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SUMS OF SEVENTH POWERS OF POLYNOMIALS

OVER A FINITE FIELD WITH 8 ELEMENTS

MIREILLE CAR

Abstract. Let F be a finite field with 8 elements. We study representations of
polynomials over F as sums and strict sums of seventh powers.

1. Introduction

Let F be a finite field with q elements and let k > 1 be an integer. Roughly
speaking, Waring’s problem over F [T ] is the analogue of the same problem over
the integers. It consists in representing a polynomial M ∈ F [T ] as a sum

M = Mk
1 + · · ·+Mk

s(1.1)

with M1, . . . ,Ms ∈ F [T ]. Some obstructions to that may occur ([7], [14]), leading
to consider Waring’s problem over the subring S(F [T ], k) formed by the polynomi-
als of F [T ] which are sums of k-th powers, ([15], [12]). Without degree conditions,
the problem of representing M as the sum (1.1) is close to the so called easy War-
ing’s problem for Z. In order to have a problem close to the non-easy Waring’s
problem, the degree conditions

k degMi < degM + k(1.2)

are required. A representation (1.1) satisfying degree conditions (1.2) is called a
strict representation in opposition to representations without degree conditions.
Let g(q, k) denote the least integer s, if it exists, such that every polynomial
M ∈ S(F [T ], k) may be written as a sum (1.1) satisfying degree conditions (1.2).
Otherwise, we put g(q, k) = ∞. Similarly, G(q, k) denotes the least integer s, if
it exists, such that every polynomial M ∈ S(F [T ], k) of sufficiently large degree
may be written as a sum (1.1) satisfying degree conditions (1.2). Otherwise,
G(q, k) = ∞. This notation is possible since these numbers only depend on q
and k. The set S(F [T ], k) and the parameters G(q, k), g(q, k) are not sufficient to
describe all possible cases, see [1, Proposition 4.4]. In [2] and [3], new parameters
have been introduced. They are defined as follows.

Let S×(F [T ], k) denote the set of polynomials in F [T ] which are strict sums of
k-th powers. Let g×(q, k) denote the least integer s, if it exists, such that every
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polynomial M ∈ S×(F [T ], k) may be written as a strict sum

M = Mk
1 + · · ·+Mk

s ,

otherwise, we put g×(q, k) = ∞. Similarly, G×(q, k) denotes the least integer
satisfying the same condition for every polynomial M ∈ S×(F [T ], k) of sufficiently
large degree. Many articles were devoted to the case k = 3, see [9], [6], [10], [11].
In the case of an even characteristic, exponents k = 2r + 1 were considered in [2].
The case k = 7, q = 2m with m /∈ {1, 2, 3} was covered by [1, Theorems 1.2 and 1.3]
or by [12, Theorem 1.4]. For almost all q = 2m, the bounds obtained in articles for
the numbers G(2m, 7), are comparable with the bound GN(7) ≤ 33, known for the
corresponding Waring’s number for the integers ([16]). The case of the numbers
g(2m, 7) is different. In the case when m /∈ {1, 2, 3} [1, Theorem 1.3] as well as
[12, Theorem 1.4] gives g(2m, 7) ≤ 239`(2m, 7) with `(2m, 7), the least integer s
such that every a ∈ F may be written as a sum of s seventh powers when, for the
integers, it is known that gN(7) = 143, ([8]). In [4], we obtained better bounds
for the numbers g(2m, 7) in the case when m > 3, the method yield also better
bounds for the numbers G(2m, 7). In [5], we dealt with the case k = 7, q = 4.
Nothing was known for the case k = 7, q = 2 or for the case k = 7, q = 8. In this
paper, we study the case k = 7, q = 8 and we prove the following theorem.

Theorem 1.1. Let F be a finite field with 8 elements. Then

(1) the set S(F [T ], 7) is the set of polynomials A ∈ F [T ] such that T 8 + T
divides A2 +A;

(2) the set S×(F [T ], 7) is the subset of S(F [T ], 7) formed by the polynomials
A ∈ S(F [T ], 7) such that either degA 6≡ 0 (mod 7) or degA ≡ 0 (mod 7)
and A is monic;

(3) we have G(8, 7) = g(8, 7) =∞, G×(8, 7) ≤ 40 and g×(8, 7) ≤ 40.

Our proof gives the same bound for the numbers G×(8, 7) and g×(8, 7) unlike
the case when q = 2m with m > 3.

It is easy to see that S(F [T ], 7) is a subring of the ring A formed by the polyno-
mials A ∈ F [T ] such that A2+A is multiple of T 8+T . Indeed, if A = A7

1+ · · ·+A7
s

is a sum of seventh powers of polynomials Ai ∈ F [T ], for each x ∈ F and each
i ∈ {1, . . . , s}, one has Ai(x)7 ∈ {0, 1}, so that A(x) ∈ F2; thus, every x ∈ F is a
root of A2 + A. The key tool of the proof of the inclusion A ⊂ S(F [T ], 7) is the
following identity: For every X ∈ F [T ], one has

T 3iX4 + T 5iX2 + T 6iX = (X + T i)7 + (X + β3T i)7 + (X + β5T i)7 + (X + β6T i)7

where β ∈ F is such that β3 = β + 1. We observe that the map X → Li(X) =
T 3iX4 + T 5iX2 + T 6iX is linear. Starting with a polynomial X = xNT

N +
xN−1T

N−1 + . . . + x1T + x0 in A with degX ≤ 4n + 3, we replace a monomial
xkT

k by the sum of an appropriate Li(Yk) and two monomials of lower degree.
For instance, we write aT 4n = L0(a2Tn) + a4T 2n + a2Tn, aT 4n+3 = L1(a2Tn) +
a4T 2n+5 + a2Tn+6, . . . We begin with xNT

N , we continue with xN−1T
N−1, . . . ,

following decreasing degrees as long as the process gives monomials of lower degree.
At the end of the process we obtain that X = L0(Y0) + · · · + L3(Y3) + Z with
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Y0, . . . , Y3 polynomials of degree ≤ n and Z of degree ≤ 21, so that X is a sum
X = Z7

1 + · · ·+ Z7
12 + Z with polynomials Zi of degree ≤ n and Z ∈ A of degree

≤ 21. The characterization of the set S(F [T ], 7) reduces to the characterization of
the set of sums of seventh powers of degree ≤ 21. This is our first descent process.

In this way, we do not get a strict representation. In order to get a strict
representation, we improve the method using a descent process that was introduced
by Gallardo [9] and improved in [6]. We observe that it suffices to deal with monic
polynomials of degree multiple of 7. Indeed, if every monic A ∈ A of degree 7n is
a strict sum of s seventh powers, then, writing a polynomial X ∈ A of degree < 7n
as X = T 7n + (T 7n +A), we get that every polynomial X ∈ A of degree < 7n is a
sum of s+ 1 seventh powers, and that every X ∈ A with 7(n− 1) < degX < 7n is
a strict sum of s+ 1 seventh powers. We start with a monic polynomial X ∈ F [T ]
of degree multiple of 7, say degX = 7n with n ≥ 8. We write X0 = X as a sum
X = X0 = Y 7

0 + X1, where Y0 is a monic polynomial of degree n = n0 and X1 a
monic polynomial of degree 7n1 with n1 the least integer such that 7n1 ≥ 6n− 1.
Then, we start again with X1 at the place of X0 and we continue until we get

X = Y 7
1 + Y 7

2 + · · ·+ Y 7
r−1 +Xr

with Xr a monic polynomial of degree 7nr. For the last step, we write Xr as a sum
Xr = Y 7

r+1 + Xr+1 with degXr+1 < 6nr with Xr+1 not necessarily monic. We
choose r in order to have degXr+1 < 4n + 3, so that we may apply the previous
descent to Xr+1.

The problem becomes that of representation by sums and strict sums of seventh
powers of degree ≤ 56. Its study needs other descent processes. The third descent
process consists of writing a polynomial A of degree < 7n with n ≥ 2 as a sum

A =

6∑
i=1

(Tn + yiT
n−1 + ziT

n−2)7 +B

with y1, z1, . . . , y6, z6 ∈ F and B a monic polynomial of degree 7(n− 1).
The fourth descent process consists of writing a monic polynomial A of degree

7n ≥ 28 as a sum A = A7
1 + A7

2 + A7
3 + B with A1, A2, A3 ∈ F [T ] of degree n

and B ∈ F [T ] monic of degree 7(n − 1). From case to case with the appropriate
descent process, the study of sums (or strict sums) of degree ≤ 7n reduces to
that of sums (or strict sums) of degree ≤ 7(n − 1). All these descent processes
are described in Section 3. Proving that polynomials of small degree are sums or
strict sums of seventh powers and proving the validity of the descent processes
require some results on the solvability of systems of algebraic equations over the
finite field F . This is done in Section 2. In Section 4, we characterize the set
S(F, 7) as well as the set formed by strict sums of seventh powers of degree ≤ 21
and we construct a sequence (Pn) of polynomials Pn of degree 7n which are sums
of seventh powers and which, however, are not strict sums of seventh powers. In
Section 5, we characterize the set S×(F, 7) and we get upper bounds for G×(8, 7)
and g×(8, 7).
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2. Equations

Proposition 2.1. For every (a, b) ∈ F × F , the system

(A(a, b))

{
x1 + x2 + x3 = a,
x31 + x32 + x33 = b,

has solutions (x1, x2, x3) ∈ F 3 such that x1 6= x2. Moreover, if b 6= a3, (A(a, b))
admits solutions satisfying

(C) x1 6= x2, x2 6= x3, x3 6= x1.

Proof. Let (a, b) ∈ F ×F . From [13], (A(a, b)) has a solution (x1, x2, x3) ∈ F 3.
Suppose b 6= a3, every (x1, x2, x3) ∈ F 3 solution of (A(a, b)) satisfies (C) so that
it satisfies the weaker condition x1 6= x2. If b = a3, for every x ∈ F , (x, a, x) is a
solution of (A(a, b)). We choose x 6= a. �

Corollary 2.2. For every b = (a, a′, b, b′, c, d) ∈ F 6, the system

(E(b))



y1 + · · ·+ y6 = a,
y31 + · · ·+ y36 = a′,
z1 + · · ·+ z6 = b
z31 + · · ·+ z36 = b′

y21z1 + · · ·+ y26z6 = c,
y41z1 + · · ·+ y26z6 = d,

has solutions (y1, z1, . . . , y6, z6) ∈ F 12.

Proof. We have to consider three cases:

(i) a′ 6= a3 or b′ 6= b3;
(ii) a′ = a3, b′ = b3 and (a, b) 6= (0, 0);

(iii) a′ = a3 = b′ = b3 = 0.

Case (i): By symmetry we may suppose a′ 6= a3. Proposition 2.1 gives the
existence of (y1, y2, y3) in F 3 solution of (A(a, a′)) satisfying (C). Thus, the matrix 1 1 1

y21 y22 y23
y41 y42 y43


is invertible. There is (z1, z2, z3) ∈ F 3 solution of z1 + z2 + z3 = b,

y21z1 + y22z2 + y23z3 = c,
y41z1 + y42z2 + y43z3 = d.

From the same proposition, there exists (z4, z5, z6) ∈ F 3 solution of (A(0, u)) with
u = b′ + z31 + z32 + z33 . Let y4 = y5 = y6 = 0. Then (y1, z1, . . . , y6, z6) is solution of
(E(b)).

Case (ii): By symmetry we may suppose a 6= 0. Let u ∈ F −{0, a}. The matrix(
a2 u2

a4 u4

)
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is invertible. Let (z1, z2) ∈ F 2 be the unique solution of{
a2z1 + u2z2 = c,
a4z1 + u4z2 = d.

Proposition 2.1 gives the existence of (z4, z5, z6) ∈ F 3 solution of (A(v, w)), with
v = b+ z1 + z2, w = b′+ z31 + z32 . Then (a, z1, u, z2, u, 0, 0, z4, 0, z5, 0, z6) is solution
of (E(b)).

Case (iii): Let y1, y2 ∈ F be such that y1y2(y1 + y2) 6= 0. As above, there is
(z1, z2) ∈ F 2 solution of {

y21z1 + y22z2 = c,
y41z1 + y42z2 = d

so that (y1, z1, y2, z2, y1, 0, y2, 0, 0, z1, 0, z2) is solution of (E(b)).
�

Proposition 2.3. For every b = (b1, b2, . . . , b7) ∈ F 7, the system

(F(b))



b1 =
5∑
i=1

xi, (e1)

b2 =
5∑
i=1

(yi + x2i ), (e2)

b3 =
5∑
i=1

(zi + x3i ), (e3)

b4 =
5∑
i=1

(x2i yi + y2i + x4i ), (e4)

b5 =
5∑
i=1

(x2i zi + y2i xi + x5i ), (e5)

b6 =
5∑
i=1

(y3i + z2i + x4i yi + x6i ), (e6)

b7 =
5∑
i=1

(y2i zi + xiz
2
i + x4i zi + x7i ) (e7)

has solutions (x1, y1, z1, . . . , x5, y5, z5) ∈ F 15.

Proof. Let x1 = 1, x2 = 1 + b1, x3 = x4 = x5 = 0, y1 = a4 + b22, y2 = 0,
z1 = b5 + y21 + 1 + x52, z2 = 0. Then, whatever the choice made for y3, y4, y5, z3,
z4, z5, (e1) and (e5) are satisfied as well as

5∑
i=1

x2i yi = b4 + b22.

Let a = b2 + b21 + y1 and b = b6 + b23 + y1 + y31 . Proposition 2.1 gives the existence
of (y3, y4, y5) ∈ F 3 solution of (A(a, b)) with y3 6= y4. Then, for any choice for z3,
z4, z5, (e2) and (e6) are satisfied as well as (e4). Let (z3, z4) ∈ F 2 be solution of{

z3 + z4 = b3 + 1 + x32 + z1,
y23z3 + y24z4 = b7 + z21 + z1 + 1 + x72 + y1z

2
1 ,

and let z5 = 0. Then (e7) and (e3) are satisfied. �
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Proposition 2.4. For every b = (b1, b2, . . . , b7) ∈ F 7, the system

(G(b))



b1 =
3∑
i=1

ui, (e1)

b2 =
3∑
i=1

(xi + u2i ), (e2)

b3 =
3∑
i=1

(yi + u3i ), (e3)

b4 =
3∑
i=1

(zi + u2ixi + u4i + x2i ), (e4)

b5 =
3∑
i=1

(u2i yi + uix
2
i + u5i ), (e5)

b6 =
3∑
i=1

(u2i zi + x3i + u4ixi + u6i + y2i ), (e6)

b7 =
3∑
i=1

(x2i yi + uiy
2
i + u4i yi + u7i ) (e7)

has solutions (u1, x1, y1, z1, . . . , u3, x3, y3, z3) ∈ F 12

Proof. Let u1 ∈ F −{0, b1}, u2 ∈ F −{0, b1, u1, u1 + b1} and u3 = b1 + u1 + u2.
Then (e1) is satisfied as well as the condition

u1u2u3(u1 + u2)(u2 + u3)(u3 + u1) 6= 0.(†)

Let y1 ∈ F and y2 ∈ F be such that

y1(u3 + u1) + y2(u2 + u3) 6= (u1 + u2)(b3 +

3∑
i=1

u3i ).

Let

y3 = y1 + y2 + b3 +

3∑
i=1

u3i .

Then (e3) is satisfied and (†) insures that the matrix 1 1 1
u41 u42 u43
y41 y42 y43


is invertible. Let (x1, x2, x3) ∈ F 3 be defined by

x1 + x2 + x3 = b2 + b21,

u41x1 + u42x2 + u43x3 = b45 +
3∑
i=1

(u2i yi + u5i )
4

y41x1 + y42x2 + y43x3 = b47 +
3∑
i=1

(uiy
2
i + u4i yi)

4.

Then (e2), (e5) and (e7) are satisfied. For the matrix(
1 1
u21 u22

)
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being invertible, there exists (z1, z2) ∈ F 2 such that
z1 + z2 = b4 + b22 +

3∑
i=1

u2ixi,

u21z1 + u22z2 = b6 + b23 +
3∑
i=1

(u4ixi + x3i ).

Then with z3 = 0, (e4) and (e6) are satisfied. �

3. Identities and descent processes

For i a non-negative integer and X ∈ F [T ], let

Li(X) = T 3iX4 + T 5iX2 + T 6iX.(3.1)

The following lemma is the key of the proof.

Lemma 3.1. The map Li is linear over F2 and one has

Li(X) = (X + T i)7 + (X + β3T i)7 + (X + β5T i)7 + (X + β6T i)7,(3.2)

where β ∈ F satisfies β3 = β + 1.

A simple application of (3.1) gives the following lemma.

Lemma 3.2. Let n be a non-negative integer and let a ∈ F . Then, we have

aT 4n = L0(a2Tn) + a4T 2n + a2Tn,(3.3)

aT 4n+3 = L1(a2Tn) + a4T 2n+5 + a2Tn+6.(3.4)

If n > 0, then

aT 4n+2 = L2(a2Tn−1) + a4T 2n+8 + a2Tn+11.(3.5)

If n > 1, then

aT 4n+1 = L3(a2Tn−2) + a4T 2n+11 + a2Tn+16.(3.6)

The next proposition makes use of Gallardo’s descent.

Proposition 3.3. Let H ∈ F [T ] be monic with degree 7n ≥ 56.
If n ≥ 16 or n = 9, 10, 11, 14, there exist X0, . . . , X3, Y0, . . . , Y3, Z in F [T ] with
degXi ≤ n, deg Yj ≤ n and degZ ≤ 21 such that

H = X7
0 + · · ·+X7

3 + L0(Y0) + · · ·+ L3(Y3) + Z.(3.7)

If n = 8, then there exist X0, X1, X2, Y0, . . . , Y3, Z in F [T ] with degXi ≤ n,
deg Yj ≤ n and degZ ≤ 21 such that

H = X7
0 + · · ·+X7

2 + L0(Y0) + · · ·+ L3(Y3) + Z.(3.7’)

If n=12, 13, 15, then there exist X0, . . . , X4, Y0, . . . , Y3, Z in F [T ] with degXi≤n,
deg Yj ≤ n and degZ ≤ 21 such that

H = X7
0 + · · ·+X7

4 + L0(Y0) + · · ·+ L3(Y3) + Z.(3.7”)
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Proof. From [1, Lemma 5.2-(ii))], there is a sequence H0, H1, . . . ,Hi, . . . of mo-
nic polynomials of degree 7n0, 7n1, . . . , 7ni, . . . and a sequence X0, X1, . . . , Xi, . . .
of polynomials of degree n0, n1, . . . , ni, . . . such that H = H0 and such that for
each index i,

Hi = X7
i +Hi+1,(3.8)

6ni ≤ 7ni+1 < 6ni + 7.(3.9)

Moreover, for each index i ≥ 0, there is Wi ∈ F [T ] of degree ni such that

deg(Hi +W 7
i ) < 6ni.(3.10)

Let r be the least integer such that 6nr − 1 ≤ 4n + 3. The sequence ((n, 4n + 3,
n1n2, n3, 6n3 − 1))42≥n≥8 is given in [4, p. 313]. We have r = 3 for n ≥ 16,
r = 2 for n = 8, and r = 4 for n = 12, 13, 15. We suppose n ≥ 16. Using
(3.8) for i = 0, 1, 2, then (3.10) for i = 3, we get H = X7

0 + · · · + X7
3 + Y with

deg Y ≤ 4n+ 3. Using (3.3), (3.4), (3.5) and (3.6), as for [4, Proposition 5.4], we
get that Y = L0(Y0) + · · · + L3(Y3) + Z with Y0, . . . , Y3, Z ∈ F [T ] satisfying the
degree conditions deg Yi ≤ n, degZ ≤ 21. The proof runs in the same way for the
other cases. �

We shall use two other descent processes described below.

Proposition 3.4. Let n ≥ 2 be an integer and let A ∈ F [T ] be such that
degA < 7n, Then there exists (y1, z1, . . . , y6, z6) ∈ F 12 such that

deg
(
A+ T 7(n−2)

6∑
i=1

(T 2 + yiT + zi)
7)
)
≤ 7(n− 1).

Proof. We note that for (y, z) ∈ F 2,

deg
(
(T 2 + yT + z)7 + T 14 + yT 13 + (y2 + z)T 12 + y3T 11+(?)

+ (y4 + y2z + z2)T 10 + (y5 + yz2)T 9 + (y6 + y4z + z3)T 8
)
≤ 7.

Suppose that A =
13∑
i=0

aiT
i. Corollary 2.2 gives the existence of (y1, z1, . . . , y6, z6) ∈

F 12 solution of (E(b)) with b = (a13, a11, a12 + a213, a8 + a49, a10 + a212, a
4
9 + a211),

so that with (?),

deg
(
A+

6∑
i=1

(T 2 + yiT + zi)
7
)
≤ 7.

Now, let A =
7n−1∑
i=0

aiT
i with n > 2. We have

deg
(
A+ T 7(n−2)

( 13∑
i=8

ai+7(n−2)T
i
))
≤ 7(n− 1).
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There exists (y1, z1, . . . , y6, z6) ∈ F 12 such that

deg
(( 13∑

i=8

ai+7(n−2)T
i
)

+
( 6∑
i=1

(T 2 + yiT + zi)
7
))
≤ 7.

Then

deg
(
A+ T 7(n−2)

6∑
i=1

(T 2 + yiT + zi)
7)
)
≤ 7(n− 1).

�

Proposition 3.5. Let n ≥ 4 be an integer and A ∈ F [T ] be monic of degree
7n. Then, there exist A1, A2, A3 ∈ F [T ] of degree n such that A + A7

1 + A7
2 + A7

3

is a monic polynomial of degree 7(n− 1).

Proof. Suppose

A = T 7n +

7n−1∑
i=0

aiT
i.

Proposition 2.4 gives the existence of (u1, x1, y1, z1, . . . , u3, x3, y3, z3) ∈ F 12 solu-
tion of G(a7n−1, . . . , a7n−6, a7n−7 + 1), so that

B = A+

3∑
i=1

(T 4 + uiT
3 + xiT

2 + yiT + zi)
7

is a monic polynomial of degree 7(n− 1). �

4. The set S(F [T ], 7)

In this section, we shall prove that S(F [T ], 7) = A.

4.1. Sums and strict sums of degree less than 21

Proposition 4.1. Let A ∈ A of degree ≤ 7. Then,

(i) there exists (u, v, a, b) ∈ F2 × F2 × F × F such that

A = uT 7 + aT 6 + a2T 5 + b4T 4 + a4T 3 + b2T 2 + bT + v;

(ii) A is a strict sum of 4 seventh powers.

Proof. Let

A = a7T
7 + a6T

6 + · · ·+ a0

be such that T 8 + T divides A2 +A. We have

(a27 + a7)T 7 + (a23 + a6)T 6 + (a26 + a5)T 5 + (a22 + a4)T 4 + (a25 + a3)T 3

+ (a21 + a2)T 2 + (a24 + a1)T + (a20 + a0) ≡ A2 +A ≡ 0 (mod T 8 + T ),

so that a27 = a7, a
2
0 = a0; a23 = a6, a

2
6 = a5, a

2
5 = a3; a22 = a4, a

2
1 = a2, a

2
4 = a1.

This proves (i). For a ∈ F , let

Pa = a4T 4 + a2T 2 + aT, Qa = aT 6 + a2T 5 + a4T 3.
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For a 6= 0, we have

Pa =

{
(T + a6)7 + (T + β3a6)7 + (T + β5a6)7 + (T + β6a6)7,

T 7 + 1 + (T + βa6)7 + (T + β2a6)7 + (T + β4a6)7,
(∗)

and

Qa =

{
(T + a)7 + (T + β4a)7 + (T + β2a)7 + (T + βa)7,

T 7 + 1 + (T + β6a)7 + (T + β5a)7 + (T + β3a)7.
(∗∗)

Thus Pa, Pa + T 7, Pa + 1, Qa, Qa + T 7, Qa + 1 are sums of 4 seventh powers, and
Pa+T 7 +1, Qa+T 7 +1 are sums of 3 seventh powers. With (∗) and (∗∗), we have

Pa +Qa6 = (aT + 1)7 + T 7 + 1,

so that Pa + Qa6 is a sum of 3 seventh powers, Pa + Qa6 + T 7, Pa + Qa6 + 1 are
sums of 2 seventh powers and Pa+Qa6 +T 7 +1 = (aT +1)7 is of a seventh power.
With (∗) and (∗∗), we have

Pa +Qβa6 =

{
(T + a6)7 + (T + βa6)7 + (T + β2a6)7 + (T + β6a6)7,

T 7 + 1 + (T + β3a6)7 + (T + β4a)7 + (T + β5a6)7,

so that Pa +Qaβ6 is a sum of 4 seventh powers, Pa +Qβa6 +T 7, Pa +Qβa6 + 1 are
sums of 4 seventh powers and Pa +Qβa6 + T 7 + 1 is a sum of 3 seventh powers;

Pa +Qβ2a6 =

{
(T + a6)7 + (T + β2a6)7 + (T + β4a6)7 + (T + β5a6)7,

T 7 + 1 + (T + βa6)7 + (T + β3a6)7 + (T + β6a6)7,

so that Pa +Qβ2a6 is a sum of 4 seventh powers, Pa +Qβ2a6 + T 7, Pa +Qβ2a6 + 1
are sums of 4 seventh powers and Pa+Qβ2a6 +T 7+1 is a sum of 3 seventh powers;

Pa +Qβ3a6 = (T + β4a6)7 + (T + β6a6)7,

so that Pa +Qβ3a6 is a sum of 2 seventh powers, Pa +Qβ3a6 + T 7, Pa +Qβ2a6 + 1
are sums of 3 seventh powers and Pa+Qβ3a6 +T 7+1 is a sum of 4 seventh powers;

Pa +Qβ4a6 =

{
(T + a6)7 + (T + βa6)7 + (T + β3a6)7 + (T + β4a6)7,

T 7 + 1 + (T + β2a6)7 + (T + β5a6)7 + (T + β6a6)7,

so that Pa +Qβ4a6 is a sum of 4 seventh powers, Pa +Qβ4a6 + T 7, Pa +Qβ2a6 + 1
are sums of 4 seventh powers and Pa+Qβ3a6 +T 7+1 is a sum of 3 seventh powers;

Pa +Qβ5a6 = (T + β2a6)7 + (T + β3a6)7,

so that Pa +Qβ5a6 is a sum of 2 seventh powers, Pa +Qβ5a6 + T 7, Pa +Qβ5a6 + 1
are sums of 3 seventh powers and Pa+Qβ5a6 +T 7+1 is a sum of 4 seventh powers;

Pa +Qβ6a6 = (T + βa6)7 + (T + β5a6)7,

so that Pa +Qβ6a6 is a sum of 2 seventh powers, Pa +Qβ6a6 + T 7, Pa +Qβ6a6 + 1
are sums of 3 seventh powers and Pa+Qβ6a6 +T 7+1 is a sum of 4 seventh powers.
We note that all these sums are strict sums. From the (i) part of the proposition,
every A ∈ A of degree ≤ 7 is a sum A = uT 7 + Qa + Pb + v with a, b ∈ F and
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u, v ∈ F2. Thus every A ∈ A of degree ≤ 7 is a strict sum of at most 4 seventh
powers. �

Corollary 4.2. Every A ∈ A such that 7 < degA < 14 is a strict sum of 10
seventh powers, so that every monic polynomial A ∈ A of degree 14 is a strict sum
of 11 seventh powers.

Proof. Let A ∈ A be such that 7 < degA < 14. From Proposition 3.4, there
exists A1, . . . , A6, B ∈ F [T ] such that

A =

6∑
i=1

A7
i +B, degA1 = · · · = degA6 = 2, degB ≤ 7.

Then B ∈ A, so that from Proposition 4.1, B is a strict sum of 4 seventh powers.
�

Proposition 4.3. Let A ∈ A be monic of degree 21. Then A is a strict sum of
15 seventh powers.

Proof. Let A = T 21 + a20T
20 + a20T

20 + · · ·+ a1T + a0 be a monic polynomial
in A. Let (x1, y1, z1, . . . , x5, y5, z5) ∈ F 15 be solution of F(a20, a19, . . . , a14), (c.f.
Proposition 2.3), and let

B = A+

5∑
i=1

(T 3 + xiT
2 + yiT + zi)

7.

Then, B ∈ A and degB < 14. We conclude with Corollary 4.2. �

Proposition 4.4. Let A ∈ S(F [T ], 7) be monic of degree 28. Then A is a strict
sum of 18 seventh powers.

Proof. Proposition 3.5 gives the existence of A1, A2, A3 ∈ F [T ] of degree 4 such
that B = A+A7

1 +A7
2 +A7

3 is a monic polynomial of degree 21. Since B ∈ A, we
conclude with Proposition 4.3. �

4.2. The set S(F [T ], 7)

Theorem 4.5. The set S(F [T ], 7) is the set of polynomials A ∈ F [T ] such that
T 8 + T divides A2 +A.

Proof. We have to prove that A ⊂ S(F [T ], 7). Let A ∈ A. Suppose degA ≤ 21.
Then (T 28 + A) ∈ A. From Proposition 4.4, (T 28 + A) ∈ S(F [T ], 7), so that
A ∈ S(F [T ], 7). For n ≥ 4, the proof goes by induction. We suppose that every
P ∈ A of degree ≤ 7(n− 1) lies in S(F [T ], 7). Let A ∈ A with 7(n− 1) < degA ≤
7n. If degA < 7n, Proposition 3.4 gives the existence of A1, . . . , A6 ∈ F [T ]
such that deg(A + A7

1 + · · · + A7
6) ≤ 7(n − 1). Since (A + A7

1 + · · · + A7
6) ∈ A,

(A + A7
1 + · · · + A7

6) ∈ S(F [T ], 7), so that A ∈ S(F [T ], 7). If degA = 7n, using
Proposition 3.5 at the place of Proposition 3.4, the proof is similar. �

Corollary 4.6. We have

g(8, 7) = G(8, 7) =∞.
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Proof. We prove the existence of a sequence of polynomials Pn with deg(Pn)
tending to +∞, such that for each index n, Pn ∈ S(F [T ], 7) and Pn /∈ S×(F [T ], 7).
We note that a7 ∈ F2 for every a ∈ F . Thus, a strict sum of seventh powers of
degree multiple of 7 is a monic polynomial. Let Pn = βT 7n + βT 7(n−1). Since
Pn is not monic and has degree 7n, Pn is not a strict sum of seventh powers. On
the other hand, Pn = βT 7n−8(T 8 + T ), so that T 8 + T divides P 2

n + Pn. Thus,
Pn ∈ S(F [T ], 7). �

5. The set S×(F [T ], 7)

In this section, we bound the length of strict representations of polynomials P ∈
S×(F [T ], 7). As it was noted in the introduction, it suffices to deal with monic
polynomials. Firstly, we consider polynomials P ∈ S×(F [T ], 7) of degree ≤ 189.

Proposition 5.1. Let A ∈ S(F [T ], 7) be a monic polynomial of degree multiple
of 7 and ≤ 189.

(i) If degA = 28, then A is a strict sum of 18 seventh powers.
(ii) If degA = 35, then A is a strict sum of 21 seventh powers.
(iii) If degA = 42, then A is a strict sum of 24 seventh powers.
(iv) If degA = 7n with 7 ≤ n < 14, then A is a strict sum of n + 18 seventh

powers.
(v) If degA = 7n with 14 ≤ n < 21, then A is a strict sum of n + 17 seventh

powers.
(vi) If degA = 7n with 21 ≤ n < 28, then A is a strict sum of n + 16 seventh

powers.

Proof. Proposition 4.4 gives (i). Suppose that degA = 7k with k = 5, 6. Propo-

sition 3.5 gives the existence of X1, X2, X3 ∈ F [T ] of degree k such that A+
3∑
i=1

X7
i

is monic of degree 7(k − 1). Then (ii) falls from (i), and (iii) falls from (ii).
We prove (iv), (v) and (vi) by induction. Suppose that for n ≥ 7, every monic

polynomial of degree 7k with k < n is a strict sum of s(k) seventh powers. Let
A ∈ F [T ] be monic of degree 7n. From [1, Lemma 5.2-(ii)], there is a polynomial
X ∈ F [T ] of degree n such that A + X7 is a monic polynomial of degree 7m(n)
with m(n) defined by the condition 6n ≤ 7m(n) < 6n+ 7. We have

m(n) =

 n− 1 if 7 ≤ n < 14,
n− 2 if 14 ≤ n < 21
n− 3 if 21 ≤ n < 28.

From the induction assumption, A+X7 is a strict sum of s(m(n)) seventh powers,
so that A is a strict sum of s(m(n))+1 seventh powers. We have s(6) = 24. Thus,

s(n) =

 n+ 18 if 7 ≤ n < 14,
n+ 17 if 14 ≤ n < 21,
n+ 16 if 21 ≤ n < 28.

�
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Now, we consider polynomials with large degree.

Proposition 5.2. Let H ∈ S(F [T ], 7) be a monic polynomial of degree multiple
of 7.

(i) If degH ≥ 112 or degH ∈ {63, 70, 77, 98}, then H is a strict sum of 39
seventh powers.

(ii) If degH = 56, then H is a strict sum of 38 seventh powers.
(iii) If degH ∈ {84, 91, 105}, H is a strict sum of 40 seventh powers.

Proof. Let degH = 7N . Suppose N ≥ 9, N 6= 12, 13, 15. Proposition 3.3 gives
the existence of X0, . . . , X3, Y0, . . . , Y3, Z ∈ F [T ] with degXi ≤ N, deg Yj ≤ N
and degZ ≤ 21 such that

H = X7
0 + · · ·+X7

3 + L0(Y0) + · · ·+ L3(Y3) + Z.

Lemma 3.1 and Proposition 4.4 give the existence of polynomials Y0,1, . . . , Y0,4,
. . . , Y3,1, . . . , Y3,4 of degree ≤ N , and polynomials Z1, . . . , Z19 of degree ≤ 4 such
that

H = X7
0 + · · ·+X7

3 +

3∑
i=0

4∑
j=1

Y 7
i,j +

19∑
i=1

Z7
i .

Thus H is a strict sum of 39 seventh powers. For N = 8, resp., for N = 12, 13, 15,
the proof is similar, with (3.7’), resp. (3.7”) at the place of (3.7). �

We are ready to prove our main theorem.

Theorem 5.3.

(1) The set S×(F [T ], 7) is the subset of S(F [T ], 7) formed by the polynomials
A ∈ S(F [T ], 7) such that either degA 6≡ 0 (mod 7) or degA ≡ 0 (mod 7)
and A is monic.

(2) We have
G×(8, 7) ≤ 40, g×(8, 7) ≤ 40.

Proof. The comparison of the results provided by Propositions 4.1, 4.2, 4.3, 4.4,
5.1 and 5.2 gives that every monic H ∈ S(F [T ], 7) of degree multiple of 7 lies in
S×(F [T ], 7) and that g×(8, 7) ≤ 40. Proposition 5.2(i) gives that G×(8, 7) ≤ 40.

�
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