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DATKO-PERRON’S PROBLEM FOR DICHOTOMY
OF DIFFERENTIAL EQUATIONS

T. BARTA, I. ION anDp P. PREDA

ABSTRACT. The purpose of this paper is to show that in the study of dichotomy for
evolutionary family generated by differential systems, using the Perron’s method,
it is enough to consider space L°° as an output, because when the output space is
L1, g < o0, it can be used the Datko’s theorem (see P. Preda, M. Megan [17]).

1. PRELIMINARIES

In 1930, O. Perron ([16])proved that the differential system
(A) (1) = A(t)x(t)

is exponentially dichotomus if and only if for each f: Ry — X, f continuous
and bounded (f € C), the inhomogeneous differential equation (A, f): ©(t) =
A(t)x(t) + f(t) has a bounded solutions on Ry. This fact was proved in finite
dimensional spaces.

In 1948, R. Bellman [1] and D. L. Kucer ([8]) studied that in conditions men-
tioned above, there is a connection between the norm from C of function z (also
called output) and the norm of function f(called input).

In 1958, J. L. Massera and J. J. Schéffer ([11]) studied in Perron’s problem for
evolutionary family generated by differential equations, the input space with LP
and the output space with L.

If the output space is C or L, we can use the inequality ||z(?)|| < ||z]e a-e.,
where ||z(t)|| is the norm in the Banach space X and ||z| s is the norm in L.

In 1966, J. L. Massera and J. J. Schéffer([12]) studied the asymptotic behaviour
for differential systems (A) using input-output spaces, spaces that are translation-
invariant.

J. L. Massera and J. J. Schéffer in ([11, Example 5.1, p. 536]) showed that the
hypothesis that the evolutionary family generated by differential system (A) has
exponentially growth (there exist M,w > 0 such that | ®(t, 1) < M e(t~t) for
all t > tg), is required in the study of asymptotic uniform behaviour of this family.

In 1970, R. Datko ([5]) proved that in Hilbert space a Cy-semigroup with the
infinitesimal generator A is exponentially stable if and only if there is a linear
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operator W that is bounded, positive and such that
(Ax, Wz) + (Wa, Ax) < ||z|?, for all z € D(A).

To prove this R. Datko highlights a result, proved to be extremely useful in the
literature dedicated to this issue, according to which the semigroup {T'(¢)}:>0 is
exponentially stable if and only if

/ |T(t)z||?dt < oo for all z € X.
0

This result was extended by A. Pazy ([15]) from p = 2 to p > 1, and by
W. Littman ([9]) to p > 0.

In 1972, R. Datko ([6]) extended this result to evolutionary family with ex-
ponential growth and in 1985, P. Preda with M. Megan ([17]) extended Datko’s
result from stability of evolutionary family to dichotomy of evolutionary family.

In 1974, D. L. Lovelady ([10]) showed that if U is the fundamental solution of
the differential system (A):

X1 ={z e X :U(-)xr € L>} is complemented, X5 is one of it’s complements and
Py, P, are the projectors associated to this decomposition, then the pair (LP, L)
is admissible to the differential system (A) (for every f € LP, there is « € L* such
that @(t) = A(t)z(t) + f(t) for all £ > 0) with p > 1 if and only if

1 1

([ wwne @)+ ([ woreora)’ <k om0

Making a link between the admissibility of a pair of function spaces and the di-
chotomy of the differential system (A), see W. A. Coppel [3].

It is easy to see that when you study the stability of evolutionary family with
exponential growth, using the admissibility of (LP, L?) and considering the function
F(t) = Veo.t0+112 (¢, t0)r as an input, where g is the characteristic function of
the set E, we get z(t) = ®(¢t,t0)x for all t > to + 1.

In this way we can see the importance of studying the case where L is the
output space, because the case when L9, q < oo is the output space has beenalready
solved by Datko’s theorem.

The purpose of this article is to show that for evolutionary family with
exponential growth generated by differential systems, using pairs of spaces (LP, L9)
for ¢ < oo, Datko’s theorem can be used to study the dichotomy (see P. Preda, M.
Megan([17]).) Thus the comment made above for stability can be extended for
the dichotomy of the evolutionary family. In this way we have a Datko-Perron’s
method to the dichotomy of the evolutionary family generated by the differential
system in infinite dimensional spaces.

Let X be a Banach space and B(X) the Banach algebra of all linear and bounded
operators acting on X (the norm on both X and B(X) denoted by || - ||).
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Notations. For an upper unbounded interval I, we denote by M(I, X) the
spaces of all Bochner measurable functions from I to X.

I2(1,X) = {f € M(L,X) - /1 IFDlPdr < oo}, where pe [1,00),

L=(I,X) = {f € ML X) s esssup | f(1)de < oo},

t+1
Mi(I,X) = {f e M(I,X) ;stlg/t £ (t)]|dt < oo}.

We note that LP(I, X), L*>°(I,X), M;(I,X) are Banach spaces endowed with
the norms:
t+1

161, = ([ 15O17at)” . 1l = esssup @170 = sup [ 7).

We denote M; (R4, B(X)) with M;(X).

Li,.(B(X)) = {fGM(R+,B(X)) :/ IIf(#)]|dt < oo for each compact K in R+}.
K

For A € L}, .(B(X)), to > 0 and z € X, we consider the homogeneous Cauchy
problem

&(t) = A(t)x(t
(1) (A, to. 20) (t) = A(t)x(t)

.’E(to) = XZ9-.
Theorem 1.1. The homogeneous Cauchy’s problem (1) has a unique solution.
Proof. See [4]. O
We consider now the Cauchy operatorial problem
X(t) = A X ()
X(0) =1,

where A: Ry — B(X), Ae L] (R, B(X)).

loc

(2) (A,0,1): {

It was proved that the problem (2) has a unique solution, which is denoted by

U, U is invertible and U~! is a solution for
~ X(t) = —X(t)A(t
0 (A.0.1): {10 == X040
X(0) =1

We denote ®(t,t) = U(t)U " (to).

It is known that @ is the evolution family generated by the equation
(A) (t) = A(t)x(t).

We list now some properties of the evolution family generated by the equa-
tion (A).
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Proposition 1.1.

a) ®(t, t) =1 forallt > 0.

b) ®(t,s)D(s,tg) = P(¢,to) for all t,s, tg > 0.
)

%q)(t, s) = A(t)®(t, s) for allt,s > 0.

d
d) d—@(t,s) = —®(t,s)A(s) for allt,s > 0.
s
¢) If A € My(X), then there exist M > 0 and w > 0 such that ||®(t,to)|| <
M e*(t=t0) for all t > to > 0.

Proof. See [4]. O

C

If f: Ry —» X, f e L. Ry, X), to > 0,20 € X, we consider the Cauchy
problem

#(t) = A(t)z(t) + f(t)

i]'](to) = Xg.

(4) (A, to, o f) = {
Theorem 1.2. The Cauchy problem (4) has a unique solution

x(t) = ®(t, to)xo + /t O (¢, ) f(t)dr.

to

Proof. See [12]. O

We denote by Xy = {x € X : U(-)x € L*>}. Assume that X; is closed subspace
and that there exists a closed subspace X5 such that X = X; @@ X5 and Py, P
the projectors associated to this decomposition.

Definition 1.1. The system (A) is called ordinary dichotomic if and only if
there exists N > 0 such that:

i) | UG)PLUL(s)|| < N for all t > s >0,

i) |U@t)PU(s)]| < N forall s >¢>0.

Definition 1.2. The system (A) is called exponentially dichotomic if and only
if there exist N, v > 0 such that:

i) |UPU(s)| < Ne =) forall t > s >0,

i) |U@)PU(s)|| < Ne (78 forall s >t > 0.

Remark 1.1. If the system (A) is exponentially dichotomic, then (A) is ordinary
dichotomic.

Theorem 1.3 (Datko’s Theorem). Let A € My(X). The differential system
(A) is exponentially dichotomic if and only if there exist p > 0 and M > 0 such
that

([T 1empu@epan)’ + ([ 1wmm-gerar)’ < arad

forallt >0,z € X.
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Proof. See [17] O

Lemma 1.1. Let f: Ry — Ry be a function with the property that there exist
H,6 >0 andn € (0,1) such that:
(i) f(t) < Hf(to) for allt € [to,to + d] and all to > 0;

(ii) f(to+0) <nf(to) for all ty > 0.
Then there exist N,v > 0 such that

ft) < Ne7?t=%) f(t5)  for all t >ty > 0.
Proof. See [18]. O

2. THE MAIN RESULT

We consider A € M;(X).

Definition 2.1. The differential system (A) satisfies the (p, ¢) Perron’s condi-
tion for dichotomy if and only if for every f € LP(X), there exists z € LI(X) such
that z(t) = A(t)z(t) + f(¢).

We set now X{ = {z € X : U(-)z € L9}. Assume that X{ is closed and
that there exists XJ closed and such that X = X{ € XJ. We denote P{, Py the
projectors associated to this decomposition.

Remark 2.1. X7° = X; and X5° = Xo.

Proposition 2.1. If (A) satisfies the (p,q) Perron’s condition for dichotomy,
then for every f € LP(X), there is a unique x € L1(X) such that ©(t) = A(t)x(t)+
f(t) and z(0) € X3.

Proof. Let f € LP(X). We have that there exists x € L%(X) such that
z(t) = A(t)x(t) + f(b).

We consider y(t) = z(t) — U(t)P{z(0), it results y(t) = A@t)y(t) + f(t),
y(0) = 2(0) — Px(0) = Pz(0) € XJ and y € LY(X).

To prove the uniqueness, we suppose that there exist x1,29 € L4(X) such that
Zi(t) = A(t)z;(t) + f(t) and x;(0) € X3 for i € {1,2}.

Let w(t) = z1(t) — x2(t), it implies w(t) = A(t)w(t),w(0) € XJ,w € LI(X) and
from here we have w(0) € X{ N XJ = {0}. It results w = 0 and then 21 = xo. O

Let f € LP(X) and &(t) = A(t)z(t) + f(¢),2(0) € XJ. Throughout this paper
we will denote this x by x¢.

Theorem 2.1. If (A) satisfies the (p,q) Perron’s condition for dichotomy then
there exists K > 0 such that ||zy|q < K| fll, and ||zf(0)]] < K||f|l, for all f €
LP(X).

Proof. Let U: LP(X) — XJ € LY(X), defined by U f = (z£(0),x¢). It is obvi-
ous that U is a linear operator. We will show that ¢/ is also closed.

Let (fn)nen+ be a sequence such that f, € LP(X), f € LP(X), g € LI(X),
y € X such that f, — f in LP(X), 24, (0) = yin X and z, — g in L?(X), which
means that Uf, = (y,9) in X3 P LI(X).
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But
H/O @it’T)f"(T)dT_/o @(t,T)f(T)de
~| / Dt 7)(fulr) = f(r))dr | < / 18, ) - £ (r) = F(7)dr

Since ®(t, -)z: [0,t] — X is continuous for every € X, there exists M, , such that

|®(t, 7)z|| < My, for every 7 € [0,t]. From the uniform boundedness principle

we have that there exist M(t) > 0 such that |®(¢,7)|| < M(t) for every 7 € [0,¢].
Therefore,

| [ etnsumar— | e <o JNCENCIT,

t ) 1
< M)t / 1alr) = F()FAT)" = MO F | fu = fllp = 0, for n— .

xy, (t) = ®(t,0)zy, (0) —l—/o O(t, 1) fr(T)dT.

It implies g(t) = ®(¢,0)y +/ D(t, ) f()dT.

0
From here we get g(t) = A(t)g(t) + f(t),9(0) = y € XJ,g € LI(X), which
proves that g = ¢ and implies U f = (y, g) showing that U is a closed operator,
and by the Closed Graph Theorem, it results that there exists K > 0 such that

[(@(0), )| < KI| fl,
is equivalent to||lz(0)|| + ||z fllq < K| fl], for all f € LP(X). O
Theorem 2.2. If (A) satisfies the (p,q) Perron’s condition for dichotomy, then

xp € L®(X) and ||zs(t)|| < M e“(K + 1)||fllp for allt > 0. (M > 0,w > 0 such
that | ®(t, to)|| < M e<(t=%) for every t > to > 0.)

Proof. Let t > 1, s € [t — 1,¢t], then
xs(t) = ®(t,0)zf(0) -l-/o O(t,7)f(r)dr
— (¢, 5)B(s,0)z,(0) + /O B(t, $)B(s, 7) f(r)dr +/ B(t,7)f(r)dr

= O(t,s)xs(s) +/ O(t, ) f(1)dr.

S

It results

[z @) < 12, )] - [l 5 ()l +/ @)l - I f(r)lldr

t
< M e ||z (s))| +/ M e | f(7) | dr
t—1

< Me (nxf(s)u + IIf(T)IIdT> -
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By using the Hélder’s inequality, we get
1

Joste < 3 (sl -+ [ s@IPar) ) < M (s (9] + 1£1)

t—1
for all s € [t — 1,t]. Integrating on [t — 1,¢], we obtain
t

sl < Mo ([ fles@lds+171,) < are [( [ floslas)” + 171,
< M (gl + [1£1) < MKl + 1£1) = M (K + ]I f]],
for all t > 1. For ¢ € [0,1], we have

zf(t) = (t,0)xf(0) —|—/ O(t,7)f(T)dT.
That implies 0

o5 Ol < 196,001 - s Ol + [ 197 - 157 o
<M e oy 0)] + [ M |p)llar < M e (g )+ [ 115)lar)

< Me [K]|fl,+ ( / )] < M vl

We have proved that ||zf(t)|| < Me"”(K + 1)||f||, for all ¢ > 0, and from this
relation we get also that zy € L™. O

Theorem 2.3. (A) satisfies the (1,00) Perron’s condition for dichotomy if and
only if (A) is ordinary dichotomic.

Proof. 1f (A) is ordinary dichotomic and f € L*(X), we denote
/ Ut)yPU (7)f(r)dr — / U(t)PU (1) f(r)dr
¢

—U@P /0 U=1(r)f(r)dr — U(t)P, /too U= (r)f(r)dr.
if(t) = A@zs(t) + (U PLU () + URPU (1)) f(t) = A(t)xs(t) + f(2).
z5(0) = — PQ/O Uﬁl(T)f(T)dT

and that proves that z;(0) € Xs.
We have also that

Zf t 1 1) - T)||dT T
|| f<t>||s/0 U@PU )] - ()] +/ U@ PU )] - 1 £()
<N / 1£()lldr = NI ]l

and from here we get that zy € L>(X), therefore, (A) satisfies the (1, 00) Perron’s
condition for dichotomy.
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If (A) satisfies the (1, 00) Perron’s condition for dichotomy, we consider ¢ >0 and

F(t) = ©lto.t0+9] (t)%, x # 0, where [, 5 denotes the characteristic function

of the interval [a, b].

oo t0+6
/ IIf()]|dt = / Plto,to+s](t)dt = 0, thus f € LY(X) and || f|1 = 6.
0 to
We have

zy(t) = /o Ut)PLUYN () f(r)dT — /too Ut)PU () f(r)dr

K dr o dr
:/0 Plto, t0+5( )”U( ) H ()Plx_/t Plto, t0+5( )”U( ).CE” ()PQx

to+9 d
/ T ()Pll', t2t0+5,
w U@

) )l
to+o dr
‘A TGy P2 t<to

Using the Theorem 2.1 we obtain ||z ¢|lec < K- || f|l1 = K9, but ||z(t)]] < ||z f]|oo,
a.e., thus ||z, (¢)|| < K¢ for all ¢ > 0.

Let t > tg then there exists g > 0 such that ¢ > to+ dp, which implies t > to+4
for all § € (0,d¢). It results

to+9 d'r
Ut)Piz|| < K9,

which is equivalent to

8 (7)z]|

For § — 04, we obtain
1
IU(to)]|

1 to+d dr
*/ @zl |Ut)Prz|| < K for all 6 € (0, do].
to

|U@#)Pz|| < K for all ¢ > o,

equivalent to

[U#)Prz| < K[|U(to)x]|-
If we take z = U~ 1(to)y, y € X, we get

|U#) LU (to)yl| < K|yl for all y € X and t > to.

We consider now t < tg, from ||z f(t)|| < K6, we get

tot+o dr

5L U < K
and for § — 04, we obtain
1

T V@) Paz|| < K,
1U(to)]|
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and if we take U(tg)x = y,y € X, we get
U@ PU to)y|| < K forall t < to.
That proves that (A) is ordinary dichotomic. O

Theorem 2.4. If (A) satisfy the (p,q) Perron’s condition for dichotomy and
(p,q) # (1,00), then (A) is exponentially dichotomic and X{ = X;.

Proof. Let ¢ < oo and f(t) = @041 (t )IIUE o © # 0 and g > 0. Then
f € L(X) and [f], = 1.

zp(t) = /0 U)PIU () f(r)dr — /too Ut PSU (1) f(7)dr.
We observe that

ap(t) = A(t)as(t) + f(t) and z,(0) = —P§ /OOo U= (r)f(r)dr € XZ.

Since .
to+ dr
————U(t) Pz, t>tg+1
o L wemen :
zp(t) = Wil g
- U(t)Piz, t<ty,
/to [EICoE ’

we get that z; € LI(X).
From U(t)z = U(tg)x + fti A(T)U(7)zdT, we obtain

t
U (#)z]| < [|U(to)z|| +/ A - IU(7)z||dr
to
and using the Gronwall’s inequality, we get
JU(r)all < U (to)z] - el 1A < utg)a] e for all 7 € [to, t + 1],

where o = sup; > ftOH |A(T)||dT < oo.
Thus we obtain
1 1
<
[U (to)z[ e — [|U(7)x|]

Integrating on [tg, to + 1], we get

1 totl  qr
(5) T Go)al e = / @l

which implies

for all 7 € [to,to + 1].

1

equivalent to
U @) Plz| < e [[U(to)z| - |z @)]-
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Denoting U (tg)x = y, we have
IUOPIU (to)yll < e [lyll - llz ()| for all ¢ > to + 1.
We have

/OO |U () PFU (L) yl|?dT

to

to+1 [e'e)
- / \U(r) PR (to)y| 97 + / |U(r)PIU~ o)y 4dr
to to+1
to+1 o0
< / |0 PIU (to)yll 9T + (e 1]} / s ()
0 o+

to+1
< [ Iw@PU ylrdr + e ol o

to

Since LU (t)P{U (to)y = A(t)U(t)PU~*(to)y, we obtain

¢
U(t)P{U ™ (to)y = Ulto) PYU " (to)y +/ A(T)U(m)PIU ™ (to)ydr
to
which implies

t
IU@)PIU™ (to)yll < U (to) PLU " (to)y] +/ I AU (1) P{U " (to)ylldr.
to
Applying the Gronwall’s inequality, we get
|0 PU (to)yll < U (o) PYU (to)y]| o 1414
< ||U(to) PEU o)yl e for all t € [to,to + 1].

Then :OOH |U(7)PIU~ (to)y||%dr < [|U (to) PU (to)yl|? - €*?. Therefore,

(6) / IU () PEU™ (to)yll7dr < (U (to) PYU ™" (to)yl|? - €™ +(e [yl [l I3

to

For t < ty, we have x4(t) = — ttoﬂ+1 HU?‘;—)LEH U(t)Pjz. We obtain
to+1 dr q
lz (1)l :/ U@0PI]|  for all £ < .
! w U@ ?
1 to+1 dr
From (5), we have W S too W’ therefore,
1
—— U@ Plx|| < ||z (t for all t < t.
We obtain
(1) NU@PIU (to)yll < e*lyll - lz(®)|  forall t <toand y € X,

where we denote y = U(tg)z. Using the Theorem 2.2, we have
(U@ PIU o)yl < M e (K + 1)y e* for all ¢ € [0, ¢o].
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For t = ty, we obtain
|U(t0) PIU (t0)]| < M e* (K +1)e”.
From here, we get
1U (o) PIU™ (to)l| = I = U(to) PSU™ (to)l| < 1+ M e (K +1)e”.
Denoting e +M e (K + 1) = L we have
U (to) PLU ™ (to)|| < Le” for all ¢y > 0.

Using now relation (6), we get

[ WP o)yl ar < e ylf(L7+ 1) < 0 (L + K,
to

thus

1

(/ ||U(T)P1‘1U*1(to)y||qd7') T <e|yll(LT + Kq)% for all y € X and ¢ty > 0.
to
Integrating relation (7) on [0, %], we get

to

to
| et aylrar <yl [ fag(ojrar
0 0
< ey gl < e 7K,

Since

([ 1omrto=wirar)’ + ([ 1w s @ipar)

< e yll[(L7+ K05 + K] foralltg >0, y€ X,

we use now the Theorem 1.3 and obtain that (A) is exponential dichotomic on
X{, which shows that X{ C Xj.

Let x € X5, 2 = u+wv, x € X{, v € X]. If we assume v # 0, it implies
| ®(t, to)v]| > N e’t=t) ||lv||. From here we get lim,_, o ||®(t, to)v|| = oco.

As O(t,tg)x = D(t,t9)v — (—P (¢, to)u), we get

10 (t, to)z] = I (¢, to)o]| — |(, to)ull]| = o0 for n — o,

which is a contradiction because x € X;. We have X; C Xf, therefore, X1 = Xf
ande:Pl,PQq:Pg.
If ¢ = oo, then p > 1. If we consider ¢y > 0, € X such that Pz # 0 for ¢ € {1,2}

and f(t) = Qyto,t0+1] (ﬂ%, we get

tot+l dr
— L _UW)Px, t>ty+1
/to T D8 0

zp(t) = Wit g
— 7U(15)P2£L‘, t < to,
/to 1U ()]l

Since x5 € L*(X) from Theorem 2.1, there is an K > 0 such that ||z;(¢)|| < K
for all t > 0.
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Fort >ty + 1 and x € X, we get ||U(t)Prx| < Ke*||U(to)Prz| for all t > ¢ + 1.
Since LU(t)Piz = A(t)U(t)Piz, we have

to+1
U(t)Pyz = Ul(ty) Pra + / A(r)U(r)Padr.

to
Then [|U(t)Przl| < [U(to)Prl| + [ |A(F)|| - [U(r)Przl|dr, and using the
Gronawall’s inequality, we obtain
U (t) Prx|| < ||U(to)Prz|| - € for all ¢ € [to, to + 1].
If we denote L = max{1, K} - e*, we have
U (&) Prx|| < L||U(to) Prx|| for all t > to.

For t < tg, we have f;OH HU?‘:—)QZH |U(#)Pyz|| < K, which implies

1
e U (to)x||
Replacing « by Pz and ¢y with ¢, we get |U(to)Pez| < Ke*||U(t)Pzx| <
L||U(t) Pyz|| for all ¢ < t.
We consider now g(t) = @i, ,10+4] (t)wigi“ ford >0,tg >0,z € X, Px#0,
with i € {1,2}. Then g € LP(X), ||g|l, = 67 and

U@ Paz|| < K for all t < t.

2 (t) = /0 U PLU (r)g(r)dr — /t T U@ R (r)g(r)dr

¢ dr
= —— - U(t) P, forallt >0 e L™
‘/0 Plto,to+9] (T) HU(T)P1.13|| ( ) 1T or a 2 U, Zg y

thus

tot+o dr
x,(to + 0 :/ — Uty + ) Px.
sot0)= | = TmEa ot Oh

Using the Theorem 2.1, we have |z, (tg +0)|| < K - &7, which is equivalent to

to+d dT 1
——— _||U(tg + ) Piz|| < Kdr.
/to T By o+ 9Pzl

Since LU (7)Pyx = A(T)U(7)Pyx and |U(7)Pyz|| < L|U(to)Piz|| for all 7 > to,

dr
we get
1 1

<
LI[U(to) Przl| = |U(7) Pre|
Integrating on [to, to + J], we obtain

for all 7 € [to,to + 5]

0 to+? dr
- - < S
LU (to) Pr|| — /to [U(r) Pre|
which implies m U (to + 6) Prz|| < K67 and from here we get

U (to + 8)Pral| < K- L- 67"+ ||U(to) Przl|.
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Since limg_,oo K - L - §r = 0, it exists dg > 0 such that
|U (to + do) Prz|| < %HU(tO)Ple for all ¢y > 0.
It results from Lemma 1.1 that there exist Ny,v; > 0 such that
|Ut)Pra|| < Nye U700 |U(to) Pra|  for all t >t > 0.

We consider now h(t) = HU(%?% “Plto,to+s)(t), ¥ € X with Pox # 0.

LU @OPsal > [U(t)Paal] for all £ > to,
which implies

1
ZU (ko +0)Poc|| > U P for all t € [to, to + ).

From here we obtain h € L? and ||A||, < %5%

o5 (t) /OU(t)PlU—l(T)h(T)dT—/tOOU(t)PQU—l(T)h(T)dT
dr

o N U(\Pox
/t SO[tU,to+5]( )||U(t0 + 5)P233H ( ) 2
)

— U [)Px, t<t
U (to + 6)Pox|| (t) P 0

0, t>ty+0.

We have zy € L* and ||zx(t)] < KJhllp, < %5% for all t > 0. Therefore,

1. .
m U (to) Pox|| < £ - 6% is equivalent to

U (to + 0)Paz|| > édl_%\\U(to)ngH for all 6 > 0 and t¢ > 0.

Since limg_ o %61_% = 00, there exists §p > 0 such that %5375 > 2.
Therefore, |U(to + o) Paz|| > 2||U(to) Pex| for all tg > 0 and z € X with Pz # 0.
It results from Lemma 1.1 that there exist No, 5 > 0 such that

|U(t) Poz|| > Ny 240 ||U(tg)Poz|  for all ¢ >ty > 0.

We have proved that (A) is exponentially dichtomic. O

Remark 2.2 The converse of the theorem above is true if and only if 1 < p < ¢ < cc.
For the proof of the remark above, see [7, Theorem 6.4, p. 477]. The condition
p < q is essential as it can be seen from the following example.

Example 2.1. Let X = R,U(t) = e t, ®(t,ty) = e "% be the process
generated by the differential system (A) : ©(t) = —z(¢).
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It is obvious that {®(¢,to)}i>i,>0 i exponential stable, but does not satisfy
the (2,1) Perron’s condition for stability. Indeed if we consider f(t) = t_%l, then
f€L?and

o ds= [ T gt [ e L
z(t) /0 (t:)f(s)ds /O s+1 0 ¢ /05+1 TTrr1 O
which shows that = ¢ L!.
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