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EXPONENTIAL POMPEIU’S TYPE INEQUALITIES
WITH APPLICATIONS TO OSTROWSKI’'S INEQUALITY

S. S. DRAGOMIR

ABSTRACT. In this paper, some exponential Pompeiu’s type inequalities for complex-
valued absolutely continuous functions are provided. They are applied to obtain
some new Ostrowski type inequalities.

1. INTRODUCTION

In 1946, Pompeiu [6] derived a variant of Lagrange’s mean value theorem, now
known as Pompeiu’s mean value theorem (see also [8, p. 83]).

Lemma 1 (Pompeiu, 1946 [6]). For every real valued function f differentiable
on an interval [a, b] not containing 0 and for all pairs x1 # xo in [a,b], there exists
a point & between x1 and xo such that

(1) e (GRUG)

Xr1 — T2
The following inequality is useful to derive some Ostrowski type inequalities.

Corollary 1 (Pompeiu’s Inequality). With the assumptions of Lemma 1 and
NI = £ lso = SUPse(apy f (8) = £f (t)| < 00 where £(t) =t, t € [a,b], then
(1.2) tf (2) —xf (O] < If — 'l |2 — 2]
for any t,z € [a,b].

The inequality (1.2) was obtained by the author in [3].

In 1938, A. Ostrowski [4] proved the following result by the estimating the
integral mean.

Theorem 1 (Ostrowski, 1938 [4]). Let f: [a,b] — R be continuous on [a, D]
and differentiable on (a,b) with |f'(t)] < M < oo for all t € (a,b). Then for any

x € [a,b], we have the inequality
2
1 r — atb
< 4+<b; M (b—a).
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The constant i 1s best possible in the sense that it cannot be replaced by a smaller
quantity.

In order to provide another approximation of the integral mean, by making use
of the Pompeiu’s mean value theorem, the author proved the following result:

Theorem 2 (Dragomir, 2005 [3]). Let f: [a,b] — R be continuous on [a,b] and
differentiable on (a,b) with [a,b] not containing 0. Then for any x € [a,b], we have
the inequality

a+b f(x) 1 b
2z _b—a/af(t)dt

2
b—a |1 x — afb
< 4+<b_;> 1 =7 e

||

where £(t) =t, t € [a,b].
The constant i is sharp in the sense that it cannot be replaced by a smaller
constant.

In [7], using a mean value theorem, E. C. Popa obtained a generalization of
(1.4) as follows:

Theorem 3 (Popa, 2007 [7]). Let f: [a,b] — R be continuous on [a,b] and
differentiable on (a,b). Assume that o ¢ [a,b]. Then for any x € la,b], we have

the inequality
o f(r+a_x/bﬂﬂ&
2 @ * b—a J,

2
1 x — ofb
< Z"‘ (b—ci) b=a)llf —lafll

(1.5)

where £y (t) =t — a, t € [a,b].

In [5], J. Pecari¢ and S. Ungar proved a general estimate with the p-norm,
1 < p < oo which for p = oo, gives Dragomir’s result.

Theorem 4 (Pecari¢ & Ungar, 2006 [5]). Let f: [a,b] — R be continuous on
[a,b] and differentiable on (a,b) with 0 < a < b. Then for 1 < p,q < oo with

% + % =1, we have the inequality

b
wo | LD

< PU(x,p) If = £f'll,
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for x € [a, b], where

PU(z,p) = (b—a)s "

< 2= _ p2—a N 22— _ a1+q1.12q>1/[1
(1-2¢9)(2-¢q) (1-29)(1+4q)

. < p2—4q _ p2—a . 220 _ pltagl—2q 1/q
( .

1-29)(2-q)  (1-2¢)(1+4q)
In the cases (p,q) = (1,00), (00,1) and (2,2), the quantity PU(x,p) has to be

taken as the limit as p — 1,00 and 2, respectively.

For other inequalities in terms of the p-norm of the quantity f — £, f’, where
ly(t)=t—a,t €a,b] and « ¢ [a, b], see [1] and [2].

In this paper, some exponential Pompeiu’s type inequalities for complex-valued
absolutely continuous functions are provided. They are applied to obtain some
new Ostrowski type inequalities.

2. EXPONENTIAL INEQUALITIES

We can provide some similar results for complex-valued functions with the expo-
nential instead of £.

Lemma 2. Let f: [a,b] — C be an absolutely continuous function on the in-
terval [a,b] and o € C with Re(a) # 0. Then for any t,x € [a,b], we have

fl)  — f@) ’
exp (ax) exp (at)

[Re(a)| |1/ = afllo if f'=af € Lyla, ],
1

1
X exp(tRe(a))  exp(z Re(a))

< /1 Re()] V[ = afl], if ['~af € L, a )
1 1 1/q B
X exp(tgRe(a))  exp(zq Re(a))’ =1

1 1
p > 1, 5“!‘5

! 1
||f - af”l min{exp(t Re(a)),exp(z Re(a))}’
or equivalently,
lexp (at) f(z) — f(t) exp (az)|

[Re(a)| I/ — afllo
X |exp (z Re(a)) — exp (¢ Re(a))| if f'=af € Ly la,b],

(2:2) _ | g1 [Re()[V7 ]IS — o fll, if f'~af € Lfa,b]
x |exp (zq Re(a)) — exp (the(a))|1/q p>1, %—l—%: 1,

1" = eflly
max {exp (t Re(a)) ,exp (z Re («))} .
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Proof. If f is absolutely continuous, then f/exp (a-) is absolutely continuous
on the interval [a,b] and

/ w (ex,;&))'ds - exi(gm - exﬁ(fc)m

for any t,z € [a,b] with z # ¢.

Since
A A P
Ik

—af f'(s) —af(s) |

exp(as)

7

then we get the following identity

03 Mo _ 1O [Leal),

exp (azx) exp(as)

for any t,x € [a,b] with x # ¢.
Taking the modulus in (2.3) we have

f() ’ . f F(s) = af(s) ’

exp (0495) exp ( 005 exp(as)

0 1'() = af (s)
= /@M:I
+ lexp (aus)]
and utilizing Holder’s integral inequality, we deduce
SUD e[t ([e)) |/ (8) — f (s ds‘
x x 1/q
T<q 717 - af<s>|”ds\”p %d«S’ 7

I 17() = f (5)] 8] sub,epyiony { b

1" = afl

r_ 1
ft lexp(as)] §

1/q

3

IA

1" =afl,

r__ 1
ft lexp(as)|? S

1f" = aflly suPsep,z)(w.t) {m} :
Now, since o = Re(a) +iIm (a) and s € [a, b], then

lexp(as)| = exp (s Re(a) +isIm(a)) = |exp (s Re(a)) exp (i s Im(«))]
= |exp (sRe(a))||exp (isIm(a))| = exp (s Re(w)) .
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We have

x 1 @ 1 @
| ot~ ]| vy = ) R
— —Re(a) exp (—s Re ()}
= —Re(a) exp (—z Re(a)) + Re(a) exp (—t Re(w))
= Re(a) [exp (—t Re (a)) — exp (—z Re(a))]

1 1
= Re(e) pr (tRe(a))  exp (a Re(o‘»} '

By (2.4) and (2.5), we get
f(z) ft)

exp (ax)  exp (o)

‘ < I’ = af|l. |Re(a)

1 B 1 '
exp (tRe(a))  exp (zRe(a))

and the first part of (2.1) is proved.
We have

/m 1 d /”3 1 d
——ds = ————ds
¢ lexp(as)|? ¢ exp (sqRe(a))

1 1
= aRe(a) [exp (fgRe(a))  exp (g Re <a>>] |

By (2.4) and (2.5), we get the second part of (2.1).
We have

1 1
su = A .
seltoal(fo) { lexp(es)| } min {exp (t Re(a)) , exp (z Re(a))}

By (2.4) and ((2.5), we get the last part of (2.1).
The inequality (2.2) follows from (2.1) by multiplying by |exp () exp (at)| and
performing the required calculation. O

The following particular case is of interest.

Corollary 2. Let f: [a,b] — C be an absolutely continuous function on the
interval [a,b]. Then for any t,x € [a,b], we have

flz) _ f@®) ’
exp(z)  exp(t)

J S
exp(t)  exp(z)

if f'— [ € Lla,bl,

(2.6) Hf/_fHoo

<q @0 =1,

1 . Mo L,
m—m’ if f' = f € Lyla,b],
p>1, s +o=1,

1
1" = flli sresmoamT
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or equivalently,

lexp(t) f(x) — f(t) exp()]|

£ = flloo lexp (z) — exp(t)] if f'— [ € Lola, ],
2.7) ,
< g f = fll, lexp (xq) — exp (tg)|'" if ' = f € Lyla,b]
p>1, % + é =1,
" = fll; max {exp(t), exp(z)} .

Remark 1. If Re(a) = 0, then the inequality (2.5) becomes

SUDset,2]([z,e]) |/ (8) — 1Im(e) f(s)] ds

)

x 1
j; lexp(iIm(a)s)|

T . 1/ T 1/q
IS |-ft |f/(8)—l:[m(a)f(8)|pd8| P -ft st’

L7 1£7(5) — 11m0() £ ()| ds| SUD,e i) 4 s}

b

1"~ iTm(a) fll | fi7 ds] IS~ iTm(a) fll o — 1],
< QN = im@)f), |7 ds Y, =S 1 = im(a) £, | — ¢,
If" — iTm(a) f]], . IS~ iTm(a) ] -

Therefore, we have
1f" = ilm(e) f[| o [z — 2],
<q I =i, = — o7,

1f" = iIm() £y,

f(x) ft)

(28) exp (iIm(a)z)  exp (iIm () t)

or equivalently,
|exp(ilm(a)t) f(z) — f(t) exp (ilm(a)z) |
1" = iIm(e) fll oo 2 — 1],
<9 = itm(a)fl, |z —#7,

1" = iTm(a) fl,

(2.9)

for any t,x € [a,b].
In particular, we have

If = ifll e —t,
Ifr =il | — ¢,
1 —iflly

flx) 1)
(2.10) exp (iz) exp(it) =
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or equivalently,

1" =i fllog lz =2,
(211)  fexp (it) f(z) = f()exp (iz)| < & | —if], v —t]'/7,
I =1ifl

for any ¢,z € [a,b].
3. INEQUALITIES OF OSTROWSKI TYPE

The following result holds.

Theorem 5. Let f: [a,b] — C be an absolutely continuous function on the
interval [a,b] and a € C with Re(a) > 0. Then for any x € [a,b] we have

exp (ab) — exp(aa)

f(z)

b
— exp (ax)/ f(t)de

(67

|Re(a)‘ Hf/ - ozf||ooB1(a,b,;z:,o¢) iff/_af € Loo[aab]a

(3.1)
qt/e |Re(a)|1/q (b—a)l/P if f'—af € L,[a,b]
< |If' = afl,|Byla, by, )" p>1, Lyi=,
1" = aflly Beo(a, b, 2, ),

where

By(a,b,z, o) :==2 [exp (xqRe(a)) (J: - a—2|—b>
bg R R
forq>1 and

exp (bRe(a)) — exp (z Re(a)) '

Bu(a,b,z, ) := exp (zRe()) (z — a) + Re(a)

Proof. Utilising the first inequality in (2.2), we have

b b
‘f(x)/ exp (at) dt — exp (ozx)/ f)de

b
62 < [ fexp (at) f(o) ~ (0 exp ()| e

b
< Re(a)l [/ — Oéflloo/ lexp (z Re(a)) — exp (t Re ()| dt

for any « € [a, b].
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Observe that since Re(a) > 0, then
b
/ lexp (z Re(a)) — exp ( Re(a))| dt
= /ﬂﬁ (exp (x Re(a)) — exp (t Re())) dt

b
+ / (exp (tRe(a)) — exp (x Re(w))) dt

exp (tRe(a)) |*

= exp(rRe(a)) (z —a) = —p

a

b
— (b—z)exp (zrRe(a))

x

L &P (tthe(a)) (@)

= exp (zRe(a)) 2z —a—b) — (exp (z Re () — exp (aRe(a)))

1
Re(a)

+ R%@ (exp (b Re(a)) — exp (1’ Re(a)))

= exp (zRe(a)) (2z —a — b)

+ Rel(a) (exp (bRe(a)) + exp (aRe(a)) — 2exp (2 Re()))
=2 [exp (x Re(a)) (a: ¢ _2|_ b)
n Rel(a) (exp (bRe(a)) -;exp (aRe () expla Re(a)))]
for any x € [a, b].

Also

b b
fx) / exp (at) dt — exp () / f)de

_ f(z)exp (ab) — exp (aa)

[0

b
—exp (am)/ f)de

for any x € [a,b] and by (3.2), we get the first inequality in (3.1).
Using the second inequality in (2.2), we have

b b
|f(x) / exp (at) dt — exp () / ft)de

’ b
33) < [ jesp(at) f(a) ~ 7(t) exp o)

b
< g Re(@)] /7 I = a7, [ lexp (g Re(c)  exp (tq Re(a)) |

for any « € [a, b].
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By Holder’s integral inequality, we also have

b
/ lexp (zgRe(a)) — exp (tq Re(oz))|1/q dt

1/p 1/q
< (/ab dt> l/ab <|exp (zqRe(a)) — exp (the(a))|1/q)q dt]

b 1/q
= (b—a)'/? [/ lexp (g Re(a)) — exp (tg Re (a))] dt] :

for any x € [a, b].
Observe that as above we have

b
/ lexp (g Re(a)) — exp (tgRe(w))| dt

—9 [exp (zqRe(a)) (a: _a+ b)

2
1 exp (bg Re(a)) + exp (ag Re (@)
= By(a,b,z,a)

for any x € [a,b] and by (3.3), we get the second part of (3.1).
Using the third inequality in (2.2), we have

b b
f(x)/ exp(at)dt—exp(a:c)/ f)de

—
©
=

=

IN

b
/ lexp () f(z) — () exp ()| dt

IA

b
I = afl, [ maxfexp (¢ Re(a) . exp (z Re(a)) }

for any x € [a, b].
Observe that

b
/ max {exp (t Re(@)) , exp (z Re(a))} dt
= /91 max {exp (¢t Re(a)) ,exp (x Re(a))} dt
T
+ / max {exp (t Re(@)) , exp (z Re(a))} dt

N b
= / exp (z Re(a)) dt + / exp (t Re(a)) dt

exp (bRe(a)) — exp (x Re(«))
Re(a)

= exp (zRe()) (x —a) +

47
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and by (3.4), we get the third part of (3.1). O

Remark 2. If Re(o) < 0, then a similar result may be stated. However, the
details are left to the interested reader.

Corollary 3. Let f: [a,b] % C be an absolutely continuous function on the
interval [a,b]. Then for any x € [a,b], we have

|F(@)lexp (b) — exp (a)] — exp(e /f Hdt

Hf/ f” Bl a,b, 33) iff/_f € Loo[a7b]a

(3.5)
_ ) are—ayprip g, g s e e,
=) x|B,(a,b,z)|"* p>1, t+l=1,
Hf/ - f”l Boo(aab7 I),
where
BQ(a7bax)
b 1 b
— 2 |:<1‘ _ a—l—) exp (mq) 4= (eXP( Q) + exp (aq) — exp (mq)>:|
2 q 2
forq>1 and

Byo(a,b,2) := (x — a) exp(z) 4+ exp (b) — exp(x).

Remark 3. The midpoint case is as follows:

‘f (“5) 0 ) —exp @) - oxn (“57) /abf(t)dt

' = fllos Br(a;b) if f'—f € Lyla,b],
(3.6) H 1 [ ]
_ ql/Q(b—a)l/P ||f'—pr if f/—f€Lp[a,b],
T xIBatab) p>1, p+e=1,
Hf/ - f||1 Boo(a, b),
where
2
By(a,b,x) == (exp (bq) + exp (aq) exp <a+bq>>
q 2 9
for ¢ > 1 and
b— b b
Boo(a,8) = 2 - exp (a; ) + exp (b) — exp <aJ2r ) .

The case Re(a) = 0 is different and may be stated as follows.
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Theorem 6. Let f: [a,b] — C be an absolutely continuous function on the
interval [a,b] and o € C with Re(o) = 0 and Im(a) # 0. Then for any = € [a, b],
we have

exp (iIm (a) b) — exp (iIm()a)
| f(z) Tm(a) —exp (1Im(« / f)de
If? = iTm(e) fllog
(3.7) [4 + (x—“ ) } (b—a)? if f'—ilm(a)f € L_Ja,b],
< - i, if f'—iTm(a)f € L, [a, 1],

g+1 g+1

x [(gg) T () }(b—a)qql p>1, t+l=1,

1" = ilm(a)f]l, (b —a).

Proof. Utilizing the inequality (2.9), we have

exp (1Im (o —exp (ilm(a)a b
‘f(x) p(iI ()ibl)m(a)p“ ())fexp(ilm(a):z:) f(t)dt‘

a

b
< / lexp (iIm(a)t) f(x) — F(¢) exp (iTm (a) 2)|dt

(3.8)
If" = iTm(a) fll o [ | — t] dt,
< QI = iIm(a) fIl, f7 e — ¢ dt,
1 —iTm(a) f], [ dt.
Since

b 1 xr— atb ?
/\m—t\dt: 4+< bé) (b—a)®

b g+l g+l
/ z— ¢Vt = 4
a +1

(Z:j)u(;j:j)“] -,

then from (3.8), we get the desired result (3.7). O

Corollary 4. Let f: [a,b] — C be an absolutely continuous function on the
interval [a,b]. Then for any x € [a,b], we have
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b) —exp (ia b
) SR ) —exp(a) g [ s

1

1f —1fllw
1 z—ofb 2 2 : /s
39 | [4+( = }(ba) i f'=if € Lyofa,,
< qfq]_"f/_l_*—fl”p ) Z‘ff/_ifeLp[aﬂbL
x [(‘;_2) T () "}(b—afq p>1, Lilo,
If" = iflly (b—a).
Remark 4. The midpoint case is as follows
e . b
s (a—zl—b) exp (ib) . exp (ia) ~exp (ia—;—b>/ £ dt
1 a

(3.10) i||f'—if||oo(b—a)2’ if f’_ifELOO [a,b]a
< at1

wzr I =ifl, (b—a) o, if f'—if € L,a,b].

Similar inequalities may be stated if one uses (2.1) and integrates over ¢ on
[a, b]. The details are left to the interested reader.

REFERENCES

1. Acu A. M. and Sofonea F. D., On an inequality of Ostrowski type, J. Sci. Arts 3(16)(2011),
281-287.

2. Acu A. M., Babos A. and Sofonea F. D., The mean value theorems and inequalities of Os-
trowski type, Sci. Stud. Res. Ser. Math. Inform. 21(1) (2011), 5-16.

3. Dragomir S. S., An inequality of Ostrowski type via Pompeiu’s mean value theorem, J. Inequal.
Pure Appl. Math. 6(3) (2005), Article 83, 9 pp.

4. Ostrowski A., Uber die Absolutabweichung einer differentienbaren Funktionen von ihren In-
tegralmittelwert, Comment. Math. Hel. 10 (1938), 226-227.

5. Pecari¢ J. and Ungar S., On an inequality of Ostrowski type, J. Ineq. Pure & Appl. Math.
7(4) (2006), Article 151.

6. Pompeiu D., Sur une proposition analogue au théoréme des accroissements finis, Mathemat-
ica (Cluj), 22 (1946), 143-146.

7. Popa E. C., An inequality of Ostrowski type via a mean value theorem, General Mathematics
15(1) (2007), 93-100.

8. Sahoo P. K. and Riedel T., Mean Value Theorems and Functional Equations, World Scientific,
Singapore, New Jersey, London, Hong Kong, 2000.

S. S. Dragomir, Mathematics, College of Engineering & Science, Victoria University, PO Box
14428 Melbourne City, MC 8001, Australia and
School of Computational & Applied Mathematics, University of the Witwatersrand, Private

Bag 3, Johannesburg 2050, South Africa, e-mail: sever.dragomir@vu.edu.au



