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RELATIVE RANK OF THE FINITE FULL TRANSFORMATION
SEMIGROUP WITH RESTRICTED RANGE

K. TINPUN anD J. KOPPITZ

ABSTRACT. In this paper, we determine the relative rank of the semigroup T'(X,Y)
of all transformations on a finite set X with restricted range ¥ modulo the semigroup
of all extensions of the bijections on Y, modulo the idempotent order-preserving
transformations in 7(X, Y'), and modulo the semigroup of all order-preserving trans-
formations in T'(X,Y).

1. INTRODUCTION AND PRELIMINARIES

The rank of a semigroup .S, denoted rank(S), is the minimum size of a generating
set for S [8]. The ranks of certain finite semigroups were studied in [4]. This
concept was generalized in [9]. The authors introduced a 'new’ rank property, the
relative rank of S modulo a subset A of S. For a semigroup S, if A C S, then
we call the minimum size of a set B such that (AU B) = S the relative rank of S
modulo A, denoted rank(S : A). In [5], the authors considered the relative rank of
T'(X) modulo the semigroup O(X) of all order-preserving maps on a finite linearly
ordered set X, i.e., rank(T(X) : O(X)) = 2. The relative rank of T(X) modulo
the symmetric group S(X) on a finite set X is 1 [10].

Recall that for a finite linearly ordered set (X; <), a map o € T(X) is order
preserving if z < y implies za < ya for all z,y € X. For a finite set X of size n,
the semigroup O(X) has been studied extensively. Its order is (27?:11), its rank is
n, it is idempotent generated, and the minimum size of a generating set of O(X)
consisting of idempotents, the idempotent rank, is 2n — 2, see [4] or [7].

The present paper deals with only finite transformation semigroups, i.e., X is
finite. The rank of the semigroup T'(X,Y) was determined in [2]. It is a ’large size’.
Hence, we consider the relative rank of T'(X,Y’) modulo the semigroup O(X,Y)
of all order-preserving maps from X in Y on a linearly ordered set X as well as
the semigroup S(X,Y) of all maps « from X in Y whose restriction to Y (denoted
aly) is a bijection on Y, i.e., a|y € S(Y). The semigroup T'(X,Y) was introduced
by J.S.V. Symons in 1975 and called semigroup with restricted range [12].
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Let X be a finite set of size n and consider a subset Y C X of size m. The
semigroup 7'(X,Y) was studied in [1, 12, 6, 10, 11, 12]. When X is linearly
ordered, O(X,Y’) can be written as

O(X,Y) = O(X)NT(X,Y)

and has order ("jn"le) by the same calculations as in the proof of the order of

O(X) in [7]. The semigroup O(X,Y) is not idempotent generated. It has rank
(:@7_11)+|Y#|, where Y7 is the set of so-called captive elements [1].

The semigroup S(X,Y’) was firstly mentioned in [11]. The authors of this paper
consider it as J-class of the semigroup F(X,Y) := {a € T(X,Y) : Xa C Ya},
namely J(F,m) := {a € F(X,Y) : |Xa|] = m}. Notice that J(F,m) = S(X,Y),
rank(J(F,m)) = m" ™ if Y is a proper subset of X, and rank(J(F,m)) = 2 if
X=Y.

The cardinality of the image of «a, ima := Xa is called rank of «, denoted
ranka = |[ima|. The kernel of , denoted kera := {(z,y) € X x X : za = ya},
is an equivalence relation on X, which corresponds uniquely to a decomposition
of X into blocks, called ker a-classes. This justifies the notation B € ker av in case
B is ker a-class. Moreover, a set T C X with |[BNT| = 1 for all B € kera, is
called transversal of ker . If we restrict o to 7', we obtain a map «|r from 7T in
Y defined by z(a|r) := za for all z € T. In particular, it is easy to verify that
a € S(X,Y) if and only if Y is a transversal of ker a.

The rest of this paper is organized in three sections. In the next section, we
determine the relative rank of T(X,Y) modulo S(X,Y). As a consequence, we
obtain the already known rank of T'(X,Y’), but here as the sum of the rank of
S(X,Y) and the relative rank 7(X,Y) modulo S(X,Y"). In the second section, we
determine the number of idempotents in O(X,Y") and the relative rank of O(X,Y’)
modulo the set of its idempotents. In the last section, we give the relative rank
of T(X,Y) modulo O(X,Y). If Y = {y} is a singleton set, then T(X,Y") contains
only one element, namely the constant map cy mapping all elements of X to y.
Hence, we drop the case m = 1 and assume without loss of generality that

X ={z1,...,z,} and Y ={x;,...,x;,} withm > 2.
2. THE RELATIVE RANK OF T'(X,Y) mobpuLO S(X,Y)

In this section, we determine the relative rank of T'(X,Y’) modulo S(X,Y). Since
T(X,Y)\ S(X,Y) is an ideal [10], the rank of T'(X,Y") is the sum of the relative
rank of T'(X,Y’) modulo S(X,Y) and the rank of S(X,Y).

Recall that for 1 < k < n, the Stirling number of the second kind (or Sterling
partition number) is the number of ways to decompose an n-element set into k
non-empty subsets, denoted S(n, k), where

S, k) = ,;é(—l)k‘j (?)g"
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Proposition 2.1. Let X andY be subsets as in Section 1 with cardinality n and
m, respectively. The relative rank of T(X,Y) modulo S(X,Y) is S(n,m) —m"~™.

Proof. Let D:={ker8: € T(X,Y)\S(X,Y), ranks = m}. For each D € D,
we choose a transformation ap € T(X,Y) with imap =Y and kerap = D. It is
easy to see that D is the set of all decompositions D of X into m non-empty sets
such that Y is not a transversal of D. In order to calculate the cardinality of D,
we need to count the ways to decompose the n-element set X into m non-empty
subsets having Y as transversal. This is a simple combinatorial problem: We have
to distribute the elements of the set X \Y to the elements of Y. There are exactly
m"™™™ ways to do this. Hence, |D| = S(n,m) —m

We will show that S(X,Y) U {ap : D € D} generates T(X,Y). If this is the
case, then rank(7T'(X,Y) : S(X,Y)) < S(n,m) —m™~™.

Let v € T(X,Y) \ S(X,Y) with ranky = m. Then there is D € D with
kery =kerap = D. Let xp € xagl for z € Y. Then define 0 from X to Y by

x&::{mDV ifxE'Y,
Ty otherwise.

n—m

It is easy to see that Y is a transversal of kerd, i.e., § € S(X,Y). For z € X.
we have zapf = (xap)py = 27 since (zap)p € xapaf)l is in the ker ap-class
of z, which is also a ker~y-class (since kery = kerap). Therefore, v = apf €
(S(X,Y)U{ap: D e D}).

Suppose now that {f € T(X,Y) : rankg = p} C (S(X,Y)U{ap : D € D}) for
some p < m and take v € T(X,Y) with ranky = p — 1. We can assume without
loss of generality that

imy = {z;,...,2;,_, }.
Then there is k € {1,...,p— 1} with |2;,7~*| > 2 and decompose z;, 7~
non-empty sets (C7 and Cs, say). Define a from X to Y by

L into two

xy if o ¢ x;, vt
To = Ty if x € Cy,
Tiy, if z € Cs.

Clearly, rank o« = p and thus a € (S(X,Y)U{ap : D € D}) by assumption. Now
define J from X to Y by

x if x € imy ~ {z;,},
o = T, if x S {xik7xip}7
T, if z ¢ (imyU{z;,}).

Clearly, rankd = p and thus 6 € (S(X,Y)U{ap:D € D}) by assumption.
For z € X \ z;,v~!, we have za = xy € im~vy \ {z;,} and thus zad = zv.
For x € ;7™ ', we have za € {x;,,2;,} and thus zad = z;, = xy. This
shows that v = ad € (S(X,Y)U{ap:D € D}). Thus, we have T(X,Y) C
(S(X,Y)U{ap: D e D}).

Next, we will show if B C T(X,Y) with (S(X,Y)UB) = T(X,Y), then
D C {kerf8 : 8 € B}. If it is the case, then rank(7(X,Y) : S(X,Y)) > |D| =
S(m,n) —m™ ™ and altogether, we have proved the equality as required. Assume
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that D & {ker3 : B € B}. Then there is D € D such that ker 8 # D for all
B € B. From ap € (S(X,Y)U B), it follows the existence of §; € S(X,Y)UB
and 0y € T(X,Y) with ap = 6165. Thus D = kerap = ker6;05 = ker 6, since
imap =Y. But kerd; = D implies 6; ¢ B. Hence, 6; € S(X,Y) and Y is a
transversal of ker 6. This contradicts kerf;, = D € D. [l

Corollary 2.2. rank(7T'(X,Y)) = S(n,m).

Proof. 1t follows from Proposition 2.1 and the fact that the rank of S(X,Y)
equals m"~™. O

3. THE RELATIVE RANK OF O(X,Y) MODULO ITS IDEMPOTENTS

In this section, we assume that X is linearly ordered. Set
X=A{x1 <<z}

and Y a non-empty subchain with m elements, say
Y:{l’il <L v <I’im}.

Let EO(X,Y) be the set of all idempotent order-preserving transformations in
T(X,Y). For a subchain P = {z,, < xp, < --- < xp,} of Y of size k, we define
gp from {0,1,...,k =1} in {1,...,n} by gp(l) :=pry1 —pr for L € {1,...,k — 1}
and gp(0) := 1.

Next proposition determines how many idempotents with rank m are in the
semigroup O(X,Y).

|P|—1
Proposition 3.1. |[EO(X,Y)| = Z H gp(l).
P£PCY 1=0

Proof. Let P be a non-empty subchain of Y. If |P| = 1, then there is exactly
one idempotent with image P, where HZOZO gp(l) = gp(0) = 1. Admit |P| > 2
and let [ € {1,2,...,|P| — 1}. Then there are p;1; — p; ways to decompose
{Zp, Tp41,. .., Tp,,, } into two non-empty sets C; < Co (1 € Cp and 23 € Co
implies x; < xz3). From the definition of gp, we have |{# € EO(X,Y) : rank 8 =
|P|} = gp(0)gp(1)...gp(|P] — 1) = }123\0—1 gp(l). Considering all non-empty
subsets P C Y, we obtain the assertion. O

We consider the set
AX,)Y)={8€0O(X,Y): 8¢ EO(X,Y), rank 3 = m}.
Lemma 3.2. (EO(X,Y)UA(X,Y))=0(X,Y).

Proof. We reason by induction on the rank of any v € O(X,Y). Let ranky = m.
Then v € EO(X,Y)UA(X,Y), ie., v € (FO(X,Y)UA(X,Y)).

Suppose that v € (EO(X,Y)U A(X,Y)) whenever v € O(X,Y) with rank~y =
k for some k < m, and let v € O(X,Y) with ranky =k — 1. We put P :=im~y =
{xp, < @p, < -+ < ap,_,}. Then thereisi € {1,....k— 1} with |z,,y | > 2.
Moreover, there is j € {1,...,k — 1} with x,,11 ¢ P or .x,,_1 ¢ P. Suppose
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without loss of generality z,, ;1 ¢ P. We decompose T, into two non-empty
sets C7 < Cy and put

Dy = xpy ! for 1 <1 <1,

D; .= C;

Dy :=CH
D, = xplflfyfl fori+2 <1<k, as well as
Y1 1= Tp, for 1 <1 <7,

Yj+1 = Tp;+1
Y= Tp, forj+1<i<k.

We define 0 from X to Y by
0 .=y ifxe D, 1<I<k.

It is easy to verify that 6 is order-preserving with rank k. Hence,
e (EO(X,Y)UA(X,Y)).
Suppose that ¢ = j. Then we define € from X to Y by

Y1 ifx<y1,

Y ify <z <yy; 1<1<4,
TE=( Y ify; <2 <yiqa,

Y ity 1 <zxly; i+1<Ii<E,

Yk if x > yg.

It is easy to see that e is order-preserving as well as idempotent and thus
e € (FO(X,Y)UA(X,Y)). Let x € D, for some [ € {1,...,k}. If | < i, then
xle =y = xp = ay. 1 € {i,i+ 1}, then 2 = yie = y; = x; = xy. And
if I > ¢+ 1, then xfe = yie = y; = x;—1 = x7y. This shows that v = fe €
(EO(X,Y)UA(X,Y)).

We consider now j < i. The case 5 > ¢ works analogously. For 0 <r <i—j5—1,
we define €, from X in Y by

(0} if <y,

Ui fy <z<yspl<i<i-r,
LEy 1= Yier+1 Hyir <@ < Yirga,

Ui fya<z<ygi—r+1<i<k,

Yk if x > yp.

It is easy to see that ¢, is order-preserving as well as idempotent and thus ¢, €
(EO(X,)Y)UA(X,Y)). Let € X. If x € Dy, 1 <1 < j, then afepey ...6i_j_1 =
Yigoer - Eija =y =x; =xy. f x € Dy, 142 <1 < k, then x0epe; .. .61 =
YIEoEL - Eimjr =Y =11 =xv. f x € Dy, j+1 <1 <4, then

.1308081 e Ei—j—1 = yl(6081 ‘e 5i—l)5i—l+1 e Ei—j—1 = ylEi—l(Ei—l—‘ﬂ ‘e Ei—j—l)

= yl+1(5i—l+1 .- -5i—j—1) =Yi+1 =T = T7.
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Ifz € Dl+1, then .1'98081 s &i—j—1 = Yi+1€0€1 - - - Ei—j—1 = Yit1 = Ty = Y.
As a consequence of the above reasoning, we get that v = feger...€,-;-1 €
(EO(X,Y)UA(X,Y)). O

Next lemma shows the size of A(X,Y).

m—1
-1
Lemma 3.3. |A(X,Y)| = (:1 1) ~ I 9r.
=0

Proof. Any a € O(X,Y) with ranka = m has image Y and it is uniquely
determined by its kernel ker «. But this kernel is uniquely determined by the
least elements in each ker a-class. Note that x; is mapped to x;,. Hence, there

n—1

are (mfl) ways to create this kernel ker . Any « € O(X,Y) with ranka = m is

idempotent if Y is a transversal of ker ar, then there are H?;Bl gp(l) ways to create
this ker a as already shown in the proof of Proposition 3.1. Hence, |A(X,Y)| =

{B€O(X,Y): B¢ EO(X,Y), rank B =m}| = (")) = [I,"5" gr(D). O

m—1
We are now in the position to present the main result of this section.

Theorem 3.4. With the above notations, the relative rank of the semigroup of
order-preserving transformations O(X,Y') modulo its idempotent elements satisfies

n—1 m—1
k(O(X,Y): EO(X,Y)) = — 0).
k(006 Y) 5006 ) = (17 ) = TLovt)
Proof. By the Lemma 3.2 and 3.3, we have

n—1 m—1
rank(O(X,Y) : EO(X,Y)) < |A(X,Y)| = (m - 1) 11;[() gr(l).
For the equality, we show that each set B C O(X,Y) with (FO(X,Y)UB) =
O(X,Y) contains A(X,Y).

Assume there is a set B as above but A(X,Y)Z B, i.e., thereisy€ A(X,Y) \ B.
Since v € O(X,Y) = (FO(X,Y)U B), there are §; € EO(X,Y) U B and
02 € O(X,Y) with v = 6,605,. We have kery = kerf; because ranky = m.
Note that the elements in A(X,Y’) are uniquely, determined by their kernels. So
we can conclude 6 = v € A(X,Y), i.e, 0y =~v¢ Band y=0; € EO(X,Y), a
contradiction. 0

4. RELATIVE RANK OF T(X,Y) MopuLO O(X,Y)

This section is devoted to state and prove the main result of this paper: the
computation the relative rank of 7(X,Y) modulo the semigroup of all order-
preserving transformations in 7'(X,Y). In the case X =Y, it is two. Set X
and Y as in Section 3. We define

M:={kerf:5e€T(X,Y), rankf=m}~{ker8: 5 € O(X,Y), rank 8 = m}.

m—1

Lemma 4.1. M| = S(n,m) — (n— 1).
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Proof. It follows from |{ker 3 : 8 € O(X,Y), rank = m}| = ("}) (see proof

m—1
of Lemma 3.3) and the fact that [{ker 8 : 5 € T(X,Y), rank § = m}| = S(n,m).
U

For each M € M, we choose ap € T(X,Y) with imajp, =Y and kerapy = M.
Clearly, [{anr: M € M} = S(n,m) — (*~}). Note for all s € S(Y) there is
ns € T(X,Y) N O(X,Y) with pg|y = s whenever s is not the identity map on Y.

Lemma 4.2. If S C S(Y) with (S) = S(Y), then
T(X,)Y)=(0OX,Y)U{us:se Stu{ay: M € M}).
Proof. Lety € T(X,Y). Suppose that ranky = m. Then thereis § € O(X,Y)U

{ap : M € M} with ker§ = kery. For z € Y, we choose x5 € 2~ and define
map 6 from X to Y by

x@::{x‘w ifxei./
Tiy otherwise.

If a,b € Y with af = b0, then asy = bsy, ad~ty = bd~'v, and a = b since
ker = kery. Hence, Y is a transversal of ker 6, i.e., 8]y € S(Y) = (S). That
means that there is u € ({us : s € S}) with 0]y = puly.

Let 2 € X. Then we have zéu = 200 = (2§)sy = xy. This shows v = du €
(OX, Y)U{ps :se St U{an: M e M}).

Suppose now that v € (O(X,Y)U{us:s€ StU{an: M € M}) whenever
rank v = p for some p < m and let ranky = p — 1 with

imy={z;, <---<uz;,_,} CY.
Then there is ¢ € {1,2,...,p — 1} with ‘xji7_1| > 2 and we decompose zj,7
into two sets M; < M;41. So, there is z € Y \ im~ and set
M, = lefyfl and y; 1=z, for 1 <1 <4,
M, =z, 1)7_1 and y; ==, , fori+1<1<p,
Yi 1= Ty, and y; 41 1= 2.

Now we define map « from X to Y by

TQ =y ifre M, 1<I<p.
For z € im~y U {z}, we choose z* € za~! and define 1 from X to Y by
(Ea’y lfl'e {y17"‘>yi717yi+27"'7yp}
T =9q Y if # € {yi, yit1}
z ifexe X {y,...up}

Notice that X ~ {y1,...y,} # 0 since p < m < n. Hence, it is easy to verify that
both « and n have rank p and thus

a,n € (0X,Y)U{us:se StU{any: M e M}).

Let x € M; for some 1 < [ < p. Ifl # diand ! # ¢+ 1, then zan =
(xa)*y = avy. If l =i or | =i+ 1, then zan = y; = x;, = xy. This shows that
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y=an € (O(X,Y)U{pus:s€ St U{an : M € M}). The above reasoning proves
the assertion T(X,Y) C(O(X,Y)U{pus :s € St U{an : M € M}). O

Lemma 4.3. If A C T(X,Y)~ O(X,Y) with (O(X,Y)UA) = T(X,Y) then
MC{kerg: g e A}.

Proof. Let A C T(X,Y) N\ O(X,Y) with (O(X,Y)UA) = T(X,Y). Assume
that there is M € M with M ¢ {kerp : § € A}. Since ay € T(X,Y) =
(O(X,Y)U A), there is an element ¢; € O(X,Y)U A and 6, € T(X,Y) such that
apr = 0105. Because rank apy = m, we obtain ker ap; = ker 6y, i.e., ker; = M.
Hence, 61 ¢ A (by assumption) and 6; ¢ O(X,Y) (since M ¢ {ker : 8 €
O(X,Y)}), a contradiction. O

We define the following subset P*(X) of the power set P(X) of X:
If | X| > 5, then P*(X) :=P(X)~ ({0, X} U {{z}:z € X}),
if | X|=4, then P*(X) :={Y C X :|Y|>2,|X\Y|=2o0r {z2,23} CY} and
if | X|=3,then P*(X):={Y CX:|Y|=2,20,€Y}.
We call two elements a,b € X to be neighbors if a is immediate successor or
predecessor of b.

Theorem 4.4. With the previous notations, assume that Y € P*(X). Then

rank(T(X,Y) : O(X,Y)) = S(n,m) — (:l 11)

Proof. If | X| > 5 or |X| = 4 and {z2,23} C Y, then there are z € X \Y
and y1,y2 € Y such that neither y; nor y, is neighbor of x. So we can put
M, ={{r}:re Y~ {y}U{X (Y ~{w:})},i=1,2. It is easy to verify that ¥’
is transversal of My as well as of My. Moreover, My, My ¢ {ker 5 : 8 € O(X,Y)},
ie., My,My € M. Tt is well known that the symmetric group S(Y) on Y is
generated by two bijections (s; and sg, say). We can assume without loss of
generality that any, |y = s1 and apg, |y = so, 6., ps, = an, and s, = apg,.

If | X] =4and | X\Y|=2o0r |X| =3 and z2 € Y2 then Y| = 2. Here
there are x € X \Y and y € Y such that x is not neighbor of y. Then we
put Mz := {{r} : r e Y N\ {y}}U{X ~ (Y ~ {y})}. It is easy to verify that
Y is transversal of M3 and M3 ¢ {kerf : § € O(X,Y)}. Thus M3z € M. The
symmetric group S(Y') on the two-element set Y is generated by one bijection, say
s. We can assume without loss of generality that aas |y = s, Le., ps = Q-

The above fact shows that there is S C S(Y) with (S) = S(Y) such that
{ps : s € S} C {ay : M € M}. Now we can use Lemma 4.2. It provides
that T(X,Y) = (O(X,Y) U {an : M € M}) and thus rank(T'(X,Y) : O(X,Y)) <
[{anr : M € M}| = S(n,m)—("_") by Lemma 4.1. On the other hand, Lemma 4.3
shows that the minimum size of a relative generating set modulo O(X,Y) is
IM| = S(n,m) — (?~}) and altogether, we obtain the assertion rank(7T'(X,Y) :
O(X,Y)) = S(n,m) — (I7}). O

m—1
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Theorem 4.5. IfY ¢ P*(X), then

rank(T(X,Y) : O(X,Y)) = S(n,m) — <:1 11) +1.

Proof. If | X| =4, | X \Y| =1, and {z, 23} € Y, then there is exactly one pair
(z,y) € (X \Y) xY such that z and y are not neighbors. Then M; := {{r} :r €
Y ~A{y}} U{{z,y}} is the only element M € M with Y is transversal of M and
M ¢ {ker : f € O(X,Y)}. Note that the symmetric group S(Y) is generated
by two bijections (s; and sz, say). We can assume without loss of generality that
anr,ly = s1, Le, ps, = apy. Then pg, ¢ O(X,Y)U {ap : M € M}.

If | X|] =3 and 2o ¢ Y, then |Y| = 2 and there is no M € M with YV is
transversal of M and M ¢ {kerfs : § € O(X,Y)}. The 2-element symmetric
group S(Y) is generated by one s € S(Y'), where ps ¢ O(X,Y)U {apn : M € M}.

We put o := ps, and o = ps, respectively. We can apply Lemma 4.2 and
obtain T(X,Y) = (O(X,Y) U {a} U{ar : M € M}) and thus

rank(T(X,Y) : O(X,Y)) < {ap : M e M}U{a}| = S(n,m)— <ZL 11) + 1.
Let A C T(X,Y)~O(X,Y) with (O(X,Y) U A) = T(X,Y), then M C {ker 3 :
B € A} by Lemma 4.3. If v € O(X,Y) then Y is not a transversal of ker~ or |y
is the identity map on Y. Hence, there is S C A such that {s|y : s € S} = S(Y).
If | X] =4 and [ X \NY| =1 and {z2,z3} € Y then S contains at least two
elements (p; and po, say). Note that Y is a transversal of ker 7 as well as of
ker po and ker puq, ker po ¢ {ker 8 : 8 € O(X,Y)}. But we have only one M € M
with Y is a transversal of M and M ¢ {ker5: 8 € O(X,Y)}. Hence, we need one
additional element in A which is not in O(X,Y) U {ap : M € M}. Hence,

m—1

—1
|A| > |D| + 1= S(n,m) — (n ) +1.
If | X] =3 and 23 ¢ Y, then |Y]| = 2 and S(Y) is a cyclic group with one
generator, i.e., S has to contain one element, say s. But in this case us ¢ O(X,Y)U

{am : M € M}, we need one additional element in A which is not in O(X,Y) U
{am : M € M}. Hence,

-1
|A>M|+1:S(n7m)—<n )+1.

m—1
O
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