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SUMS OF SEVENTH POWERS OF POLYNOMIALS
OVER A FINITE FIELD WITH 8 ELEMENTS

MIREILLE CAR

ABSTRACT. Let F' be a finite field with 8 elements. We study representations of
polynomials over F' as sums and strict sums of seventh powers.

1. INTRODUCTION

Let F be a finite field with ¢ elements and let k& > 1 be an integer. Roughly
speaking, Waring’s problem over F[T] is the analogue of the same problem over
the integers. It consists in representing a polynomial M € F[T] as a sum

(1.1) M:MlkJr-quMf

with My, ..., Ms € F[T]. Some obstructions to that may occur ([7], [14]), leading
to consider Waring’s problem over the subring S(F[T], k) formed by the polynomi-
als of F[T] which are sums of k-th powers, ([15], [12]). Without degree conditions,
the problem of representing M as the sum (1.1) is close to the so called easy War-
ing’s problem for Z. In order to have a problem close to the non-easy Waring’s
problem, the degree conditions

(1.2) kdeg M; < degM + k

are required. A representation (1.1) satisfying degree conditions (1.2) is called a
strict representation in opposition to representations without degree conditions.
Let g(q,k) denote the least integer s, if it exists, such that every polynomial
M € S(F[T], k) may be written as a sum (1.1) satisfying degree conditions (1.2).
Otherwise, we put g(¢,k) = oo. Similarly, G(q, k) denotes the least integer s, if
it exists, such that every polynomial M € S(F[T], k) of sufficiently large degree
may be written as a sum (1.1) satisfying degree conditions (1.2). Otherwise,
G(q,k) = oco. This notation is possible since these numbers only depend on ¢
and k. The set S(F[T], k) and the parameters G(q, k), g(g, k) are not sufficient to
describe all possible cases, see [1, Proposition 4.4]. In [2] and [3], new parameters
have been introduced. They are defined as follows.

Let 8*(F[T), k) denote the set of polynomials in F[T] which are strict sums of
k-th powers. Let g*(q,k) denote the least integer s, if it exists, such that every
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polynomial M € §*(F[T], k) may be written as a strict sum
M= Mf+---+ MF,

otherwise, we put ¢*(q,k) = oo. Similarly, G*(gq,k) denotes the least integer
satisfying the same condition for every polynomial M € S*(F[T], k) of sufficiently
large degree. Many articles were devoted to the case k = 3, see [9], [6], [10], [11].
In the case of an even characteristic, exponents k = 2" 4+ 1 were considered in [2].
The case k = 7,q = 2™ with m ¢ {1, 2,3} was covered by [1, Theorems 1.2 and 1.3]
or by [12, Theorem 1.4]. For almost all ¢ = 2™, the bounds obtained in articles for
the numbers G(2™,7), are comparable with the bound Gn(7) < 33, known for the
corresponding Waring’s number for the integers ([16]). The case of the numbers
g(2™,7) is different. In the case when m ¢ {1,2,3} [1, Theorem 1.3] as well as
[12, Theorem 1.4] gives g(2™,7) < 239¢(2™,7) with £(2™,7), the least integer s
such that every a € F may be written as a sum of s seventh powers when, for the
integers, it is known that gn(7) = 143, ([8]). In [4], we obtained better bounds
for the numbers ¢g(2™,7) in the case when m > 3, the method yield also better
bounds for the numbers G(2™,7). In [5], we dealt with the case k = 7,¢ = 4.
Nothing was known for the case k = 7,¢q = 2 or for the case k = 7,q = 8. In this
paper, we study the case k = 7,¢ = 8 and we prove the following theorem.

Theorem 1.1. Let F be a finite field with 8 elements. Then

(1) the set S(F[T),7) is the set of polynomials A € F[T| such that T® + T
divides A% + A;

(2) the set S*(F[T),7) is the subset of S(F[T),7) formed by the polynomials
A € S(F[T),7) such that either deg A # 0 (mod7) or deg A = 0 (mod7)
and A is monic;

(3) we have G(8,7) = g(8,7) = 00, G*(8,7) <40 and g*(8,7) < 40.

Our proof gives the same bound for the numbers G*(8,7) and ¢*(8,7) unlike
the case when g = 2™ with m > 3.

It is easy to see that S(F[T],7) is a subring of the ring A formed by the polyno-
mials A € F[T] such that A%+ A is multiple of T8+ T Indeed, if A = AT+ .-+ AT
is a sum of seventh powers of polynomials A; € F[T], for each € F and each
i€ {l,...,s}, one has A;(x)" € {0,1}, so that A(z) € Fo; thus, every z € F is a
root of A% + A. The key tool of the proof of the inclusion A C S(F[T],7) is the
following identity: For every X € F[T], one has
THX 4 THX2 4 TOX = (X + T+ (X + BT + (X + BT + (X + 51
where 8 € F is such that 33 = 8+ 1. We observe that the map X — L;(X) =
T3X* 4 T X2 + T% X is linear. Starting with a polynomial X = zyTV +
N TV '+ .. 4+ 2T+ z9 in A with deg X < 4n + 3, we replace a monomial
2, T* by the sum of an appropriate L;(Y}) and two monomials of lower degree.
For instance, we write aT4" = Lo(a®?T") + a*T?" + a®>T", aT*"*3 = Ly (a®T") +
a*T?"+5 4 a2T"+6 .. We begin with zxT", we continue with zy_ TV, ...,
following decreasing degrees as long as the process gives monomials of lower degree.
At the end of the process we obtain that X = Lo(Yp) + -+ + L3(Y3) + Z with
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Yo, ..., Y3 polynomials of degree < n and Z of degree < 21, so that X is a sum
X =Z7 + -+ Z{, + Z with polynomials Z; of degree < n and Z € A of degree
< 21. The characterization of the set S(F[T],7) reduces to the characterization of
the set of sums of seventh powers of degree < 21. This is our first descent process.
In this way, we do not get a strict representation. In order to get a strict
representation, we improve the method using a descent process that was introduced
by Gallardo [9] and improved in [6]. We observe that it suffices to deal with monic
polynomials of degree multiple of 7. Indeed, if every monic A € A of degree Tn is
a strict sum of s seventh powers, then, writing a polynomial X € A of degree < 7n
as X = T™ + (T™ + A), we get that every polynomial X € A of degree < Tn is a
sum of s+ 1 seventh powers, and that every X € A with 7(n—1) < deg X < Tn is
a strict sum of s+ 1 seventh powers. We start with a monic polynomial X € F[T]
of degree multiple of 7, say deg X = 7n with n > 8. We write Xy = X as a sum
X = Xo = Yy + X1, where Yj is a monic polynomial of degree n = ng and X; a
monic polynomial of degree 7n; with ny the least integer such that Tn; > 6n — 1.
Then, we start again with X; at the place of Xy and we continue until we get

X=Y+Y+ 4V, +X,

with X,. a monic polynomial of degree 7n,.. For the last step, we write X, as a sum
X, = T7+1 + X,41 with deg X1 < 6n, with X, not necessarily monic. We
choose 7 in order to have deg X, 1 < 4n + 3, so that we may apply the previous
descent to X,41.

The problem becomes that of representation by sums and strict sums of seventh
powers of degree < 56. Its study needs other descent processes. The third descent
process consists of writing a polynomial A of degree < 7n with n > 2 as a sum

6
A= (T + 4T + 21" + B
=1

with y1,21,...,¥6, 26 € F and B a monic polynomial of degree 7(n — 1).

The fourth descent process consists of writing a monic polynomial A of degree
n > 28 as a sum A = A] + A + AL + B with Ay, A, A3 € F[T] of degree n
and B € F[T] monic of degree 7(n — 1). From case to case with the appropriate
descent process, the study of sums (or strict sums) of degree < 7n reduces to
that of sums (or strict sums) of degree < 7(n — 1). All these descent processes
are described in Section 3. Proving that polynomials of small degree are sums or
strict sums of seventh powers and proving the validity of the descent processes
require some results on the solvability of systems of algebraic equations over the
finite field F'. This is done in Section 2. In Section 4, we characterize the set
S(F,7) as well as the set formed by strict sums of seventh powers of degree < 21
and we construct a sequence (P,) of polynomials P, of degree 7n which are sums
of seventh powers and which, however, are not strict sums of seventh powers. In
Section 5, we characterize the set S* (F,7) and we get upper bounds for G*(8,7)
and ¢g*(8,7).
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2. EQUATIONS

Proposition 2.1. For every (a,b) € F x F, the system

xr1 + X9+ T3 = a,
(A(a, b)) { T3+ 23+ a3 = b,
has solutions (w1, w2, 23) € F® such that x1 # xo. Moreover, if b # a®, (A(a,b))
admits solutions satisfying

(C) Ty # Ta, Ty # 3,23 F# T1.

Proof. Let (a,b) € F x F. From [13], (A(a,b)) has a solution (z1, s, x3) € F3.
Suppose b # a3, every (x1,x2,73) € F?3 solution of (A(a,b)) satisfies (C) so that
it satisfies the weaker condition z; # xo. If b = a?, for every x € F, (v,a,z) is a
solution of (A(a,b)). We choose z # a. O

Corollary 2.2. For every b = (a,a’,b,V,c,d) € FO, the system

ity =a
yit-tyg=a,
21+'~'+Z6:b
(E(b)) I I D
Yizi+ -+ Ygze = c,
yizi+ -+ Y2z = d,

has solutions (y1, 21, .. .,Ys, 26) € F12.

Proof. We have to consider three cases:
(i) a’' # a® or b # b3;
(ii) a’ = a3, b’ = b3 and (a,b) # (0,0);
(iii) o’ =a®> =¥ =0 =0.
Case (i): By symmetry we may suppose a’ # a3. Proposition 2.1 gives the
existence of (y1,y2,y3) in F3 solution of (A(a,a’)) satisfying (C). Thus, the matrix

1 1 1
AT
vt vs us

is invertible. There is (21, 22, 23) € F? solution of

21+ 22 + 23 =,

yizi +ys22 + Y52 = ¢,

yiz1 + Y3z + yizs = d.
From the same proposition, there exists (24, 25, 26) € F* solution of (A(0,u)) with
w=">b'+2}+ 25 +23. Let y4 = y5 = yo = 0. Then (y1, 21, - - -, Ys, 26) is solution of

(€(b)).

Case (ii): By symmetry we may suppose a # 0. Let u € F'— {0, a}. The matrix

a? u?
a*  ut
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is invertible. Let (21,22) € F? be the unique solution of

a2zl + u222 =c,
{ a*z1 + utze = d.
Proposition 2.1 gives the existence of (z4, 25, 26) € F*® solution of (A(v,w)), with
v=>b+z +2z2,w = b +23+23. Then (a,21,u, 22,u,0,0, 24,0, 25,0, z6) is solution
of (£(b)).
Case (iii): Let y1,y2 € F be such that y1y2(y1 + y2) # 0. As above, there is
(21, 22) € F? solution of
yizi + Y5z =,
yiz +yzze =d
so that (y1, z1,¥2, 22,41, 0,92, 0,0, 21,0, 22) is solution of (£(b)).

Proposition 2.3. For every b = (by,ba,...,b7) € F7, the system

t

by = i;l“i, (e1)

b = 2+ ), (c2)

b= 3 (o a), (es)
(F(b) b= 3 (a7 + ), (ex)

bs = Z:(a: zi + yix; + x?), (e5)

bo = 32+ 22 + by + o), (¢o)

b7=§:(ylzz+xzz + xtz; + 27) (e7)
has solutions (x1,y1,21,--.,5,Ys,25) € F15.

Proof. Let o1 = 1, 19 = 1 + by, 23 = 24 = 5 = 0, y; = a4 + b3, y2 = 0,
z1 = bs + y% +1+ mg, zo = 0. Then, whatever the choice made for ys, ya, y5, 23,
z4, 25, (e1) and (ey) are satisfied as well as

5
Zx?yl = by + b3.
i=1

Let a = by + b2 +y; and b = bg + b2 + y1 + y;. Proposition 2.1 gives the existence
of (y3,y4,ys) € F? solution of (A(a,b)) with y3 # y4. Then, for any choice for 23,
24, 25, (e2) and (eg) are satisfied as well as (e4). Let (23,24) € F? be solution of
234+ 24 = b3+ 1423+ 21,
Y3zs +yiza = by +2f + 21+ 14+ 25 +yi2f,

and let z5 = 0. Then (e7) and (e3) are satisfied. O
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Proposition 2.4. For every b = (by,ba,...,b7) € F7, the system

by = Zﬁ:luu (e1)

b= 31+ ), (e2)

b= 2+ ), (e3)
(G(b)) by = Xi:l(z, +ulx; +uf + 22), (e4)

bs = i(u yi +wiz? + ul), (e5)

bﬁzi(u 2 + 23 +utz +ul + ), (eq)

Mﬁ}x%+m%+uw+U) (e7)
has solutions (ui, x1, Y1, 21, ---, U3, T3, Y3, 23) € F12

Proof. Let uy € F—{0,b1},us € F —{0,b1,u1,u1 + b1} and uz = by + uy + us.
Then (ey) is satisfied as well as the condition

(T) ’LL1U2U3(7.L1 + UQ)(UQ + ’LL3)(U3 + ul) 7é 0.
Let y; € F and y2 € F be such that

yi(us + ) + ya(us + ug) # (ur +uz) (bs + Y _uf).

i=1
Let
3
Y3 =y1+y2+bg+2uf.
i=1
Then (e3) is satisfied and (t) insures that the matrix
1 1 1
up Uy ug
viov: v

is invertible. Let (71,72, 23) € F be defined by
1+ 2o + 23 :bz—f—b%,
3
ulw) + ujrs + uiws = b3 + 3 (ufy; + uf)?
i=1
3
Ytz + ysas + yjzs = b5 4+ 3 (wiy? + uty)t
i=1

Then (e2), (e5) and (e7) are satisfied. For the matrix

11
ui  u3
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being invertible, there exists (21,22) € F? such that

3
21+ 22 = by + b3+ > ulz,
=1

K2

3
uz1 +udze = bg + b3 + > (utz; + 23).
i=1

Then with z3 =0, (e4) and (eg) are satisfied. O
3. IDENTITIES AND DESCENT PROCESSES
For i a non-negative integer and X € F[T], let
(3.1) Li(X)=T"X*+ T X?* + T%X.
The following lemma is the key of the proof.
Lemma 3.1. The map L; is linear over Fy and one has
(32) Li(X)=(X+T")" 4+ (X +8°T")" + (X + B°T")" + (X + B°T")",
where 3 € F satisfies B2 = B+ 1.
A simple application of (3.1) gives the following lemma.

Lemma 3.2. Let n be a non-negative integer and let a € F. Then, we have

(3.3) aT*™ = Lo(a®T™) + a*T*" + a*T™,
(3.4) aT*" 3 = Ly (a®T™) + a*T*" 5 4+ a*T" 0.
If n >0, then

(3.5) aT*"? = Ly(a®T" 1) + a* T 4 T+
If n > 1, then

(3.6) aT*"! = Ly(a®T"?) + o' T?" T 4 o770,

The next proposition makes use of Gallardo’s descent.

Proposition 3.3. Let H € F[T] be monic with degree Tn > 56.
If n > 16 or n = 9,10, 11,14, there exist Xo,...,Xs,Yy,..., Y3, Z in F[T]| with
deg X; < n,degY; < n and deg Z < 21 such that

(3.7) H=Xl+ +X]4+Lo(Yo) + -+ L3(Y3) + Z.

If n = 8, then there exist Xo,X1,X2,Y0,...,Y3,Z in F[T] with deg X; < n,
degY; < n and deg Z < 21 such that

(3.7) H=X{+ - +XJ4+Lo(Yo) + -+ L3(Y3) + Z.

Ifn=12,13,15, then there exist Xo, ..., X4, Y0,...,Ys,Z in F[T] with deg X; <n,
degY; < n and deg Z < 21 such that

(3.77) H=Xg+ -+ X{+ Lo(Yo) +--- + Ls(Y3) + Z.
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Proof. From [1, Lemma 5.2-(ii))], there is a sequence Hy, Hy, ..., H;, ... of mo-
nic polynomials of degree Tng, 7n1,...,7n;,... and a sequence Xg, X1,..., X;, ...
of polynomials of degree ng,n1,...,n;,... such that H = Hy and such that for
each index 1,

(3.8) H; = X!+ H;,

Moreover, for each index ¢ > 0, there is W; € F[T] of degree n; such that
(3.10) deg(H; + W) < 6n;.

Let r be the least integer such that 6n, — 1 < 4n + 3. The sequence ((n,4n + 3,
ning, N3, 6ng — 1))so>n>s is given in [4, p. 313]. We have r = 3 for n > 16,
r=2forn =28, and r = 4 for n = 12,13,15. We suppose n > 16. Using
(3.8) for i = 0,1,2, then (3.10) for i = 3, we get H = XJ + --- + X7 +Y with
degY < 4n + 3. Using (3.3), (3.4), (3.5) and (3.6), as for [4, Proposition 5.4], we
get that Y = Lo(Yp) + -+ + L3(Y3) + Z with Yy, ..., Y3, Z € F[T] satisfying the
degree conditions degY; < n, deg Z < 21. The proof runs in the same way for the
other cases. (I

We shall use two other descent processes described below.

Proposition 3.4. Let n > 2 be an integer and let A € F[T] be such that
deg A < Tn, Then there exists (y1,21,...,Ye, 26) € F'2 such that

6
deg (A TS (T 4y T+ zi)7)) <7(n—1).

i=1
Proof. We note that for (y,z) € F?,
(%) deg ((T% +yT + AT+ TY 4 yT 4 (g2 4 2)T'2 4 ?TH
+ (P2 + 22T + (P + )T + (y° +yte + 23)T8) <7
13 ,
Suppose that A = g:o a;T*. Corollary 2.2 gives the existence of (y1, 21, - . -, Y6, 26) €

F12 solution of (€(b)) with b = (a13,a11,a12 + a35,as + ag,aip + a3y, ag + a?y),
so that with (%),

6
deg (A + (T +y T+ zz«)7) <7
i=1
Tm—1 .
Now, let A= > ;7" with n > 2. We have
i=0

13

deg (A +77(=2) ( Z ai+7(n_2)Ti)> <7(n-1).
i=8
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There exists (y1,21,-- -, Ys, 26) € F''? such that

deg ((i am(nfz)Ti) + (i:(T2 +yiT + Z¢)7)) <7
=8

=1
Then
6
deg (A +TTD NN (T 4y, T zi)7)) <7(n—1).
=1
1

Proposition 3.5. Let n > 4 be an integer and A € F[T] be monic of degree
Tn. Then, there exist Ay, Ag, Az € F[T] of degree n such that A+ A7 + AT + A%
is a monic polynomial of degree 7(n — 1).

Proof. Suppose

m—1
A=T™M 4 3" T
i=0
Proposition 2.4 gives the existence of (uy,x1,y1, 21, ..., us, 3,3, 23) € F'? solu-
tion of g(am_l, ey QTp—6, A —7 + 1), so that

3
B=A+Y (T*+uT® + 2,7 + 4T + z)"
=1

is a monic polynomial of degree 7(n — 1). O
4. THE ST S(F[T],7)
In this section, we shall prove that S(F[T],7) = A.

4.1. Sums and strict sums of degree less than 21
Proposition 4.1. Let A € A of degree < 7. Then,
(i) there exists (u,v,a,b) € Fy x Fo x F X F such that
A=uT" +aT® + a®>T° + b*T* + a*T3 + b°T? + bT + v;
(ii) A is a strict sum of 4 seventh powers.

Proof. Let
A:a7T7+a6T6+---+ao

be such that T® + T divides A% + A. We have

(a2 +a7r)T" + (a3 + ae)T® + (a3 + a5)T° + (a3 + aa)T* + (a2 + a3)T?

+(a +a2)T?* + (aF +a1)T + (af +ag) = A* + A=0 (mod T® +1T),
so that a% =ar, a% = ap; a% = ag, a% = as, a% = as; a% = a4, a% = ag, a?l =aj.
This proves (i). For a € F, let

P, =a*T* + a*T? + aT, Q, = aT® + a*T° + a*T3.
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For a # 0, we have

(T +a°)7 + (T + B2a°)" + (T + °a°)" + (T + %°)",
(*) Fo= 7 2 6 4,6
+ 14 (T + Ba®)" + (T + B2a)" + (T + p*a®)",
and
(o) | T+ a)" +(T+ %) + (T + 8%)" + (T + Ba)’,
O T+ 14 (T + %) + (T + B5%)7 + (T + B3a)”.

Thus Py, Po +T7, P, 4+ 1,Q4, Qu + T7,Qq + 1 are sums of 4 seventh powers, and
P,+T"4+1,Q,+T" +1 are sums of 3 seventh powers. With (x) and (), we have

Pi4Quo = (aT +1)" +T7 +1,

so that P, + Qg6 is a sum of 3 seventh powers, Py, + Que + 17, P, + Qg6 + 1 are
sums of 2 seventh powers and P, + Qa6 +77 +1 = (aT+1)7 is of a seventh power.
With (%) and (x%), we have

(T +a®)" + (T + Ba®)" + (T + f2a8)" + (T + 5%°)",
Pat Qpas = 7 3.6\7 4.7 5.6\7

T+ 1+ (T+p°a®)" + (T + p*a)" + (T + Ba®)’,
so that P, + Qps is a sum of 4 seventh powers, P, + Qgqs + T7,P,+ Qpqs + 1 are
sums of 4 seventh powers and P, + Qgqs + T7 41 is a sum of 3 seventh powers;
(T +a®)" + (T + 2a5)" + (T + p*a8)" + (T + B°a®)7,
T+ 14 (T + Ba®)" + (T + B3a%)" + (T + %87,
so that P, + Qp246 is a sum of 4 seventh powers, P, + Q246 + T, P, + Qp2qs +1
are sums of 4 seventh powers and P, + Q246 +T7 41 is a sum of 3 seventh powers;

Py + Qpgsgs = (T + Ba®)" + (T + p%°)",
so that P, + Qgsgs is a sum of 2 seventh powers, P, + Qpsas + 17, Py + Qp2q0 + 1
are sums of 3 seventh powers and P, +Qgsqs +1' 741 is a sum of 4 seventh powers;
(T +a°)7 + (T + Ba®)" + (T + %a®)" + (T + p1a®)",
T7 + 14 (T + 8%a%)" + (T + °a8)" + (T + 8%°)",
so that P, + Qgags is a sum of 4 seventh powers, P, + Qpigs + 17, Py + Qp2q6 + 1
are sums of 4 seventh powers and P, + Q) gs 40 +T7 41 is a sum of 3 seventh powers;
P, + QB5a6 = (T + ﬂ2a6)7 + (T + 53a6)77
so that P, + Qgs.s is a sum of 2 seventh powers, P, + Qpsa6 + 17, Py + Qpsas + 1
are sums of 3 seventh powers and P, 4 Q) gs46 +T7+1is a sum of 4 seventh powers;
Py + Qgogs = (T + Ba®)" + (T + p°a®)7,

so that P, + Qgsgs is a sum of 2 seventh powers, P, + Qgsqs + T, P, + Qpégs +1
are sums of 3 seventh powers and P, +Qgeq6 +T7+1 is a sum of 4 seventh powers.
We note that all these sums are strict sums. From the (i) part of the proposition,
every A € A of degree < Tis asum A = uT’ 4+ Qu + P, + v with a,b € F and

P, + QBQGG = {

P, + Qﬁ4a5 = {
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u,v € Fy. Thus every A € A of degree < 7 is a strict sum of at most 4 seventh
powers. |

Corollary 4.2. Every A € A such that 7 < deg A < 14 is a strict sum of 10
seventh powers, so that every monic polynomial A € A of degree 14 is a strict sum
of 11 seventh powers.

Proof. Let A € A be such that 7 < deg A < 14. From Proposition 3.4, there
exists Ay,...,Ag, B € F[T] such that
6
A= ZAquB, degA; =---=degAg =2, degB<T.
i=1
Then B € A, so that from Proposition 4.1, B is a strict sum of 4 seventh powers.
O

Proposition 4.3. Let A € A be monic of degree 21. Then A is a strict sum of
15 seventh powers.

Proof. Let A =T?' + aggT? + ag0T?° + -+ + a1 T + ap be a monic polynomial
in A. Let (1,91,21,---,%5,Ys,25) € F1° be solution of F(as,ayg,---,a14), (c.f.
Proposition 2.3), and let
5
i=1
Then, B € A and deg B < 14. We conclude with Corollary 4.2. O

Proposition 4.4. Let A € S(F[T],7) be monic of degree 28. Then A is a strict
sum of 18 seventh powers.

Proof. Proposition 3.5 gives the existence of A, Ay, Az € F[T] of degree 4 such
that B = A+ A7 + A7 + AT is a monic polynomial of degree 21. Since B € A, we
conclude with Proposition 4.3. O

4.2. The set S(F[T],7)

Theorem 4.5. The set S(F[T),7) is the set of polynomials A € F[T| such that
T8 + T divides A% + A.

Proof. We have to prove that A C S(F[T],7). Let A € A. Suppose deg A < 21.
Then (72 + A) € A. From Proposition 4.4, (T?® + A) € S(F|[T),7), so that
A € S(F[T],7). For n > 4, the proof goes by induction. We suppose that every
P e Aof degree < 7(n—1) lies in S(F[T],7). Let A € Awith T(n—1) < deg A <
Tn. If deg A < Tn, Proposition 3.4 gives the existence of Aj,...,As € F[T]
such that deg(A + A7 + -+ + Af) < 7(n —1). Since (A+ AT + -+ AL) € A,
(A+ AT + ...+ AY) € S(F[T),7), so that A € S(F[T),7). If deg A = Tn, using
Proposition 3.5 at the place of Proposition 3.4, the proof is similar. O

Corollary 4.6. We have
9(8,7) = G(8,7) = 0.
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Proof. We prove the existence of a sequence of polynomials P, with deg(FP,)
tending to +o0o, such that for each index n, P, € S(F[T],7) and P, ¢ S*(F[T],7).
We note that a” € Fy for every a € F. Thus, a strict sum of seventh powers of
degree multiple of 7 is a monic polynomial. Let P, = BT™ + T7(»=1)_ Since
P,, is not monic and has degree Tn, P, is not a strict sum of seventh powers. On
the other hand, P, = ST 8(T® + T), so that T® + T divides P? + P,. Thus,
P, € S(F[T],7). O

5. THE SET S*(F[T],7)

In this section, we bound the length of strict representations of polynomials P €
S*(F[T],7). As it was noted in the introduction, it suffices to deal with monic
polynomials. Firstly, we consider polynomials P € S*(F[T],7) of degree < 189.

Proposition 5.1. Let A € S(F[T],7) be a monic polynomial of degree multiple
of 7 and < 189.

(i) If deg A = 28, then A is a strict sum of 18 seventh powers.
(ii) If deg A = 35, then A is a strict sum of 21 seventh powers.
(iii) If deg A = 42, then A is a strict sum of 24 seventh powers.
(iv) If deg A = Tn with 7 < n < 14, then A is a strict sum of n + 18 seventh

powers.
(v) If deg A = Tn with 14 < n < 21, then A is a strict sum of n + 17 seventh
powers.
(vi) If deg A = Tn with 21 < n < 28, then A is a strict sum of n + 16 seventh
powers.

Proof. Proposition 4.4 gives (i). Suppose that deg A = 7k with k = 5,6. Propo-
3
sition 3.5 gives the existence of X1, X2, X3 € F[T] of degree k such that A+ > X7

i=1
is monic of degree 7(k — 1). Then (ii) falls from (i), and (iii) falls from (ii).

We prove (iv), (v) and (vi) by induction. Suppose that for n > 7, every monic
polynomial of degree 7k with k < n is a strict sum of s(k) seventh powers. Let
A € F[T] be monic of degree 7n. From [1, Lemma 5.2-(ii)], there is a polynomial
X € F[T] of degree n such that A+ X7 is a monic polynomial of degree 7m(n)
with m(n) defined by the condition 6n < 7m(n) < 6n + 7. We have

n—1 if 7<n<14,
m(n) =< n—2 if 14<n<21
n—3 if 21 <n < 28.

From the induction assumption, A+ X7 is a strict sum of s(m(n)) seventh powers,
so that A is a strict sum of s(m(n))+1 seventh powers. We have s(6) = 24. Thus,

n+ 18 if 7<n<14,
s(n)=4¢ n+17 if 14<n <21,
n+ 16 if 21 <n < 28.
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Now, we consider polynomials with large degree.

Proposition 5.2. Let H € S(F[T],7) be a monic polynomial of degree multiple
of 7.
(i) If deg H > 112 or deg H € {63,70,77,98}, then H is a strict sum of 39
seventh powers.
(ii) If deg H = 56, then H is a strict sum of 38 seventh powers.
(iii) If deg H € {84,91,105}, H is a strict sum of 40 seventh powers.

Proof. Let deg H = 7TN. Suppose N > 9, N # 12,13,15. Proposition 3.3 gives
the existence of Xo,...,X3,Y),...,Y3,Z € F[T] with deg X; < N,degY; < N
and deg Z < 21 such that

H=X{+ - +X]4+Lo(Yo) + -+ L3(Y3) + Z.

Lemma 3.1 and Proposition 4.4 give the existence of polynomials Yy 1,..., Y4,
..., Y31,...,Y3, of degree < N, and polynomials Z3,..., Z19 of degree < 4 such
that

3 4 19
B X XYYV 432
i=0 j=1 i=1
Thus H is a strict sum of 39 seventh powers. For N = 8, resp., for N = 12,13, 15,
the proof is similar, with (3.77), resp. (3.7”) at the place of (3.7). O

We are ready to prove our main theorem.

Theorem 5.3.

(1) The set S*(F[T),7) is the subset of S(F[T),7) formed by the polynomials
A € S(F[T),7) such that either deg A £ 0 (mod 7) or deg A = 0 (mod 7)
and A is monic.

(2) We have

G*(8,7) <40, ¢*(8,7) < 40.

Proof. The comparison of the results provided by Propositions 4.1, 4.2, 4.3, 4.4,
5.1 and 5.2 gives that every monic H € S(F[T],7) of degree multiple of 7 lies in
S*(F[T],7) and that ¢*(8,7) < 40. Proposition 5.2(i) gives that G*(8,7) < 40.

O
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