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GORENSTEIN INJECTIVE COVERS AND ENVELOPES OVER
RINGS THAT SATISFY THE AUSLANDER CONDITION

A.TACOB

ABSTRACT. It was recently proved [17] that the class of Gorenstein injective left
R-modules is both covering and enveloping over a two-sided noetherian ring R with
the property that the character modules of the Gorenstein injective left R-modules
are Gorenstein flat. It was also proved that over the same type of rings, the class
of Gorenstein flat right R-modules is preenveloping [16]. We prove here that if R is
a two-sided noetherian ring R such that R if satisfies the Auslander condition and
has finite finitistic left injective dimension, then R has the desired property; the
character module of any Gorenstein injective is Gorenstein flat.

1. INTRODUCTION

The class of Gorenstein injective modules is one of the key elements in Gorenstein
homological algebra. So it is natural to consider the question of the existence of
the Gorenstein injective covers and envelopes.

Their existence over the Gorenstein rings is known (Enochs-Jenda, [8], 2000).
Then Holm and Jgrgensen proved [12] that the class of Gorenstein injective mod-
ules, GZ, is covering over commutative noetherian rings with dualizing complexes
(2011). More recently (2015), we proved [7] that the class of Gorenstein injective
modules is both covering and enveloping over any commutative noetherian ring R
such that the character modules of Gorenstein injective modules are Gorenstein
flat. Then, in [17], we extended these results to two-sided noetherian rings with
the property that Gt is Gorenstein flat whenever grG is Gorenstein injective.

Another essential component of the Gorenstein homological algebra is the class
of Gorenstein flat modules. While the existence of the Gorenstein flat precovers
over arbitrary rings is known, it is still an open question what is the most general
type of ring over which the class of Gorenstein flat modules is preenveloping. In
[16], we proved the existence of the Gorenstein flat preenvelopes over two-sided
noetherian rings R such that the character modules of Gorenstein injective left
R-modules are Gorenstein flat.

Examples of such rings include the Gorenstein rings, the commutative noether-
ian rings with dualizing complexes, as well as the two-sided noetherian rings R
that are left n-perfect for some positive integer n and such that the pair (R, R)
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has a dualizing bimodule Vg ([16]). We also proved in [16] that any two-sided
noetherian ring R such that the injective dimension of Ry, is finite, has the desired
property.

We prove here that any two-sided noetherian ring R such that R satisfies the
Auslander condition and has finite finitistic left injective dimension, has the prop-
erty that the character module of any Gorenstein injective left R-module is Goren-
stein flat. Consequently, the class of Gorenstein injective left R-modules, GZ, is
both covering and enveloping over such a ring, and the class of Gorenstein flat
right R-modules, GF, is preenveloping over such rings.

2. PRELIMINARIES

We consider associative rings with identity. Unless otherwise specified, by an
R-module we mean a left R-module.

We recall that a module M is Gorenstein injective if there exists an exact and
Hom(Inj, —) exact complex of injective modulesI =... - Ey - Ey — E_1 — ...
such that M = Ker(Ey — E_1).

We use the notation GZ for the class of Gorenstein injective modules.

A stronger notion is that of strongly Gorenstein injective module. By [1], a module
M is strongly Gorenstein injective if there exists an exact and Hom(Inj, —) exact
sequence ... - F — EF — E — ... such that E is an injective R-module and
M =Ker(E — E).

It is known ([1]) that an R-module M is Gorenstein injective if and only if it
is a direct summand of a strongly Gorenstein injective module.

We also recall the definitions for Gorenstein injective precovers and covers.

Definition 1. A homomorphism ¢ : G — M is a Gorenstein injective precover
of M if G is Gorenstein injective and if for any Gorenstein injective module G’
and any ¢’ € Hom(G', M), there exists v € Hom(G’; G) such that ¢’ = ¢u.
A Gorenstein injective precover ¢ is said to be a cover if any v € Endr(G) such
that ¢v = ¢ is an automorphism of G.

The importance of the Gorenstein injective (pre)covers comes from the fact that
they allow defining the Gorenstein injective (minimal) left resolutions, i.e., if the
ring R is such that every R-module M has a Gorenstein injective precover, then
for every M there exists a Hom(GZ, —) exact complex ... - G; = Gg - M — 0
with Gy = M and G; — Ker(G;—1 — G,_2) Gorenstein injective precovers. Such
a complex is called a Gorenstein injective left resolution of M; it is unique up to
homotopy, so it can be used to compute derived functors of Hom.

If the ring R is such that GZ is covering, then for each rM there exists a
Hom(GZ, —) exact complex ... = G; — Gy - M — 0 with Go — M and
G; — Ker(G;—1 — G;_2) Gorenstein injective covers. Such a complex is called a
minimal Gorenstein injective left resolution of M and is unique up to an isomor-
phism.

The Gorenstein injective preenvelopes, envelopes, and right resolutions are de-
fined dually.
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We also use Gorenstein flat modules. They are defined in terms of the tensor
product.

Definition 2. A module G is Gorenstein flat if there exists an exact complex
of flat modules F = ... -+ F} — Fy — F_1 — ... such that I ® F is still exact for
any injective right R-module I and G = Ker(Fy — F_1).

We use GF to denote the class of Gorenstein flat modules.

The Gorenstein flat preenvelopes, precovers, left and right resolutions are de-
fined in a similar manner with the Gorenstein injective ones (simply replace GZ
with GF in the definitions).

We recall that the character module of a left R-module M is the right R-module
M™* =Homz(M,Q/Z).

It is known that the character module of a Gorenstein flat module is Gorenstein
injective. If the ring R is right coherent, then a left R-module M is Gorenstein flat
if and only if M is a Gorenstein injective right R-module ([13, Theorem 3.6]).

Given a class of R-modules £, as usual by £+, we denote its right orthogonal
class, L+ = {C : Ext’(L,C) = 0, for all L € L}.

3. MAIN RESULT

Bass proved in [2], that a commutative noetherian ring R is a Gorenstein ring if
and only if the flat dimension of the ith term in a minimal injective resolution of
R is at most ¢ — 1 for all ¢ > 1. In the non-commutative case, Auslander proved
that this condition is left-right symmetric ([10, Theorem 3.7]). In this case, the
ring is said to satisfy the Auslander condition.

In [14] the author introduces the notion of modules satisfying the Auslander
condition. We recall the next definition.

Definition 3 ([14]). Given a left noetherian ring R, a left R-module M is
said to satisfy the Auslander condition if the flat dimension of the i-th term in the
minimal injective resolution of M is at most ¢ — 1 for any ¢ > 1.

We also recall the following theorem.

Theorem (This is part of [14, Theorem 1.3]). If R is a left noetherian ring,
then the following are equivalent:
1. rR satisfies the Auslander condition.
2. fdrE°(M) < fdrM for any rM, where E°(M) is the injective envelope of
M.
If moreover R, is left and right noetherian, then the statements above are also
equivalent to
3. the opposite version of (i) (1 <i<2).
Remark. By [14, Theorem 1.3], if the left noetherian ring R satisfies the Aus-
lander condition, then E°(R) is a flat R-module.

We recall that a module N is said to be strongly cotorsion if Extl(X, N)=0
for any module X of finite flat dimension. In particular, any injective R-module
is strongly cotorsion.
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By [18], gN is strongly cotorsion if and only if Ext’(X, N) = 0 for all i > 1
and for any rX of finite flat dimension.
It is known that if R is a two-sided noetherian ring, then the folowing state-
ments are equivalent [6, Theorem 4.4]:
1) E°(R) is flat.
2) E°(F) is flat for any flat R-module F.

3) Fy(M) is injective for any strongly cotorsion module gpM where Fy(M) de-
notes the flat cover of M.

It is known that if the class of Gorenstein injective left R-modules is closed
under arbitrary direct sums, then the ring R is left noetherian [4]. But whether
or not the converse holds, this is still an open question. We proved [17] that if
R is two-sided noetherian such that the character modules of Gorenstein injective
modules are Gorenstein flat, then the class GZ is closed under direct sums and
it is a covering class. In fact, GZ is also enveloping over such rings. Our main
result here gives a sufficient condition in order for a two-sided noetherian ring have
the desired property: Gt € GF for any G € GZ. We prove that if R is a two-
sided noetherian ring such that R satisfies the Auslander condition and has finite
finitistic left injective dimension, then the character module of every Gorenstein
injective left R-module is Gorenstein flat. Consequently, over such a ring R, the
class of Gorenstein injective left R-modules, GZ, is both covering and enveloping,
and the class of Gorenstein flat right R-modules, GF, is preenveloping.

We start with the following lema.

Lemma 1. Let R be a two-sided noetherian ring and let M be a Gorenstein
injective module. Then M™T is a strongly cotorsion module.

Proof. We prove first that the result holds for a strongly Gorenstein injective
module M.

By definition there exists an exact sequence 0 - M — E — M — 0 with
E injective. This gives an exact sequence 0 — M*t+ — E — M+t — 0 with
E=F"" an injective R-module (since R is noetherian).

Therefore we have that Ext’(—, M*+1) ~ Ext!(—, M*+) for any i > 1.

Consider an R-module X of finite flat dimension. Since Mt is cotorsion and
there is an exact sequence 0 — Fy — ... = Fy — X — 0 with all F; flat modules,
it follows that Ext’(X, M*+) =0 for all i > d + 1.

Then by the above, Ext'(X, M) = 0 for all i > 1. Thus M+ is strongly
cotorsion.

Let M’ be a Gorenstein injective module. By [1], there exists a strongly Goren-
stein injective module M such that M = M’ ® N. Then M+tT = Mt @
Nt+. So 0 = Ext’(X,M*+) = Ext'(X, (M')*t*) @ Ext'(X, Ntt), and there-
fore, Ext’(X, (M')*+) = 0 for any R-module X of finite flat dimension. Thus M’
is strongly cotorsion. O

We will also use the following result,
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Proposition 1. Let R be a two-sided noetherian ring such that R satisfies the
Auslander condition. Then for any strongly Gorenstein injective module M, the
module M has an ezact left injective resolution.

Proof. Since M is strongly Gorenstein injective, there exists an exact sequence
...~ E—E — E — ... with E an injective module and with M = Ker(E — E).
This gives an exact sequence ... - E — E — E — ... with E = (E)*T an
injective R-module and with M+ = Ker(E — E).

Since E — M™T is surjective with E an injective module, it follows that M*+
has a surjective injective cover. So there exists an exact sequence 0 — J — I —
M** — 0 with I injective and with J € Inj*. Since Ext'(E,J) = 0, we have a

commutative diagram

0 Mt E ! Mt —— 0

0 J I —2 p+t —— 0

[e3%

and therefore, we have an exact sequence 0 = M*™+ = J@ FE % 1 = 0 with
a(z) = (u(z),z) and §(z,y) = = — u(y).

Since Mt is strongly cotorsion and I is injective hence strongly cotorsion,
it follows [18] that J @ E is strongly cotorsion. Thus J is strongly cotorsion.
Then by [6], the flat cover of J, Fy(J) is injective. So there exists a surjection
Fyo(J) — J with Fy(J) an injective module, and therefore, the injective cover of .J is
surjective. Thus there is an exact sequence 0 — Jy — Iy — J — 0 with Ij injective
and Jy € Inj*. Since also J € Inj*, we have Ext!(A,.Jy) = Ext?*(4,.Jo) = 0 for
any injective R-module A.

We show that Jy is a strongly cotorsion module. Let X be an R-module of
finite flat dimension. Since gR satisfies the Auslander condition, we have that
E°(X) is a module of finite flat dimension, too (by [14, Theorem 1.3]). The exact
sequence 0 — X — EY9(X) — T — 0 gives that T also has finite flat dimension.
Since Ext'(E°(X), Jo) = Ext*(E°(X), Jy) = 0, we have an exact sequence

0 = Ext’(E°(X)Jo) — Ext! (X, Jo) — Ext*(T, Jo) — Ext*(E°(X), Jy) = 0,

Thus Ext*(X, Jo) ~ Ext*(T, Jy).

We also have the exact sequence 0 — Jy — Iy — J — 0. This gives an exact
sequence 0 = BExt'(T,Iy) — Ext(T,J) — Ext*(T,.Jy) — Ext*(T,Iy) = 0. So
Ext?(T, Jo) ~ Ext'(T,.J) = 0 (since T has finite flat dimension and .J is strongly
cotorsion). It follows that Ext'(X,.Jy) ~ Ext*(T,.Jy) = 0 for any module X of
finite flat dimension. Therefore, Jy is a strongly cotorsion module. Then, as
above, Fy(Jp) is an injective module and therefore, there exists an exact sequence
0— J, = I, = Jy — 0 with I injective and with J; such that Ext'(4,J;) =
Ext?(A,J;) = Ext®(4, J;) = 0 for any injective g A. The same argument as above
shows that J; is a strongly cotorsion module. Continuing we obtain an exact and
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Hom(Inj, —) sequence ... — Iy — Iy — I — M*+ — 0 with I and all I; injective
modules. 0

Theorem 1. Let R be a two-sided noetherian ring such that R satisfies the
Auslander condition. Assume moreover that R has finite finitistic left injective
dimension. Then the character module of any Gorenstein injective left R-module
M is Gorenstein flat.

Proof. First we prove the result for strongly Gorenstein injective modules.

Let M be strongly Gorenstein injective. By Proposition 1, M ™" has an exact
left injective resoluton I = ... — I =N I b, Iy Lo, pr++ 0.

Also, since M is strongly Gornstein injective, there exists an exact complex
E'=...-E—E— Mt — 0 with F an injective R-module.

Since I is Hom(Inj, —) exact, we have a commutative diagram

B = ... E E E Mt 0

[=... I, I Io M 0

This gives an exact sequence ... = Ib @ E -5 I, & F 2% Iy — 0.

Thus idg Im(a;) < oo for all 4 > 1. Since R has finite finitistic injective dimension,
we have that for every ¢ > 1, idg(Im a;) < d where d = FID(R).

Then the exact sequence 0 = Keragio — Igro @ F — Iyy1 @ E — ... =
I, & E — Kera; — 0 gives that Ker 7 is injective. Similarly Ker «; is injective
for every 1.

The map of complexes v E/ — I gives an exact sequence : 0 — I — ¢(v) —
E'[1] = 0 where ¢(v) is the mapping cone. The complex E’ is exact, so for each
i, we have an exact sequence 0 — Im(l;) — Im(a;) - M*T — 0. By the above,
Im(q;) is an injective R-module for any i > 1. Also, since Im(l;) € Inj* for all
i > 1, we have that Ext'(A4,Iml;) = Ext*(4,Im/;) = 0 for all i > 2, and for any
injective R-module A.

Thus for any 7 > 2 and each injective module A, we have an exact sequence 0 —
Im(l;) — Im(a;) — M*+ — 0 with Im(ay) injective and with Ext'(A4,Im1;) =
Ext?(A,Tm;) = 0. This gives an exact sequence:

0 = BExt'(A4,Tm(ay)) — Ext' (A, M) = Ext*(4,Im(l;)) — 0 = Ext?(4, Im(y)).

Thus Ext!(Inj, M*+) ~ Ext?(A4,Tm(l;)) = 0. By the proof of Lemma 1 we have
that Ext’(Inj, M*+) =0 for all i > 1.

Since M+ has an exact left injective resolution and also Ext(Inj, Mt+) =0
for all ¢ > 1, it follows that M ™ is Gorenstein injective ([8]).

Since (M™)" is Gorenstein injective it follows that the module M is Goren-
stein flat.
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We prove that the result holds for any Gorenstein injective module M’.
By [1], M’ is a direct summand of a strongly Gorenstein injective module M. Then
M’'* is a direct summand of MTF. By the above, M+ is a Gorenstein injective
module, so M'T* is a Gorenstein injective module. Since (M'T)* is Gorenstein
injective it follows that the module M'" is Gorenstein flat. ]

Theorem 1 and [17, Theorem 4 and Corollary 1] give the following result.

Theorem 2. Let R be a two-sided noetherian ring such that R satisfies the
Auslander condition and has finite finitistic left injective dimension. Then the class
of Gorenstein injective modules, GZ, is both covering and enveloping in R — Mod.

Also, Theorem 1 and [16, Proposition 1], give the following

Theorem 3. Let R be a two-sided moetherian ring such that rR satisfies
the Auslander condition and has finite finitistic injective dimension. Then the
class of Gorenstein flat right R-modules is preenveloping in the category of right
R-modules.

We recall that the invariant sfli R was introduced in [5] as the supremum of
the flat lengths of injective left R-modules. It is easily seen that sfli R < oo if and
only if any injective left R-module has finite flat dimension.

We prove that if R is a right coherent ring such that sfli R < oo, then the
character modules of Gorenstein injective modules are Gorenstein flat.

Theorem 4. Let R be a right coherent ring such that sfli R < co. Then M™
is a Gorenstein flat right R-module for any Gorenstein injective g M .

Proof. Because R is right coherent, it is enough to show that M7 is Gorenstein

injective.
Consider a strongly Gorenstein injective module M. Then there exists an exact
complexI =... = E - E — E — ... with E injective and such that MT+ =

Ker(E — E). The short exact sequence 0 — M™T — E — M*+ — 0 gives
that Ext’(A, M*++) ~ Ext'(A, M*+) for all gA. Since sfli R < oo and since
M™T is cotorsion, for every injective R-module A, there exists d > 1 such that
Ext‘(A, M*+) = 0 for all i > d. By the above, Ext’(A, M*+) = 0 for all i > 1
and any injective gA. Thus I is a totally acyclic complex of injective modules,
and so M+ is Gorenstein injective.

If M’ is a Gorenstein injective module, then M’ is a direct summand of a
strongly Gorenstein module M. Then Mt is Gorenstein injective as a direct
summand of the Gorenstein injective module M ™. O

By Theorem 4, if R is two-sided noetherian such that spli R < oo then the
class of Gorenstein injective left R-modules is both covering and enveloping, and
the class of Gorenstein flat right R-modules is preenveloping.
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