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FACTORISABLE MONOID OF GENERALIZED

HYPERSUBSTITUTIONS OF TYPE τ = (n)

A. BOONMEE and S. LEERATANAVALEE

Abstract. A generalized hypersubstitution of type τ maps any operation symbols

to the set of all terms. The extensions of generalized hypersubstitutions are map-
pings on the set of all terms. The set of all such generalized hypersubstitutions

forms a monoid. In this paper, we determine the set of all unit-regular elements of

this monoid of type τ = (n). We also conclude a submonoid of the monoid of all
generalized hypersubstitutions of type τ = (n) which is factorisable.

1. Introduction

The concept of generalized hypersubstitutions was introduced by S. Leeratanavalee
and K. Denecke [6]. It is a convenient method to describe the considered tree
transformations. A sequence of tree transformations can be described by products
of generalized hypersubstitutions. In 2002, K. Denecke and S. Leeratanavalee used
extensions of generalized hypersubstitutions to define tree transformations and
describe algebraic properties of sets of tree transformations by algebraic properties
of the set of all generalized hypersubstitutions [5]. In this paper, we study a monoid
of generalized hypersubstitutions of type τ = (n). In 2015, A. Boonmee and S.
Leeratanavalee [2] characterized all unit elements of this monoid of type τ = (n).
The set of all regular elements of this monoid of type τ = (n) was studied by W.
Puninagool and S. Leeratanavalee [7]. We used the concepts of unit elements and
regular elements as tools to determine the set of all unit-regular elements of the
monoid of all generalized hypersubstitutions of type τ = (n).

We recall first the concept of the monoid of all generalized hypersubstitutions
of type τ = (n). Let {fi : i ∈ I} be an indexed set of operation symbols of type τ ,
where fi is ni-ary, ni ∈ N. Let Wτ (X) be the set of all terms of type τ built up
by operation symbols from {fi : i ∈ I} and variables from X := {x1, x2, x3, . . . }.
A generalized hypersubstitution is a mapping σ which maps each ni-ary operation
symbol of type τ to a term of this type which does not necessarily preserve the
arity. To define the extension σ̂ of σ, we define inducively the concept of generalized
superposition of terms Sm : Wτ (X)m+1 →Wτ (X) as follows:
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(i) If t = xj , 1 ≤ j ≤ m, then Sm(xj , t1, . . . , tm) := tj .

(ii) If t = xj , m < j ∈ N, then Sm(xj , t1, . . . , tm) := xj .

(iii) If t = fi(s1, s2, . . . , sni), then
Sm(t, t1, . . . , tm) := fi(S

m(s1, t1, . . . , tm), . . . , Sm(sni , t1, . . . , tm)).
Then we extend every generalized hypersubstitution σ to a mapping σ̂ : Wτ (X)→

Wτ (X) defined as follows:
(i) σ̂[x] := x ∈ X,

(ii) σ̂[fi(t1, t2, . . . , tni)] := Sni(σ(fi), σ̂[t1], . . . , σ̂[tni ]) for any ni-ary operation
symbol fi supposed that σ̂[tj ], 1 ≤ j ≤ ni are already defined.

Let HypG(τ) be the set of all generalized hypersubstitutions of type τ . We
define a binary operation ◦G on HypG(τ) by σ1 ◦G σ2 := σ̂1 ◦ σ2 for every
σ1, σ2 ∈ HypG(τ), where ◦ denotes the usual composition of mappings. Let σid
be a hypersubstitution which maps each ni-ary operation symbol fi to the term
fi(x1, x2, . . . , xni). In [6], S. Leeratanavalee and K. Denecke proved the following.

For arbitrary terms t, t1, . . . , tn ∈ Wτ (X) and for arbitrary generalized hyper-
substitutions σ, σ1, σ2, we have:
(i) Sn(σ̂[t], σ̂[t1], . . . , σ̂[tn]) = σ̂[Sn(t, t1, . . . , tn)],

(ii) (σ̂1 ◦ σ2)̂ = σ̂1 ◦ σ̂2.
Then HypG(τ) = (HypG(τ), ◦G, σid) is a monoid and the set of all hypersubsti-

tutions of type τ forms a submonoid of HypG(τ).

2. Factorisable Monoid of Generalized Hypersubstitutions
of Type τ = (n)

From now on, we fix a type τ = (n). That means we have only one n-ary operation,
say f . To factorize monoid of generalized hypersubstitutions of type τ = (n), we
introduce some notations which will be used throughout this paper.

Let t ∈W(n)(X), we denote
σt := the generalized hypersubstitution σ of type τ = (n) which maps f to

the term t,

var(t) := the set of all variables occurring in the term t,

vbt(x) := number of occurrences of a variable x in t.
Then we introduce the following definitions.

Definition 2.1. Let t ∈W(n)(X), a subterm of t, is defined inductively by the
following.
(i) Every variable x ∈ var(t) is a subterm of t.

(ii) If t = f(t1, . . . , tn), then t itself, t1, . . . , tn, and all subterms of ti, 1 ≤ i ≤ n,
are subterms of t.

We denote the set of all subterms of t by sub(t).

Definition 2.2. Let t∈W(n)(X)rX, where t=f(t1, . . . , tn) for some t1,. . . ,tn∈
W(n)(X). For each s ∈ sub(t), s 6= t, a set seqt(s) of sequences of s in t, is defined
by

seqt(s) = {(i1, . . . , im) : m ∈ N and s = πim ◦ · · · ◦ πi1(t)},
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where πil : W(n)(X)rX →W(n)(X) by the formula πil(f(t1, . . . , tn)) = til . Maps
πil are defined for il = 1, 2, . . . , n.

Lemma 2.3. Let t, s ∈W(n)(X)rX, x∈var(t) and var(s)∩Xn={xz1 , . . . , xzk}.
If (i1, . . . , im) ∈ seqt(x), where i1, . . . , im ∈ {z1, . . . , zk}, then x ∈ var(σ̂s[t]) =
var(σs ◦G σt) and there is (ai1 , . . . , aim) ∈ seqσ̂s[t](x), where aij is a sequence of
natural numbers j1, . . . , jh such that (j1, . . . , jh) ∈ seqs(xij ) for all j ∈ {1, . . . ,m}.

Proof. Let t = f(t1, . . . , tn) for some t1, . . . , tn ∈ W(n)(X) and (i1, . . . , im) ∈
seqt(x), where i1, . . . , im ∈ {z1, . . . , zk}. Let us proceed by mathematical induction
on m. If (i1) ∈ seqt(x), where i1 ∈ {z1, . . . , zk}, then x = πi1(t) = ti1 , where
ti1 ∈ {t1, . . . , tn}. Hence σ̂s[ti1 ] = σ̂s[x] = x. Consider

σs ◦G σt(f) = σ̂s[t] = Sn(s, σ̂s[t1], . . . , σ̂s[tn]),

Since xi1 ∈ var(s) ∩ Xn, x = σ̂s[ti1 ] ∈ var(σ̂s[t]) and there is (ai1) ∈ seqσ̂s[t](x),
where ai1 is a sequence of natural numbers j1, . . . , jh such that (j1, . . . , jh) ∈
seqs(xi1). Let m be a natural number and assume that for each u∈W(n)(X)rX,
x ∈ var(u) and (l1, . . . , lp) ∈ sequ(x), where l1, . . . , lp ∈ {z1, . . . , zk}, then x ∈
var(σ̂s[u]) = var(σs ◦G σu) and there is (al1 , . . . , alp) ∈ seqσ̂s[u](x), where alq
is a sequence of natural numbers q1, . . . , qh∗ such that (q1, . . . , qh∗) ∈ seqs(xlq )
for all q ∈ {1, . . . , p}, is true for all natural numbers p < m. If (i1, . . . , im) ∈
seqt(x), where i1, . . . , im ∈ {z1, . . . , zk}, then x = πim ◦ · · · ◦ πi1(t) = πim ◦ · · · ◦
πi2(ti1), i.e., x ∈ var(ti1) and (i2, . . . , im) ∈ seqti1 (x). By our assumption, we
get x ∈ var(σ̂s[ti1 ]) and there is (ai2 , . . . , aim) ∈ seqσ̂s[ti1 ](x), where aij is a se-
quence of natural numbers j1, . . . , jh such that (j1, . . . , jh) ∈ seqs(xij ) for all
j ∈ {2, . . . ,m}. Since xi1 ∈ var(s) ∩Xn, σ̂s[ti1 ] ∈ sub(Sn(s, σ̂s[t1], . . . , σ̂s[tn])) =
sub(σ̂s[t]) and seqσ̂s[t](σ̂s[ti1 ]) = seqs(xi1). Hence x ∈ var(σ̂s[t]) and there is
(ai1 , ai2 , . . . , aim) ∈ seqσ̂s[t](x) where aij is a sequence of natural numbers j1, . . . , jh
such that (j1, . . . , jh) ∈ seqs(xij ) for all j ∈ {1, 2, . . . ,m}. �

Definition 2.4 ([4]). For any monoid S, an element u ∈ S is called unit if
there exists u−1 ∈ S such that uu−1 = e = u−1u, where e is the identity element
of S, and let U(S) denotes the set of all unit elements of S.

Theorem 2.5 ([2]). An element σt ∈ U(HypG(n)) if and only if t = f(xπ(1),
. . . , xπ(n)), where π ∈ Sn and Sn is the set of all permutations on {1, . . . , n}.

Definition 2.6 ([4]). An element a of a semigroup S is called regular if there
exists x ∈ S such that axa = a. The semigroup S is called regular if all its elements
are regular.

Lemma 2.7 ([1]). Let σs, σt ∈ HypG(n), where t = f(t1, . . . , tn) such that
ti1 =xj1 , . . . , tim=xjm for some i1, . . . , im, j1, . . . , jm∈ {1, . . . , n} and var(t)∩Xn =
{xj1 , . . . , xjm}. Then σt ◦G σs ◦G σt = σt if and only if s = f(s1, . . . , sn), where
sjl = xil for all l ∈ {1, . . . ,m}.
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Let
R1 = {σxi : xi ∈ X},
R2 = {σt ∈ HypG(n) : var(t) ∩Xn = ∅},
R3 = {σt ∈ HypG(n) : t = f(t1, . . . , tn), where ti1 = xj1 , . . . , tim = xjm for
some i1, . . . , im, j1, . . . , jm ∈ {1, . . . , n} and var(t) ∩Xn = {xj1 , . . . , xjm}}.

In 2010, W. Puninagool and S. Leeratanavalee [7] showed that
⋃3
i=1Ri is the set

of all regular elements in HypG(n).

Definition 2.8 ([4]). An element e of a semigroup S is called idempotent if
e2 = ee = e, and we denote the set of all idempotent elements in S by E(S).

Let E = {σt ∈ HypG(n) : t = f(t1, . . . , tn), where ti1 = xi1 , . . . , tim = xim for
some i1, . . . , im ∈ {1, . . . , n} and var(t) ∩Xn = {xi1 , . . . , xim}}. Clearly, E ⊂ R3.

In 2010, W. Puninagool and S. Leeratanavalee [7] showed that E(HypG(n)) =
R1 ∪R2 ∪ E is the set of all idempotent elements in HypG(n).

Definition 2.9 ([4]). An element a of a monoid S is called unit-regular if there
exists u ∈ U(S) such that aua = a. The monoid S is called unit-regular if all its
elements are unit-regular.

Theorem 2.10.
3⋃
i=1

Ri is a set of all unit-regular elements in HypG(n).

Proof. Let σt ∈
⋃3
i=1Ri. If σt ∈ R1∪R2, then σt ∈ E(HypG(n)), so σt◦Gσid◦G

σt = σt ◦G σt = σt. If σt ∈ R3, then t = f(t1, . . . , tn), where ti1 = xj1 , . . . , tim =
xjm for some i1, . . . , im, j1, . . . , jm ∈ {1, . . . , n} and var(t) ∩Xn = {xj1 , . . . , xjm}.
Choose σu ∈ U(HypG(n)), where u = f(u1, . . . , un) = f(xπ(1), . . . , xπ(n)) for some
π ∈ Sn such that π(j1) = i1, . . . , π(jm) = im. Then ujl = xπ(jl) = xil for
all l ∈ {1, . . . ,m}. By Lemma 2.7, σt ◦G σu ◦G σt = σt. Hence σt is a unit-

regular element in HypG(n). Since
⋃3
i=1Ri is a set of all regular elements and

all its elements are unit-regular, so
⋃3
i=1Ri is a set of all unit-regular elements in

HypG(n). �

Lemma 2.11. Let t = f(t1, . . . , tn), where ti1 = xj1 , . . . , tim = xjm for some
i1, . . . , im, j1, . . . , jm∈{1, . . . , n} and var(t)∩Xn = {xj1 , . . . , xjm}. If xjl ∈ var(tk)
for some l ∈ {1, . . . ,m} and k ∈ {1, . . . , n} r {i1, . . . , im}, where (k1, . . . , kp) ∈
seqtk(xjl) for some k1, . . . , kp ∈ {1, . . . , n}r {il}, then there exists σs ∈ HypG(n)
such that σs ◦G σt is not a unit-regular element in HypG(n).

Proof. Assume that the condition holds. Since (k1, . . . , kp) ∈ seqtk(xjl), then
(k, k1, . . . , kp) ∈ seqt(xjl). Let h1, . . . , hq be distinct from k, k1, . . . , kp, then q ≤ n.
Choose σs ∈ HypG(n), where s = f(s1, . . . , sn) such that s1 = xh1

, . . . , sq = xhq
and sq+1, . . . , sn ∈W(n)(X) and var(sr)∩Xn = ∅ for all r ∈ {q+ 1, . . . , n}. Then
si 6= xil for all i ∈ {1, . . . , n}. Consider

(σs ◦G σt)(f) = σ̂s[f(t1, . . . , tn)]

= Sn(f(s1, .., sn), σ̂s[t1], . . . , σ̂s[tn]) = f(u1, . . . , un),
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where ui = Sn(si, σ̂s[t1], . . . , σ̂s[tn]) for all i ∈ {1, . . . , n}. Since si 6=xil , ui 6=xjl for
all i∈{1, . . . , n}. By Lemma 2.3 we get xjl ∈var(σs ◦G σt) such that xjl ∈ var(uj),

where uj ∈ W(n)(X) rX for some j ∈ {1, . . . , n}. Hence σs ◦G σt /∈
⋃3
i=1Ri, so

σs ◦G σt is not a unit-regular element in HypG(n). �

Example 2.12. Let τ = (3) and σt ∈
⋃3
i=1Ri, where t = f(x2, f(f(x4, x4, x5),

x2, x5), f(x5, x2, x5)). Choose σs ∈ R3, where s = f(x2, x3, x4). Consider

(σs ◦G σt)(f) = σ̂s[f(x2, f(f(x4, x4, x5), x2, x5), f(x5, x2, x5))]

= S3(s, x2, f(x2, x5, x4), f(x2, x5, x4))

= f(f(x2, x5, x4)), f(x2, x5, x4), x4).

We see that σs◦Gσt /∈
⋃3
i=1Ri, so σs◦Gσt is not a unit-regular element in HypG(3).

Therefore
⋃3
i=1Ri is not closed under ◦G.

Let R∗
3 = {σt ∈ HypG(n) : t = f(t1, . . . , tn), where ti1 = xj1 , . . . , tim = xjm for

some i1, . . . , im, j1, . . . , jm ∈ {1, . . . , n} and var(t) ∩ Xn = {xj1 , . . . , xjm} and if
xjl ∈ var(tk) for some l ∈ {1, . . . ,m} and k ∈ {1, . . . , n}r {i1, . . . , im}, then there
exists (k1, . . . , kp) ∈ seqtk(xjl) such that kq = il for some q ∈ {1, . . . , p}}.

We denote (UR)HypG(n) = R1 ∪R2 ∪R∗
3.

Theorem 2.13. (UR)HypG(n) is a unit-regular submonoid of HypG(n).

Proof. We have (UR)HypG(n) ⊂ HypG(n) and all its elements are unit-regular.
So we will show that (UR)HypG(n) is a submonoid of HypG(n), i.e., σs ◦G σt ∈
(UR)HypG(n) for all σt, σs ∈ (UR)HypG(n).

If σt ∈ R1, then σs ◦G σt ∈ R1 for all σs ∈ (UR)HypG(n).
If σt ∈ R2, then σs ◦G σt ∈ R1 for all σs ∈ R1, and σs ◦G σt ∈ R2 for all

σs ∈ R2 ∪R∗
3.

If σt ∈ R∗
3, then σs ◦G σt ∈ R1 for all σs ∈ R1 and σs ◦G σt ∈ R2 for all

σs ∈ R2. Denote t = f(t1, . . . , tn), where ti1 = xj1 , . . . , tim = xjm for some
i1, . . . , im, j1, . . . , jm ∈ {1, . . . , n} and var(t) ∩Xn = {xj1 , . . . , xjm}. Let σs ∈ R∗

3,
denote s = f(s1, . . . , sn), where sr1 = xh1

, . . . , srm∗ = xhm∗ for some r1, . . . , rm∗ ,
h1, . . . , hm∗ ∈ {1, . . . , n} and var(s) ∩Xn = {xh1

, . . . , xhm∗}. Hence

(σs ◦G σt)(f) = σ̂s[f(t1, . . . , tn)]

= Sn(f(s1, . . . , sn), σ̂s[t1], . . . , σ̂s[tn]) = f(u1, . . . , un),

where ui = Sn(si, σ̂s[t1], . . . , σ̂s[tn]) for all i ∈ {1, . . . , n}.
Case 1. Let i ∈ {r1, . . . , rm∗}. Then i = rα for some α ∈ {1, . . . ,m∗}. So

ui = Sn(srα , σ̂s[t1], . . . , σ̂s[tn]) = Sn(xhα , σ̂s[t1], . . . , σ̂s[tn]) = σ̂s[thα ].

Case 1.1. Let hα ∈ {i1, . . . , im}. Then hα = iβ for some β ∈ {1, . . . ,m} and
tiβ = xjβ , so ui = σ̂s[tiβ ] = xjβ .

Case 1.2. Let hα = k, where k ∈ {1, . . . , n}r {i1, . . . , im}. Then ui = σ̂s[tk].
Case 1.2.1. Let var(tk) ∩Xn = ∅. Then var(ui) ∩Xn = ∅.
Case 1.2.2. Let var(tk) ∩ Xn 6= ∅. Then there exists xjβ ∈ var(tk), where

tiβ = xjβ for some β ∈ {1, . . . ,m}, and there exists (k1, . . . , kp) ∈ seqtk(xjβ ) such
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that kq = iβ for some q ∈ {1, . . . , p}. If xk1 , . . . , xkp ∈ var(s), then xiβ = xkq ∈
var(s), where kq 6= k, so xkq = xiβ = srε for some ε ∈ {1, . . . ,m∗} and there exists
(rε) ∈ seqs(xkq ) such that rε 6= rα = i. Hence urε = Sn(srε , σ̂s[t1], . . . , σ̂s[tn]) =
Sn(xiβ , σ̂s[t1], . . . , σ̂s[tn])= σ̂s[tiβ ])=xjβ . By Lemma 2.3, we get xjβ∈var(σ̂s[tk]) =
var(ui) and there exists (ak1 , . . . , akP ) ∈ sequi(xjβ ), where akq = rε, and akj is a
sequence j1, . . . , jh such that (j1, . . . , jh) ∈ seqs(xkj ) for all j ∈ {1, . . . , p} r {q}.
If xkγ /∈ var(s) for some 1 ≤ γ ≤ p then xjβ /∈ var(ui), so var(ui) ∩Xn = ∅.
Case 2. Let i = k∗, where k∗ ∈ {1, . . . , n}r {r1, . . . , rm∗}. Then

ui = Sn(si, σ̂s[t1], . . . , σ̂s[tn]) = Sn(sk∗ , σ̂s[t1], . . . , σ̂s[tn]).

Case 2.1. Let var(sk∗) ∩Xn = ∅. Then ui = sk∗ and var(ui) ∩Xn = ∅.
Case 2.2. Let var(sk∗)∩Xn 6= ∅. Then xhα ∈ var(sk∗) for some α ∈ {1, . . . ,m∗}.

So srα = xhα and there exists (k∗1 , . . . , k
∗
p) ∈ seqsk∗ (xhα) such that k∗q = rα for

some q ∈ {1, . . . , p}.
Case 2.2.1. Let hα ∈ {i1, . . . , im}. Then hα = iβ for some β ∈ {1, . . . ,m},

so xiβ = xhα ∈ var(s). By Lemma 2.3, we get xjβ ∈ var(σ̂s[t]) and seqs(xiβ ) ⊆
seqσ̂s[t](xjβ ). Since (rα) ∈ seqs(xiβ ) and (k∗, k∗1 , . . . , k

∗
p) ∈ seqs(xiβ ), then (rα) ∈

seqσ̂s[t](xjβ ) and (k∗, k∗1 , . . . , k
∗
p) ∈ seqσ̂s[t](xjβ ). Hence urα = xjβ xjβ ∈ var(uk∗) =

var(ui) and there exists (k∗1 , . . . , k
∗
p) ∈ sequi(xjβ ) such that k∗q = rα.

Case 2.2.2. Let hα = k, where k ∈ {1, . . . , n} r {i1, . . . , im}, we can prove
similar to Case 1.2.

Therefore, σs ◦G σt ∈ R2 ∪R∗
3 ⊂ (UR)HypG(n).

Hence (UR)HypG(n) is closed under ◦G and we have σid ∈ (UR)HypG(n), i.e.,
(UR)HypG(n) is a submonoid of HypG(n). �

Theorem 2.14. (UR)HypG(n) is a maximal unit-regular semigroup of HypG(n).

Proof. Let H be a proper unit-regular semigroup of HypG(n) such that
(UR)HypG(n) ⊆ H ⊂ HypG(n). Let σt ∈ H, where σt ∈ R3 rR∗

3. By Lemma 2.11,
we can choose σs ∈ R∗

3 such that σs ◦G σt is not unit-regular. So σt /∈ H. Hence
H = (UR)HypG(n). �

Definition 2.15 ([3]). Let S be a semigroup and E(S) be the set of all idem-
potents in S. We say S is left [right] factorisable if S = GE(S) [S = E(S)H] for
some subgroup G[H] of S. S is factorisable if S is both left and right factorisable.

Theorem 2.16 ([3]). A monoid S is factorisable if and only if it is unit-regular.

Corollary 2.17. (UR)HypG(n) is factorisable.
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