZV:I oJl(’/) < 2(M _666)7 Vgl;l WQ(V) < 2(M_606>

for v > nuy, where l1,ly are Lipschitz constants of ¢ and 1, respectively, on
[ﬁ, A]. Define the maps 7,T: vy — B such that

(TO)(v)

—(2-c)M  avt+p) 1 i
(M=r3)gv+p)  q(v+p) alv+p) Sx

—2-c)M  Bltp) 1 N, ) — — L S
(M=ce)q(v+p)  a(v+p) q(v+p) ;:Jp «()(Bli—m) q(v+p) S 20
for v > v,
(TO)(v) = (T¥)(11) forvy —n<v<u,
and
1 (o]
—m Z az (i) (B(i —m))
(TY)(v) = 1 i:lla;p for v > v,
1 ) -
q(v +p) g% el =)

(TO)(v) = (TO)(vy) forvy —np<v<uv.

We note that - T
_ 1 _ 1
r=[2] T=[n]

Let U, Y € vy. Then for v > v,

(Ti0)(n) + (T1T)(v)
L @M _alwap) 1N
(M —c)gv+p)  qv+p)  qv+p) i=zu;rp et =)
] > wil- PR 3 @i - m)
—@-c)M _awtp) 1~
- (M766)06 q(1/+p) q(l/+p) i:;—p 1( )
_ﬁ > i) - m)
i=v+p
—2-ce)M 1 (~e) 1 " (i
= (M —cg)(—c5) c5 (M —cs) q(z/er)'i;p 1)
- O ) = m) — ()

1=n-+p
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—(2-c)M L 1 1

- (M — 06)66 Cg 2(M — CG) 2(M — 66)
—(2—c)M L n 1

T (M —cg)ecg  cg (M —cg)
—(2—cg)M — L(M — cg) + ¢

- (M — cg)cs

- [QM — (M +1)eg{1 — @6)}]

- (M — 06)06

[QM — (M + 1)eg{1 — _(116)}1 )
(ce — M)(1+ cg) ’
and
(T0) (W) + (T2 1) (v)

(2 —ce)M _a(u—l—p)_ 1 0 (D olali —
(M —c)q(v +p) v+p) Q(V‘i‘p)-z 1B)¢lali ~1)

q( 1=v+p
LS - LS wmwi - m)
a(v +p) = ' q(v +p) 5+ ’
—2-c)M  alv+tp) 1 = w (D blali —
(M —ce)gv+p)  alv+p)  alv+p) i;p 1Detali=10)
1 - :
T v +p) i:;pwl(z)
—2-ce)M 1 (=¢) 1 S’
> Bl-a)e) ali-c qra 2 0
1 o : :
OEES) i;p lay(i)]|¢(a(i = 1)) — ¢(0)]
—(2 — Cg)M Ce _ 1 (—Cg) _ 1 (—Cg)A
T (M —cg)es (M —cg)es  (—ce) 2(M —cg)  (—cg) 2(M — cg)
—(2 — T3)M Cg _ 1
- (M — C6)C5 (M — 06)65 (M — 66)
—MCG Cg

2 —(M—CG)C5 - _(M—CG).

Comparable findings can be acquired for (72%)(v) + (T2Y)(v), v > v;. Hence,
T\If + TT S Vyq.
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For ¥, and ¥, € vy, it is easy to verify that

(T () — (i) ()] < —%\oq(wrp) — as(v+p)|

o0
- 2 @l (s =)~ feati = )

< —Llar— sl + —F oy — ag
T cg (M—CG)
<~ Lo — o]+ —55 oy — as
- s M — cg
< [ ! —1] a1 — az|

M—CG Ce

and

(BI)0) ~ (T )] < | 372 = | 161 = o]

for v > vy, that is,
1 1
— Ce Ce

170 - T0 < |57 o - .

Therefore, 7 is a contraction mapping.
The rest of the proof follows from the proof of Theorem 2.13. Therefore, we
can prove that T is continuous whereas Tv, is uniformly Cauchy. So, by using the

Krasnoselskii’s fixed point theorem, there exists a solution ¥(v) = [a(v), B(v)]T
of (NAS1) in v4 such that (T¥)(v) + (TV)(v) = ¥(v) for v > vy. This completes
the proof of the theorem. O

Remark. The prototype of ¢ and ¥ in Theorems 2.13, 2.14 and 2.15 could be
of the form

R

and for Theorem 2.16, ¢ and 1 could be of the form
{ 6(a) } _ [ o sgna}
¥(B) |B]™sgnp |

where 77 and 79 are the ratio of odd positive integers.

3. DISCUSSION AND EXAMPLES

In this effort, we have discussed the oscillatory, asymptotic behaviour and existence
of nonoscillatory vector solutions of (NAS1) in which a1 (v) < 0, az(v) > 0, ag(v) >
0, as(v) < 0 for all large v along with the hypotheses (A1), (Az) and (As). But,
the results of Section 2 are not applicable to the following example.
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Example 3.1. Consider a two-dimensional nonlinear nonautonomous neutral
difference system of the form:
(NAS5)

alv —2)
A a(v)+ePalv —2) } _ [ a1(v) as(v) ] 1+a2(v—2) n { (=1)Ye™” }
B) +eBw—2) | = las) a) || B2 (—1)e2
1+ 52%2(v—2)

for v > 2, where

1
—e
2

) -3 +e—2 _|_e—(u+2) —I—e_”),
v) = —(1+e2""2)(2e73 4 272 4 5e~ "2 4 2¢7),

)

as(v) = —(1 + 4e2"=2))(
)
)

Indeed,
(A4) Zal(’/) < o0, 204(’/) < o0,
v=0 v=0

(A5) Y as(v) = —00, Y as(v)=—oc.
v=0 v=0

Even if, the conditions of Theorem 2.13 are not satisfied, still (NAS5) admits a
solution ¥(v) = [(—1)*e™",2(—1)"e"¥]T, which is oscillatory and converge to zero
as well.

Hence, with the above example, we are partially satisfied with the following
results:

Theorem 3.2. Let ai(v) >0, az2(v) <0, az(v) <0, as(v) >0 and —1 < ¢1 <
q(v) <0 for large v. Suppose that ¢,v € Lip{ly,ls,[a,b],—00 < a < b < 0o} and
(A1) and (A4) hold. Then every bounded vector solution of (NAS1) either strongly
oscillates or converges to zero if and only if (As) holds.

Theorem 3.3. Let 0 < q(v) < ¢y <1 for large v, and let (A1) and (Ay) hold.
Suppose that ¢, € Lip{l1,la, [71,72],0 < 71 < 72 < oo}. Then every bounded

vector solution of (NAS1) strongly oscillates or converges to zero as v — oo if
and only if (As) holds.

Theorem 3.4. Let 1 < ¢35 < q(v) <cy < % < oo for large v. Assume that
¢, € Lip{ly, la, [k1, 2],0 < k1 < k2 < 0o}. If (A1), (A4) and (As) hold, then the

conclusion of Theorem 3.3 holds true.

Theorem 3.5. Let —c0 < ¢5 < q(v) < ¢g < —1 for large v. Assume that
d),’l/) S Lip{lng,[’wl,WQ],—OO < w < wg < 00, and let (Al), (A4) and (A5)
hold, then the conclusion of the theorem remains intact.

We conclude this section with the following examples to verify our main results
of Section 2.
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Example 3.6. Consider a two-dimensional nonlinear nonautonomous neutral
difference system of the form:

(NAS6)
alv —2)
W) +eaw=-2]_[a@) w@)]|T+av-2) | [ ()%
A1 B+ e )}_[ag(v) a4<v)] _Bv-2) +{(—1)”e_2”}
1+ 52%2(v—2)

for v > 2, where

V) = —(1+e22) (e 42672 4 2+ L e7v),

a(v) =
asz(v) = (1+4e—2(v—2))(%e—(u+2))’
az(v) = (14 e 2=2)) (e~ W+2)),

(v) =

—(144e7207D) (3 4 e72 4 267 F2) f 7Y,

After verifying (A1), (A2) and (As) of Theorem 2.13, we conclude that every vector
solution of (NASG) either strongly oscillates or converges to zero. In particular,
U(v) = [(—1)Ye7%,2(—1)?e ¥]T is such a vector solution of (NAS6). Since our
analysis deals with the components of the vector solution, we verify the solution
of the above problem in the following Figure 1.

However, when our analysis is anticipated by means of vectors, we verify the
problem through Figure 2.

aq\V

Example 3.7. Consider a two-dimensional nonlinear nonautonomous neutral
difference system of the form:

a(v) + (=5 — e )a(v — 1)
(NAST) A[ B + (=5 — )3 <u—1>]
(v

Lo ] [Bd [+ [
1
3¢

for v > 2, where a; (v) = —(12+3e " +e~ 1) ay(v) = CL3( ) = 2e~ (W)
as(v) = —(3 + 2e™ + Le= (). After verifying (A1), (A2) and (As) of The—
orem 2.16, we conclude that every bounded vector solution of (NAS7) either
strongly oscillates or converges to zero. In particular, ¥(v) = [(—1)¥,2(-1)]¥
is such a bounded vector solution of (NAS7), and we verify the solution compo-
nentwise in the following Figure 3.

However, when our analysis is anticipated by means of vectors, we verify the
problem through Figure 4.
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0.3

T aW)= (-1)".exp(-v)

0.25 — BW)=2.(-1)".exp(~)]

0.2

0.15

Figure 1. Componentwise solutions

25

0 20 40 60 80 100 120

Figure 2. Vector solutions
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