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SEMI-SYMMETRIC TYPE OF a-SASAKIAN MANIFOLDS

K. K. BAISHYA anp P. R. CHOWDHURY

ABSTRACT. Recently the present author introduced the notion of generalized quasi-
conformal curvature tensor which bridges Conformal curvature tensor, Concircular
curvature tensor, Projective curvature tensor and Conharmonic curvature tensor.
This article attempts to characterize a-Sasakian manifolds with w(X,Y)-W = 0.
Based on this curvature conditions, we obtain and table the expression for the Ricci
tensor for the respective semi-symmetric type of a-Sasakian manifolds.

1. INTRODUCTION

In 1968, Yano and Sawaki [12] introduced the notion of quasi-conformal curvature
tensor in the context of Riemannian geometry. Recently, in tune with Yano and
Sawaki [12], the present authors [9] introduced and studied a generalized quasi-
conformal curvature tensor in the context of an N(k,u)-manifold. The beauty of
such curvature tensor lies in the fact that it has the flavour of a Riemann curvature
tensor R, a conformal curvature tensor C' [13], a conharmonic curvature tensor C
[18], a concircular curvature tensor E ([11, p. 84]), a projective curvature tensor
P ([11, p. 84]) and an m-projective curvature tensor H [8] as particular cases.
Hereafter in this paper, a generalized quasi-conformal curvature tensor W is called
a quasi-conformal like curvature tensor. The components of a quasi-conformal like
curvature tensor YV in a Riemannian manifold (M?"*1 g) n > 1, are given by

2n —1
2n+1
(1.1) + [1 - b+2na}E(X, Y)Z + 2n(b — a)P(X,Y)Z

2L 1)1+ anfa+)ECETIE,

WX, Y)Z = [((1+ 200 = 8) = 1+ 2n(a + B))| (X, ¥) 2

where a,b & c are real constants. The foregoing equation can also be written as
(1.2)

WX, Y)Z= R(X,Y)Z +a[S(Y,2)X=S(X, 2)Y | +b|g(¥, 2)QX —g(X, 2)QY |

- 2;: : (% +a+b)[o(v, 2)X - g(X, 2)Y].
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R, S, @ and r are a Christoffel Riemannian curvature tensor, a Ricci tensor, a Ricci
operator and a scalar curvature, respectively. In particular, the quasi conformal
like curvature tensor VW induce to

(1) Riemann curvature tensor R if a = b= c =0,

(2) conformal curvature tensor C'if a =b= -1, c =1,

(3) conharmonic curvature tensor Cifa=b= —ﬁ, c=0,
(4) concircular curvature tensor F if a =b=0and ¢ =1,

(5) projective curvature tensor P if a = fﬁ, b=0,c=0and
(6) m-projective curvature tensor H, if a = b = fﬁ, c=0.

An a-Sasakian manifold is said to be semi-symmetry type (respectively Ricci semi-
symmetry type) if the quasi-conformal like curvature tensor W (respectively, Ricci
tensor S) admits the condition [19]

(1.3) w(X,Y) - W=0, (respectively, W(X,Y)-S=0) forany X,Y on M,

where the dot means that w(X,Y) acts on W (respectively, on S) as derivation.
Here, both w and W stand for a quasi-conformal like curvature tensor with respect
to the associated scalar triples (a,b,¢) and (a, b, c), respectively. In particular, a
manifold satisfying the condition R(X,Y) - R = 0 (obtained from (1.3) by setting
a=b=¢=0=a=b=c)is said to be semi-symmetric in the sense of Cartan
([5, § 265]). A full classification of such space is given by Z. I. Szab6 [19]. This
type of the manifolds were studied by several authors such as Papantoniou [1],
Perrone [4], and the references cited therein.

Our work is structured as follows. Section 2 is a very brief account of a-Sasakian
manifolds. In Section 3, we investigate a-Sasakianmanifolds with w(X,Y)-W = 0.
Based on this curvature condition, we obtain and table the expressions for the Ricci
tensor for respective curvature restrictions. Finally, we bring out an expression for
the Ricci tensor of an a-Sasakian manifolds with W(X,Y) - S = 0.

2. a-SASAKIAN MANIFOLDS

A contact manifold is a (2n 4 1)-dimensional C°°-manifold M equipped with a
global form 7, called a contact form of M such that n A (dn)™ # 0 everywhere
on M. In particular, n A (dn)™ # 0 is a volume element of M so that a contact
manifold is orientable. A contact manifold associated with the Riemannian metric
g is called a contact metric manifold if it satisfies the following relation

(2.1) dn(X,Y) = g(X,¢Y), n(X)=9(X,€), ¢*=-I+nok,

where ¢ is a (1, 1)-tensor field and ¢ is a unique vector field such that dn(¢, X) =0
and n(§) = 1. We denote the symbols V, R and @ by Levi-Civita connection,
a curvature tensor and a Ricci operator of g, respectively. We define a (1,1)
type tensor field h by h = %.i?gqﬁ and we know that h and h¢ are trace free and

h¢ = —ph. An almost contact manifold M (¢, £, n, g) is a trans-Sasakian manifold
if there exist two functions on M such that

(2.2) (Vxo)(Y) = a{g(X,Y)E = n(Y) X} + B{g(6X,Y)§ —n(Y)o X},
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for any vector fields X, Y on M. If 8 = 0, then M is a a-Sasakian manifold.
Sasakian manifolds are cases of a-Sasakian manifolds with a = 1. If a = 0, then
M is called S-Kenmotsu manifold. Kenmotsu manifolds are cases of a S-Kenmotsu
with 8 = 1. If both « and (8 vanish, then M is a cosymplectic manifold. In an
a-Sasakian manifold M2 +1(¢, €, 7, g), the following relations hold [2]:

(2.4) (Vx¢)(Y) = ofg(X,Y)E —n(Y) X},
(2.5) 9(0 X, 9Y) = g(X,Y) = n(X)n(Y)

for all vector fields X, Y on M?"*+! where « is a smooth function on M and we
say that the a-Sasakian structure is of type («,0). From (2.4), it follows that

(2.6) (Vxm)(Y) = —ag(¢X,Y),

(2.7) R(X,Y)¢ = o’[n(Y)X —n(X)Y],

(2.8) N(R(X,Y)Z) = *[g(Y, Z)n(X) — 9(X, Z)n(Y)],
(2.9) R(¢, X)Y = ?[g(X,Y)E —n(Y)X],

(2.10) S(X,€) = 2na n(X)

for any vector fields X, Y on M.

3. a-SASAKIAN MANIFOLDS WITH w(X,Y) - W =0

Let us consider a (2n + 1)-dimensional a-Sasakian manifold M, satisfying the
condition

(3.1) (WX, Y)-W)(Z,U)V =

w(X,YYW(Z,U)V = W(w(X,Y)Z,U)V + W(Z,w(X,Y)U)V

(3:2) +W(Z,U)w(X,Y)V

which can be transformed into

g(w(&X(W(K Z)U, 5) - g(W(W(& X)K Z)va)

(3.3) —gW(Y,w(&, X)Z)U,€) — gOV(Y, Z)w (€, X)U,€) = 0.

Putting X =Y =e; in (3.3), where {e1,ea,€3,...,€2,, €241 = £} is an orthonor-
mal basis of the tangent space at each point of the manifold M and taking the
summation over 7, 1 <1 < 2n + 1, we get

2n+1

o > |9(lE cWien 2)U.6) — gW(w(&.ei)er 2)U.E)

—gW(ei, w(§, )i 2)U, &) — gW(ei, Z)w(E, e)U, §) | =
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From the equation (1.2), we can easily bring out the following

(3.5) nW(E,U)2) = [2::_ 1 (% +a+ b) —2na’a — 2na’b — az] n(Z)n(U)
’ + [0 + 2nba” - 2nc:_1(——l—a—i—b)]g(Z,U)—l—aS(Z,U),
2§:1W(ei,Z U, e;)
(3.6) i=1
= (1= b+ 200)S(2,U) + (br - Qi"f'l (— +a+b))g(Z V),
2§1 mW(ei, Z)ei)
(3.7) i=1
= [ —2n0*(1 — a + 2nb) — {ar — 21”_?_2 (i +a+ b) }]n(Z),
is e 2)U,e)
(3.8) :(ar+2n+1(i+a+b))5( U) - (a+b—1)S*(2,U)
+ (I - 55 (55 + o +0))a(z.0),
2§1n(6i)ﬂ(W(Q6iz)U)
(3.9) = 2na’ [ag + 2na’b — 3 c:— (% +a+ b)] (Z,U) 4 2na’aS(Z,U)
— 2na’ [a2+2na2(a+b) 2nc:1 (— —&—a—l—b)} (2)n((U),
2§15(€¢, Z)nW(ei, §)U)
(3.10) = 2na” [aQ +2na’(a+b) — 27::_ : (i +a+ b)] (Z)n(U)
— {o® +2n0% - 2;: - (% +a+b) }S(Z U) — aS(Z,U).
Now,
Q_HZEIQ(W(&&)W(%Z)U, §)
= [a2 + 2na’b — 2;: 1 (2n +a+ b)} [W(ei7 Z,U,e;) —n(W(es, Z)U)n(el)}
(3.11) d[S(W(ei, 2)U, e;) — 2na’n(W(es, Z)U)n(ei)}

+
= [a* +2n0% — Qnéi - (7 +a+0)|Wiei, 2,0, e0) + asW(ei, 2)U, e;)
+ [2;: 1 (— +a+ b) —2na’b—a® — 2na2f1]n( & U0)2)
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In view of (3.6), (3.8) and (3.11) becomes

2n+1

Z g(w(& e)Wl(ei, Z2)U, &) = [(a2 + 2na?b — QnE:- 1 (% +a+ 5))(1 + 2na —b)
+afar+ 55 1( +a+b))]S(Z,U)+a(1 —a—b)S*(Z,U)
(3.12)

+ [2 T (% +a+ b) —2na*(a+b) — 062] nW(,U)Z)

[(a + 2na?b — QnE:—I (— +a—|—b))(br Qinj-rl (7 +a—|—b))

+a(blQl® - anl(—+a+b))}g<2,v>.

In consequence of (3.5)—(3.10), we obtain the following:

2n+1

> gW(eléeden Z)V.€) = [+ Dfa? + 2n0% - 7 (L ars)]

cr

+ar}n(w<£,U>Z)+ [2n+1

(7 +a+ b) — 2na’a — a2]g(W(6u Z)U, E)n(ei),

2n+1

Z g(W(Qeiv Z)U7 6)77(61)

i=1

[Qn(a + 2na’b — 5 7:_1( ! +F1+5)) +ér+2no¢2(b—&)}n(W(§,U)Z)

(3.13)

- 2na213[a2 + 2na’b — 3 C:_ 1 (i +a+ b)]g(Z, U)

cr

+ 2na’b [a2 +2na’(a +b) — 1

(7 ta+ b)} (Z)n(U) — 2na’abS(Z,U),

2n+1

_Zg( (ei,w(&, €:) Z)U,€)

2 E: 1 (7 tat b)] (ei, Z)nW(ei, )U)

31 (L 248) - e Ve o)

+aS(es, ZynW(ei, £)U) — bn(W(es, Qei)U)n(Z)
[2:: - (i +a+b) - 20’ - o*|n(W(e, 1))

cr

+ 2na &[a +2na’(a +b) — 1 (— —i—a—i—b)] (2)n(U)

=1
= [az + 2na’b —

(3.14)

_d[a2 +2n0% - 5 611 (% +a+b)]5(z, U) — aaS(Z,U),
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2n-+41
Z 9W(ei, Z)w(&, e:)U, €)
- cr

= [o* +2n0% - 2T (5 +a+b) |glen UnOV(es, 2

(3.15) ar . ,
+ [271 1 (% +a-+ b) —2na“a — « ]U(W)ei, Z(ei)n(U)
+aS(ei, Un(W(es, 2)§)

- [znai 1 (% tat b) —2na’a - QQ]W(W)% Z)ei)mU)

which is equivalemt to

Qiélg(W(ei,Z)w(f,ei)Ua 3|
(310) = [Qné—r&- 1 (i tat b) —2na’a - 0‘2} [271&2(1 —at2nb)
+ {ar - 23:?1 (% tat b) H UIn(Z).

By virtue of (3.12), (3.13), (3.14), and (3.16), the equation (3.4) yields
cr

2n +1

[(Of + 2n0%b — (i +a+b))(1 —b) +a2a(1+2nb)}S(Z, )

)

2n+1
><( (—+a+b)—2na2&—a2)
(3.17) +{ 2na (a+b)— 2ncil(i+a+b)}

X [Qn [az + 2n0°b — 2nai 1 (% +a+ b)} +ar — Qnazé]]n(U)n(Z)

o + 2na’b — cr (i +a+ b)) (br —2na® — 4n2a2b)

+{( 2n + 1
(

+a(b)|Q|? — &’r — 2na rb)]g(Z7 U)+a(l —b)S*(Z,U) =0

Theorem 3.1. Let (M?"*! g), n > 1, be an a-Sasakian manifold. Then for

respective semi-symmetric type conditions, the Ricci tensor of the manifold M
takes the respective forms as follows:

Curvature condition | Expression for Ricci tensor

R(X,)Y)-R=0 S = 2na?g
RX.Y)-C=0 |S=(5;-0a%)g— (3, —(2n+1)a?)n®n

2L
RX,)Y)-C=0 S=(L£-a?)g— (& —2n+1)a)nen
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Curvature condition | Expression for Ricci tensor

RX,)Y)-E=0 S = 2na’g
R(X,)Y)-P=0 S =2n0’g— (3 —2n—1)n®@n
r+4nla r—2nao?(2n+1
RIX,)Y)-H=0 |§= (i), (r=2neCnil)y, o)
E(X,)Y)-R=0 S =2na?g for a® # — m
EX,)Y)-C= S:(ﬁ—ag)g—(%—@n—i—l)oﬁ)n@n
for Oé2 7é —m
EX,)Y)-C=0 |S=(L~-a?)g— (L& —Cn+1)a)nen
for Oé #—m
EX)Y)-E=0 S =2na%g for a® # — m
E(X,)Y)-P=0 |S=2na’g— (& —2a*)n@n fora®# —5——m
r+4n3a? r—2n(2n+1 a?
E(X.Y)-H=0 |§= (")~ (" )nen
for o? # ~ 3nnT)
C(X,Y)-R=0 7 —2a2)S = —2na’g + o?(r — 2na®)n @ n + S?
CX,Y)-C=0 | (r—(2n—-1)a?S
= [(g7 — 2na?)(r — 2na®) + o®r — |QI1*)]g
+2n52[(— -« )(2na2(2n +1)—r)
-« (2n—|—1)(7’—2n0¢2)]n®7]
CX,)Y)-C=0 | (r—(2n—-1)a?s
= [(35 —2n0®)(r — 2na®) + a®r — [|Q[?lg
+2n52[(2—n —a?)[2na?(2n + 1) — ]
(g —a (2n+1))(r—2na2)]n®n
C(X,Y)-E=0 |25=—=5*4[r+2n]g+ (2n —r) (5077 —
C(X,Y)-P=0 | (& —2a%)8
= —2natg+ S*+ (& —a?)((2n+1)a? — &
CXY) - H=0 | BHgEng = [(+n) +§ + £11QI]g
—(1+ 5) 8 + (3 - 5 )@
P(X,Y) - R=0 | (*5770%)8 = a®(— 5 +2n0%)g + 5;5°




98 K. K. BAISHYA anxp P. ROY CHOWDHURY

Curvature condition | Expression for Ricci tensor
PX,Y)-C=0 | (#5a%)$ = §% + ((a2(r—2na?) + 2 (a?r = [|Q]*))g
+2n+1)( =20 + (0? - £ )@
P(X,Y)-C=0 | (*5Ha?)s =8+ (a*(r —2n0°) + g5 (a®r — [QI*))g
+(2n+1)[(a? = %) a? —a? (r+2na?) |n@n
PX,)Y)-E=0 | (Z2a?)S=0a?(- 5 +2na?)g+ 55
+35 (2n0” — 575) (57 — e+ 1)a)n@n
P(X,Y)-P=0 | (#1085 =5-52+a*(— 5 +2na?)yg
PX,Y)-H=0 |a25=2L(1+L)5%+ (na* - &)Q|?)
HX,Y)-R=0 | (21a?)S=0a?(- L +nad)g
+a (———)n®n+ =52
H(X,Y)-C=0 | (&231a2)s = L824 (2 (r—2n02)+ & (a2 —|Q|%))g
H[r a2t )(ZFa - ) noy
H(X,)Y)-E=0 (22=La?)S = a?(— £ +na?)g
+((27;(+2173f1§ - 87L2(T22n+1) + %4)”®W+ 4%52
H(X,Y)-P=0 | (210?85 =0a2(- £ +na?)yg
+(55 — @+ 1)a?) (=S @+ 457
H(X,Y)-H=0 |(30°)8=(- %*ﬁ“@F*?(@JﬂW )9
T R LA st (SO UL
C(X,Y)-R=0 | (& —2a%)85=-2na'g+a?(r—2na)n@n+ 5
C(X,Y)-C=0 |(r—(2n-1)a®8S = [(£& —2na?)(r — 2na?)
+a?r —1QIP]g[(& — a®)(2na®(2n + 1) — )
a®(2n+1)(r — 2na?)]n @ n + 2nS>
CX,Y)-C=0 |{r—(2n—-1)a*}S = [(5 - 2na?)(r — 2na?)
+ ®r —|Q[1*]9[(& — ?)(2na®(2n + 1) — 1)
+(& —a?(2n+1))(r — 2na®)|n @ n + 2nS?
C(X,Y)-P=0 (ﬁ—2a2)5——2na49+52
+(gm — o) (@n+ Da® — Fnen
CX,Y)-E=0 | (& —2a%)5=-2na'g+a?(r—2na®)n@n+ 5
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4. a-SASAKIAN MANIFOLDS WITH W -S =0

Let M?"tL(¢p, & n,9) n > 1 be a quasi-conformal like a-Sasakian manifold, satis-
fying the condition

(4.1) W(EY)-S =0,

W(EY)S(Z,U) — SOV(E,Y)Z,U) — S(Z, W(E,Y)U) = 0,
(42) SON(E, Y)Z,T) + S(Z,W(E V)T = 0.
Setting U = £ in (4.2) and using (2.10), we get
(4.3) 2na’nW(E,Y)Z) + S(Z,W(£,Y)E) = 0.
In view of (2.9), (2.10) and (1.2), we have:

nOW(E, X)Y) = [a2(1 +onb) — — (i ta+ b)}g(X, Y)

2n+1\2n
(4.4) ~ a%(1 + 2na + 2nb) - 27:: - (% +a+b) |n(¥)n(x)
+aS(X,Y).
SV, W(E X)¢) = = [a*(1 +2na) - 27;’1 : (% +a+b)]S(X.Y)
(4.5) + 2na? [02(1 + 2na + 2nb) — 2;: - (% ta+ b)}n(Y)n(X)
—bS*(X,Y).

By virtue of (4.4) and (4.5), (4.3) yields

2na?

(Y. 2) =

[az(l + 2nb) — 2nC:— T (% +a+ b)}g(X, Y),
1 cr

o 2n+1(%+a+b)}S(X,Y)

for all X,V provided b # 0, where S2(X,Y) = S(QX,Y).

(4.6)

Theorem 4.1. Let (M*"*1 g), n > 1, be an «-Sasakian manifold with
W(,Y)-S = 0. Then the Ricci tensor of the manifold M satisfies the relation
(4.6) provided b # 0.

Again, for b = 0, the foregoing equation reduces to

_ 2 . 2 cr i
(4.7) S(X,Y) =2na"g(X,Y) provided o # 1 (2n + a).

Theorem 4.2. Let (M*"*' g), n > 1, be an a-Sasakian manifold with
W(,Y)-S =0. Then the manifold is Einstein.
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