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RICCI SOLITONS ON A FAMILY OF FOUR-DIMENSIONAL
WALKER MANIFOLDS

M. CISS, A. DIATTA anp A. S. DIALLO

ABSTRACT. In this paper, we investigate the curvature properties of a family of
four-dimensional Walker manifolds. We establish the existence of non-trivial Ricci
solitons on this family of manifolds and provide explicit examples to illustrate the
results.

1. INTRODUCTION

A four-dimensional pseudo-Riemannian manifold (M, g) of signature (2, 2) is said
to be a Walker manifold if it admits a two-dimensional null distribution D, which is
parallel with respect to the Levi-Civita connection of g [4]. This type of manifolds
was introduced by Walker [19] who showed that the metric depends on three
smooth functions. In local coordinates (z1, z2, x3,z4), the Walker metric has the
following form:

(1) g=

O = O O
= o o O
o 2 O
0 = O

where a,b and ¢ are functions of (x1,x2,23,24), and the two-dimensional null
distribution D is locally generated by {821’ 622 } Curvature properties of four-
dimensional Walker metrics were studied in [9], where examples with interesting
geometric properties were given. Examples of Walker Osserman metrics of signa-
ture (3,3) which admits a field of parallel null 3-planes were given in [12, 13].
In [10], the authors studied the existence of Killing vector fields on a family of
four-dimensional Walker manifolds. Also, in [17], conditions for a four-dimensional
strict Walker manifold to be locally conformally flat and locally conformally sym-
metric were established. Numerous examples of Walker structures have appeared,
which proved to be important in differential geometry and general relativity as
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well. Several results suggest that Walker structures are responsible for many of
the basic differences between the strictly Riemannian and the pseudo-Riemannian
cases.

A Ricci soliton is a natural generalization of an Einstein metric. It is defined
on a pseudo-Riemannian manifold (M, g) by

(2) Lxg+p=2X-g,

where X is a smooth vector field on M, Lx denotes the Lie derivative in the
direction of X, p is the Ricci tensor and A is a real number. The Ricci soliton is
said to be shrinking, steady or expanding according to whether A > 0, A = 0 or
A < 0, respectively. Moreover, we say that a Ricci soliton is a gradient Ricci soliton
if it admits a vector field X satisfying X = grad h for some potential function h.

Although Ricci solitons were first investigated in Riemannian and Lorentzian
signature, they have recently been investigated in a more general context by several
authors. In [1], the authors investigated the Ricci soliton equation on Lorentzian
manifolds whose isotropy group has dimension at least %n(n— 1)+1, where n is the
dimension of the underlying manifold. Brozos-Vazquez et al. [2] analyzed the exis-
tence of three-dimensional Lorentzian homogeneous Ricci solitons, showing the ex-
istence of shrinking, expanding and steady Ricci solitons in that setting. In [3], the
authors studied and investigated locally conformally flat gradient Ricci solitons in
the Lorentzian setting. Calvaruso and De Leo [5] gave some examples of Ricci soli-
tons within the family of three-dimensional Walker manifolds. In [6], the authors
obtained a full classification of homogeneous Ricci solitons on four-dimensional
non-reductive homogeneous pseudo-Riemannian manifolds. Non-trivial examples
were obtained both in the Lorentzian case and for metrics of neutral signature
(2,2). In particular, the authors showed the existence of shrinking, expanding and
steady examples. In [7], the authors obtained a full classification of homogeneous
pseudo-Riemannian Ricci solitons on 4-dimensional homogeneous manifolds with
non-trivial isotropy. In [18], the authors showed that four-dimensional Lorentzian
Walker manifolds admit different vector fields resulting in expanding, steady and
shrinking Ricci solitons. Also, it was proved that those Ricci solitons are gradient
only in the steady case.

Motivated by the above works, we consider the family of Walker metrics g, on
O C R* given by:

go = 2(dzy o dzs + dag o day) + a(x1, T2, 3, T4)dxs 0 das

(3)

+a(x1, x2, x3, x4)dxy o day,

where a(x1,xe,x3,14) = x1b(x3,24) + T2c¢(x3,24) + d(23,24) and we study the
existence of Ricci solitons on the four-dimensional Walker metric (3). We orga-
nize the paper as follow: in Section 2, we describe the curvature of the metric
considered. In Section 3, we study and characterize Ricci solitons on the four-
dimensional Walker metric (3). Finally, in Section 4, we express the result in
terms of Riemannian extensions.
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2. DESCRIPTION OF THE METRIC

Henceforth, we denote 0; (%i and a; := M A straightforward

calculation shows that the non-zero components of the Levi-Civita connection of
the metric (3) are given by:

1 1 1 1
V3163 = §b81, V3164 = 5()82, V3283 = 5681, V@284 = 5082,

1
Va383 = = {(Z‘lb + x9C + d)b + (1‘1b3 + xoc3 + dg)] o1

2
1
+ 2 [(3311) + zoc+ d)c — (z1by + xacy + d4)] 0>
- %b@g - 3634,
(4)

1
VQ364 = (171()4 + roCyq + d4)81 + 5(1?1[)3 + I2C3 + d3)82,

1
2
1
Va484 = 5 |:($1b “+ ZocC + d)b - (IL’lbg + ZocC3 + d3)j| 61
+

1
5 |:((£1b “+ xocC + d)C + (1’1b4 + TocCy + d4):| 82

1 1
- 5[)33 - 5084.

Using (4), we can completely determine the curvature tensor of the metric (3).
Then, taking into account (3), we can determine all components of the (0,4)-
curvature tensor R;jr = ¢a(R(0;,0;)0k,0;). We obtain that, the non-zero com-
ponents of the (0, 4)-curvature tensor of the metric (3) are given as follows:

1 1
R334 = Z(bc —2bs), Riaza = 1(253 —b?),
1, 1
Rossa = —(¢® —2c4), Roaza = —(2¢3 — be),
(5) 1 4
Ra3y34 = 1 {961(%33 + 2bgg — b(b? + ¢*)) + w2(2c33 + 2c44 — c(b® + ¢?))

1
+4 [2d33 + 2daq — d(b? — 2)|.

By (5), we can calculate the compoments p;; with respect to 9; of the Ricci
tensor of the metric (3). We find that, the non-zero component of the Ricci tensor
are given by:

1
P33z = 5(02 — 2¢4),
1
(6) p34 = 5(—1)0 —|— b4 + 03),

1
pas = §(b2 — 2b3).

The scalar curvature defined by 7 = trace p of the metric (3) is zero.
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3. RICCI SOLITONS ON A FAMILY OF FOUR-DIMENSIONAL WALKER MANIFOLDS

In this section, we analyze the conditions for the existence of Ricci soliton on the
four-dimensional Walker manifold (3). We start by giving some basic definitions.
The Lie derivative of a tensor field T, with respect to a vector field X, is given by

p7

(LxT) = %h:o ((%)*T)

where p: I x M C R x M — M is the local flow induced by X and (¢;)* is the
pullback along the diffeomorphism ¢, for all t € I. Then:

e the Lie derivative of a function is the directional derivative of the function,
so if f is a real function in M, we have that Lx f = X(f) = Vx [;

e the Lie derivative of a vector field is the Lie bracket, therefore, if Y is a
vector field, LxY = [X,Y].

On the other hand, the Lie derivative of the metric is defined as a usual derivation
on a (0, 2)-tensor by

(Lxg)(Y.Z)=X-g(Y.Z) — g(LxY,Z) — g(Y,Lx Z),
which can also be written as
(Lxg)(Y,Z) =9(VyX,Z)+ g(VzX,)Y).

A vector field X on a pseudo-Riemannian manifold (M, g) is said to be Killing if
the Lie derivative of the metric g with respect to X vanishes identically: Lxg = 0;
this is, the local flow of X is performed by isometries. In [10], the authors study
question of the existence of Killing vector fields on a family of Walker metrics.

A Ricci soliton is a pseudo-Riemannian manifold (M, g) which admits a smooth
vector field X on M such that

(7) Lxg+p=2X\-g,

where Lx denotes the Lie derivative in the direction of X, p is the Ricci tensor
and A is a real number. The Ricci soliton equation may also give some insight into
the general study of Einstein field equations.

The description of Ricci solitons can be regarded as a first step in understanding
the Ricci flow, since they are the fixed points of the flow. Moreover, they are
important in understanding singularities of the Ricci flow [2].

Let X = X0, + X205 + X303 + X0, be an arbitrary vector field on (M, g,),
where X%, i = 1,2, 3, 4 are smooth functions of the variables x,, x5, T3, 4. Locally,
the components of the Lie derivative (Lxg,) of the metric (3) with respect to X
are given by

4
(8)  (Lx9)(@,0) = > [X*0kgis + (X" ) gns + (05X g

k=1
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From the formula (8), the non-zero components of the Lie derivative of the Walker
4

metric (3) in the direction of X = Z X", are as follows:

k=1
(Lx9a)(01,01) = 201 X,
(£x9a)(01,02) = (Lx )( ,01) = 01 XY + 9, X3,
(Lx94)(01,03) = (Lxga)(03,01) = N X' + a(0,X3) + 3 X3,
(£x9a)(01,04) = (Lx )( ,01) = 0 X2+ a(01 X)) + 04 X3,

) (£x9a)(02,02) = 20,
(£x9a)(02,03) = (Lx )(83,82) = X" +a(3:X%) + 95X,
(£x9a)(02,04) = (Lxga)(01,02) = D2 X* + a(82X4) + 9, X4,
(L£x9a)(05,05) = X" ay, + 205X + 2005 X°,
(£x9a)(03,04) = (Lx ga)(0s,0) = 03X> + ads X* + 0, X" + ads X°,
(Lx9a)(04,01) = X¥ay, + 20, X2 + 220, X*.

Thus, using (7) and (9), a standard calculation shows that the four-dimensional
Walker manifold (3) is a Ricci soliton if and only if the following system holds:

(C1) 20, X3 =0,
(C2) 01 X%+ 0, X3 =0,
(C3) 1 X! +a(0;X3) + 03 X3 = ),
(C4) 01X2 +a(01 X*) + 04 X3 =0,
(C5) 20, X% =0,
(C6) Da X! +a(0:X3) + 93X* =0,
(CT) 02 X2 + a(0e X)) + 04 X = ),
(C8) X% ay, + 205X +2a05X% + 1 (a3 — 2a24) = \a,
(C9) 93X? +ads X+ 0, X! + a84X3 (a14 + ag3 —ajaz) =0,
(C10) X*ay +204X2% + 220, X* + (al — 2a13) = \a.
We can now prove the followmg.
Theorem 3.1. The four-dimensional Walker manifold (M, g,), where g, is

the metric given by (3) is a Ricci soliton if and only if there exists a function A
satisfying the relation

1 1
Ay(x3,x4) = Az(xs,24) = ib($3,$4)A($3,904) = §C(CE3,$4)A($3,904)~

In this case, the Ricci soliton equation (7) is satisfied by X = X0y + X2%0y +
X305 + X40,, where the functions X', i = 1,2,3,4 are given as follows:
1
X'= §($§ + x122)b(23, 14) A(T3, T4) + 21 (A — C3)
+ @2(d(w3, 24) Azs, x4) — Bs(as, x4)) + G(x3,24),
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X? = —%(mf + x129)b(x3, 24) A(T3, T4) + T2 (A — By)

— zo(d(z3, x4) A(T3, 74) — Cy(3,74)) + K(23, 74),
X3 = —29A(x3,24) + C(x3,74),
X* = 21 A(x3, x4) + B(x3, 14).

Also, note that the functions A, B,C,K,G must satisfy the following system of
partial differential equations:

by A = by A = %bm = bAs = bAy,

d3sA+2C34 — b(Bs + Cy) =0,

dyA — 2Bsy — ¢(B3 + Cy) =0,

(B3 + Ca)d+ K3+ G4+ 1(by + ¢c3 — be) = 0,

d4A + Cyg — C33+ (C3 — B4)b =0,

d3A+ Byy — Bsz + (C3 — By)c =0,

Gs+ K4+ (C3 — By)d + 1(c® — 2¢4 — b? + 2b3) = 0.

Proof. Let a(x1,xa,x3,24) = x1b(x3,24) + x2c(X3,24) + d(x3,24) and X =
X181 + X282 + X3(93 + )(4847 on (M, ga)-

1. step: we establish the form of X2 and X*. From conditions (C1) and (C5),
we have

(10) X3 = f(zo,x3,24) and X4 = flxy,x3,24).

Using condition (C2), we find that the functions X3 and X* have the following
forms:

(11) X3 = —xoA(x3,24) + C(23, 14),
and
(12) X4 = xlA(x37x4) + B($3,x4),

where A, B, C are some functions.
2. step: we give the form of X!. From the condition (C3), we get

(13) Xl =1 ()\—Cg) +.’E1£L’2A3(£L’3,ZL’4) +D($2,$3,.’E4),
where D is a function and Az = 934, C3 = 05C.

3. step: we give the form of X2. From the condition (C7), we get
(14) X2 :$2(>\—B4) —£L'1£U2A4(CC3,SU4)+E(1’1,£L’3,5U4),

where F is a function, A4 = 94A and By = 04B.
The functions X3, X*, X1, X2 found in (11), (12), (13), (14) must satisfy the
conditions (C4), (C6), (C8), (C9) and (C10).

e Firstly, computing (C4) + (C6), we find
(15) 20944 — 201 A3 + 1)2(.2727 xs, I4) + E4 (.Z’l, xs, .’L‘4) +Cy+ B3 =0.
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By differentiation of (15) with respect 9; and 02, respectively, we get Das =
Ay and E1; = —As. So, we have

(16) D = 22 A (w3, 24) + 2o F (23, 24) + G(23,24),
and

(17) E = —22As(x3,24) + 21 H (13, 24) + K(3,24),

where F,G, H and K are functions depending on the variables z3 and x4.

Injecting (16) in (13) and (17) in (14), respectively, we obtain the following:
(18) X' =21 (A= C3) + 2122 A3(23, 74)
+ @3 A(x3, 24) + 22 F (23, 24) + G(23,24)

and
X2 = 29\ — By) — 129 A4(23, 14)
— 22 As(x3, 24) + 21 H (23, 24) + K (3, 24),
Equations (18) and (19) in (C4) and (C6), imply
(20) F=dA—B; and H=—dA—C,.
Relations (20) in (18) and (19) give
X' =2 (A= C3) + z120A3(23, 24)
+ 22 A4 (w3, 24) + 22(dA — B3) 4+ G(x3, 24)

(19)

and
X2 = 29(\ — By) — x129A4(23, 74)
— 23 As(w3,24) + 21 (—dA — C), K(x3,24).
The expression (11), (12), (21) and (22) must satisfy (C8), (C9), (C10).
e By (C9), we get the following partial differential equations system:
bsA =bsA = %bQA7
(23) d3A+2C34 — b(Bs + Cy) = 0,
d4A — 2Bsy — ¢(Bs + Cy) =0,
(B + Cy)d + K3 + Gy + 5(bs + c3 — be) = 0.
e By (C8) and (C10), we get the following partial differential equations sys-

tem:
dyA+ Cyy — Cs3 + (Cg — B4)b =0,
(24) d3A+ Byy — B33+ (C3 — B4)c =0
Gs + Ky + (C3 — By)d + 5(c® — 2¢4 — b* + 2b3) = 0.
This ends the proof of the theorem. ([

From A4(z3,x4) = As(x3,24) = %b(acg,x4)A(x3,x4) = %0(1'371'4)14(.%‘3,%4), we
have the two following consequences.
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Corollary 3.2. Assume A € R*. Then the four-dimensional Walker manifold
(M, g,), where g, is the metric given by (3) is strict Walker. In this case, it is

Ricci soliton if the equation (7) is satisfied by X = X'0; + X0y + X393 + X104,
where the functions X*,i = 1,2,3,4 are given by:
X' =21 (N = C3) — 29B3(x3, 24) + G(23, 14),
X2 =29 (A= By) — 21Cy(x3,4) + K(23,74),
X3 = —Axy + O(x3,24),
X1 = Azy + B(xs,24),
where the functions B,C,G and K satisfy the following system:
2034 + B3z — B1a =0,
2B34 + Cag — C33 = 0,
(B3 + Cy)d+ K3+ G4 =0,
(C3 — Ba)d + G5 + K4 = 0.

(25)

Example 3.3. The four-dimensional strict Walker manifold (M, g,), where g,
is the metric (3), is a Ricci soliton for X = X19; + X209, + X303 + X109, with

X' = (XN —a)z; — ary — cos(xs + 14),
X2 = (X —a)xy + ax; + cos(xs + x4),
X3 = —Axo + afxz — x4 + 1),
X* = Azy + a(zs + x4 + 3),
where o € R.
Corollary 3.4. Assume A = 0. Then the four-dimensional Walker (M, g,),

where g, is the metric (3), is a Ricci soliton if the equation (7) is satisfied by
X = X'01 + X2%0, + X303 + X0y, where the functions X',i = 1,2,3,4 are given
by:
X' =2 (A= C3) — 22B3(x3, 14) + G(x3,24),
X? =29 (A — By) — 2104(3, 24) + K (23, 24),
X3 = B(xs,24),
X4 = C(x3,24),
where the functions B,C,G and K satisfy the following system:
2C34 — b(Bs + C4) =0,
—2Bsy — ¢(Bs 4+ Cy4) =0,
(Bs + Cy)d+ K3+ G4 + %(b4 +c3—be) =0,
C1s — C33 + (C3 — By)b =0,
B4 — B3z + (C3 — By)e =0,
Gz + K4+ (C3 — By)d + = (2b3 — b* +¢* — 2¢4) = 0.

(26)

—

>~
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Example 3.5. Let g, be the Walker metric (3), where the functions b(z3, 24)
and c(x3,x4) are given by: b(zs,z4) = Wﬁvu and c(zs,z4) = Wﬁm
Consider the vector field X = X190, + X2 0, + X303 + X*0,, where o, 3,7 € R

and the components of X are given by:
X' = (A= )z — yag + Pt
X2 = (A= 7)w 4wy —ePFatra),
X =y(wz —xa+1),
Xt = (w3 + 24 +2).
Then X defines a Ricci soliton on the Walker manifold (M, g,),

Ricci solitons can be viewed as generalizations of Einstein manifolds. One of
the aims of the different geometric evolution equations is to produce (or deduce
the existence of) manifolds with an optimal behavior with respect to the given
invariants: the Ricci flow makes it possible to construct Einstein metrics under
certain conditions. However, there are conditions under which the initial structure
does not evolve under the flow but remains as a fixed point of it. Ricci solitons
are the geometric fixed points (modulo homotheties and diffeomorphisms) of the
Ricci flow. Moreover, since they appear as singular models for the flow, analyzing
their geometry is an important step towards an understanding of the Ricci flow
itself.

4. RIEMANNIAN EXTENSIONS

The simplest examples of non-Lorentzian Walker metrics are provided by the so-
called Riemannian extensions. This construction, which relates affine and pseudo-
Riemannian geometry, associates to any torsion-free connection D on a manifold
M, a metric of neutral signature on the cotangent bundle T*M. Riemannian
extensions have been widely used both to investigate problems in affine geometry
and to address curvature questions (see, for example, [11, 16]).

It is a remarkable fact that Walker metrics satisfying certain natural curvature
conditions are locally realized as Riemannian extensions. Consequently, the cor-
responding classification problem can be reduced to a problem in affine geometry,
as is shown in [8, 14].

In [15], the authors generalized the Riemannian extension to the so-called
deformed Riemannian extensions. Let D be a torsion-free affine connection on
an affine manifold M. The deformed Riemannian extension gp ¢ is the pseudo-
Riemannian metric on T*M of neutral signature (n,n) given by

gp = 2da’ oda’ + (—2mklffj + ®;;)dz" o da?,

where I‘fj are the coefficients of the affine connection D, ® is a symmetric (0, 2)-
tensor on M and i’ =i+n, k' =k+n with¢,j=1,...,n.
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It is easy to show that the Walker metric (3) is the deformed Riemannian
extension of a torsion-free affine connection D whose nonzero components are
given by:

1 1
Dp,03 = gb($3,$4)33 + 56(903,334)34,

1 1
Dy, 04 = ib(x?),m)({% + 50(903,1‘4)34,

where ®(x3,24) = d(x3,24). When ®(x3,24) = 0, the Walker metric (3) reduces
to the (classical) Riemannian extension of the torsion-free affine connection D.
We now state the main results of Section 3 in terms of Riemannian extensions.

Theorem 4.1. The four-dimensional Walker manifold (M, g,), where g, is
the metric given by (3), is a Ricci soliton if and only if there exists a function A
satisfying the relation

1 1
Ay(x3,14) = A3(w3,24) = 55(333,304)14(333,334) = §C($37$4)A($3,$4)~

In this case, the Ricci soliton equation (7) is satisfied by X = X0 + X2%0y +
X305 + X*0,, where the functions X*, i =1,2,3,4 are given by:
1

X' = 5(33% + z120)b(x3, T4) A(x3,24) + 21 (A — C3)

— x9B3(w3, x4) + G(23,74),
1
X? = —i(xf + z120)b(x3, £4) A(x3, 24) + T2 (A — By)
— 22C4(w3,24)) + K(23,24),
X3 = —xoA(xs, x4) + Clx3,24),
X4 = xlA(l‘?,, 1‘4) + B(.Z‘3,$4).

Also, note that the functions A, B,C, K,G must satisfy the following system of
partial differential equations:

b3 A = by A = %b2A = bA3 = bAy,
2C54 — b(Bs + Cy4) =0,

—2B34 — ¢(Bs + Cy) =0,

K3+ Ga+ 2(bs+c3 —be) =0,

Cya — C33 + (C3 — By)b =0,

Bys — B3z + (C3 — B4)c =0,

Gs + Ky + $(c* — 2cq — b? + 2b3) = 0.
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