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ON ¢-RICCI SYMMETRIC (k,u)-CONTACT
METRIC MANIFOLDS

S. GHOSH anp U. C. DE

ABSTRACT. The object of the present paper is to study globally and locally ¢-Ricci
symmetric (k, p)-contact metric manifolds. Finally, an illustrative example is given
to verify some results.

1. INTRODUCTION

The notion of locally ¢-symmetric Sasakian manifolds was introduced by T. Taka-
hashi [8]. He studied several interesting properties of such a manifold in the context
of Sasakian geometry. U. C. De et al. [9] introduced the notion of ¢-recurrent
Sasakian manifolds which generalizes the notion of ¢-symmetric Sasakian mani-
folds. Also in another paper, U. C. De and Aboul Kalam Gazi [11] introduced the
notion of ¢-recurrent N (k)-contact metric manifolds. In [10], U. C. De and Avijit
Sarkar introduced the notion of ¢-Ricci symmetric Sasakian manifolds. From the
definitions it follows that every ¢-symmetric Sasakian manifold is ¢-Ricci sym-
metric, but the converse is not true, in general. Also a (k, u)-contact metric
manifold is Sasakian if £ = 1. Considering the above facts in this paper we gener-
alize, the notion of ¢-symmetric Sasakian manifolds and study ¢-Ricci symmetric
(k, u)-contact metric manifolds.

The paper is organized as follows:

In Section 2, we recall (k, u)-contact metric manifolds. Globally ¢-Ricci sym-
metric (k, p)-contact metric manifolds studied in Section 3. We prove that a
(k, t)-contact metric manifold M?2"+! is globally ¢-Ricci symmetric if and only if
it is an Einstein manifold. Also we prove that a globally ¢-Ricci symmetric (k, p)-
contact metric manifold is three-dimensional and flat. Section 4 is devoted to
study, locally ¢-Ricci symmetric 3-dimensional (k, p)-contact metric manifold and
we prove that such a manifold is locally ¢-Ricci symmetric if and only if the scalar
curvature is constant. Finally, in Section 5, we set an example of (k, u)-contact
metric manifolds which verifies the result of Section 4.
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2. PRELIMINARIES

By a contact manifold we mean a (2n + 1)-dimensional differentiable manifold
M?"+1 which carries a global 1-form 7 exists a unique vector field ¢ called the
characteristic vector field such that 7(¢) = 1 and dn(&, X) = 0. A Riemannian
metric g on M?"*1 is said to be an associated metric if there exists a (1,1) tensor
field ¢ such that

(2'1) d’?(va) = g(X7 (bY), 77(X) = g(X,§), ¢2 =—I+n®E.

From these equations we have

(2.2) =0, no¢p=0,  g(¢X,0Y)=g(X,Y)—n(X)n(Y).

The manifold M equipped with the contact structure (¢, £, 7, g) is called a contact
metric manifold [2], [3].

Given a contact metric manifold M?"*1(¢, &, n, g), we define a (1,1) tensor field
h by h = £¢¢, where £ denotes the Lie differentiation. Then h is symmetric and
satisfies h¢p = —¢@h. Thus, if A is an eigenvalue of h with eigenvector X, —\ is
also an eigen value with eigen vector ¢X. Also we have Tr-h = Tr - ¢h =0
and hé = 0. Moreover, if V denotes the Riemannian connection of g, then the
following relation holds.

(2.3) V& =—¢X — phX.

A contact metric manifold is said to be Einstein if S(X,Y) = Ag(X,Y"), where
A is a constant and n-Einstein if S(X,Y) = ag(X,Y) 4+ n(X)n(Y), where a and b
are smooth functions. A normal contact metric manifold is a Sasakian manifold.
An almost contact metric manifold is Sasakian if and only if

(2.4) (Vx9)Y = g(X,Y)§ —n(Y)X,

X,Y € TM, where V is the Levi-Civita connection of the Riemannian metric g.
A contact metric manifold M2"*1(¢, &, n, g) for which ¢ is a Killing vector field
is said to be a K-contact metric manifold. A Sasakian manifold is K-contact but
not conversely. However, a 3-dimensional K-contact manifold is Sasakian [7]. It is
well known that the tangent sphere bundle of a flat Riemannian manifold admits
a contact metric structure satisfying R(X,Y)¢ = 0 [4]. On the other hand, on a
Sasakian manifold, the following relation holds.

(2.5) R(X,Y)¢ = n(Y)X - g(X)Y.

It is well known that there exist contact metric manifolds for which the curvature
tensor R and the direction of the characteristic vector field £ satisfy R(X,Y)¢ =0
for any vector fields X and Y. For example, tangent sphere bundle of a flat
Riemannian manifold admits such a structure.

As a generalization of R(X,Y){ = 0 and the Sasakian case, D. E. Blair,
T. Koufogiorgos and B. J. Papantoniou [5] considered the (k, p)-nullity distri-
bution on a contact metric manifold and gave several reasons for studying it. The
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(k, p)-nullity distribution N (k,u) [1], [5] of a contact metric manifold is defined
by

N(k,p): p— Np(k, )
Ny(k,p) = [W € T,M | R(X, Y)W = (kI + uh)(g(Y, W)X — g(X,W)Y)]

for all X,Y € TM, where (k,u) € R%2. A contact metric manifold M?"*+! with
& € N(k,u) is called a (k, p)-contact metric manifold. Thus we have

(2.6) R(X,Y)§ = k[n(Y)X —n(X)Y]+ pln(Y)hX —n(X)hY].

Applying a D-homothetic deformation to a contact metric manifold with
R(X,Y)¢{ = 0, we obtain a contact metric manifold satisfying (2.6). In [5], it
is proved that the standard contact metric structure on the tangent sphere bun-
dle T1 (M) satisfies the condition that £ belongs to the (k, u)-nullity distribution
if and only if the base manifold is the space of constant curvature. There exist
examples in all dimensions and the condition that £ belongs to the (k, u)-nullity
distribution is invariant under D-homothetic deformations; in dimension greater
than 5, the condition determines the curvature completely; dimension 3 includes
the 3-dimensional unimodular Lie groups with the left invariant metric.

On (k, p)-contact metric manifold, k¥ < 1. If k = 1, the structure is Sasakian
(h = 0 and p is indeterminant) and if & < 1, the (k, p)-nullity condition com-
pletely determines the curvature of M?"*! [5]. In fact, for a (k, u)-contact metric
manifold, the condition of being Sasakian manifold, a K-contact manifold, k = 1
and h = 0 are all equivalent. Again a (k, u)-contact metric manifold reduces to an
N (k)-contact metric manifold if and only if u = 0.

In a (k, p)-contact metric manifold, the following relations hold [5], [6]:

(2.7) h? = (k —1)¢? k<1,
(2.8) (Vx9)Y = g(X + hX,Y){ = n(Y)(X + hX),
(2.9) R(§, X)Y = k[g(X,Y)§ — n(Y)X] + pulg(hX,Y)E — n(Y)hX],
(2.10) S(X, &) = 2nkn(X),

SX,Y) = [2(n—1) —nplg(X,Y) + [2(n — 1) + p]g(hX,Y)
(2.11) +[2(1 = n) +n2k + w)n(X)n(Y), n>1,
(2.12) r=2n2n—2+k —np),

(2.13)  S(¢X,0Y) = S(X,Y) — 2nkn(X)n(Y) — 2(2n — 2+ p)g(hX,Y),

where S is the Ricci tensor of type (0,2) and r is the scalar curvature of the
manifold. From (2.3), it follows that
(2.14) (Vxn)Y = g(X + hX,¢Y).
(Vxh)Y = [(1-k)g(X, oY) + g(X, heY)|§
(2.15) +n(YV)[h(X + ¢hX)] — un(X)ohY.
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Also in a (k, u)-contact manifold, the following holds
W(R(X,Y)Z) = Klg(¥, Z)n(X) — g(X, Z)n(¥)]
+ ulg(hY, Z)n(X) = g(hX, Z)n(Y)].
Especially for the case p = 2(1 — n), from (2.11), it follows that the manifold is

n-Einstein.
Now we prove the following lemma.

(2.16)

Lemma 2.1. An Einstein (k, p)-contact manifold is three dimensional and flat.

Proof. For an Einstein manifold we have S(X,Y) = Ag(X,Y), where \ is a
constant. Comparing this value of S(X,Y") with those given in (2.11), we have
Ag(X,Y) = [2(n = 1) = nplg(X,Y) + [2(n — 1) + plg(hX,Y)

+2(1 = n) +n(2k + w)]n(X)n(Y).
Putting X =Y = ¢ in (2.17) and applying ¢(X, &) = n(X), n(§) = 1 and h§ =0,
we obtain A = 2nk. Therefore, the relation (2.17) becomes

2nkX = [2(n — 1) — nu]X + [2(n — 1) + plhX

(2.17)

(2.18) T 201 - ) + n(2k + p]n(XE,

ie.,

(2.19) (20— 1) — n(2k + WX — (X)€] + [2(0 — 1) + whX = 0.
Equating co-efficients of X and hX from both sides of (2.19), we obtain
(2.20) 2ln—-1)4+pu=0 and 2(n—-1)—n(2k+pu) =0.
Using (2.20) in (2.18) we get

(2.21) 2nk = 2(n? —1).

Therefore, k = % < 1, son =1 is the only case. This gives p = 0 which
with n =1 gives k = 0. Applying these in (2.6), we get R(X,Y )¢ = 0.

Now in [4], D. E. Blair proved that a (2n + 1)-dimensional contact metric
manifold satisfying R(X,Y)¢ = 0 is locally isometric to E"*1(0) x S™(4) for n > 1
and flat if n = 1.

Therefore, we conclude that the manifold of our consideration is three dimen-
sional and flat. This proves the Lemma. O

3. GLOBALLY ¢-RICCI SYMMETRIC (k, tt)-CONTACT METRIC MANIFOLDS

Definition 3.1. A (k, u)-contact metric manifold M?" (¢, ¢, n, g) is said to
be globally ¢-Ricci symmetric if the Ricci operator @ satisfies
(3.1) P*(VxQ)(Y) =0

for all vector fields X,Y € x(M) and S(X,Y) = ¢(QX,Y). In particular, if X,
Y are orthogonal to &, then the manifold is said to be locally ¢-Ricci symmetric.



ON ¢-RICCI SYMMETRIC (k, u)-CONTACT METRIC MANIFOLDS 209

Let us suppose that a (2n + 1)-dimensional (k, u)-contact manifold M?"*1 is
globally ¢-Ricci symmetric. Then by definition

P*(VxQ)(Y) =0.

Using (2.1),

(3.2) —(VxQ)Y +n(VxQ)(Y) = 0.
From (3.2), it follows that

(3.3) —9((VxQ)(Y), 2) + n((VxQ)(Y))n(Z) =0,
(3-4) —9(VxQ(Y) - Q(VxY), Z) + n((VxQ)(Y))n(Z) = 0.
(3.5) —9(VxQ(Y), Z) + g(QVxY, Z) + n((VxQ)(Y))n(Z) = 0.
Putting Y = ¢ in (3.5) and using (2.10), we obtain

(3.6) —2nkg(Vx§, Z) 4+ 9(Q(VxE), Z) + n((VxQ)E)n(Z) = 0.

Using (2.3) in (3.6), we have

(37) 2nkg(pX, Z) + 2nkg(9phX,Z) — S(¢hX, Z) — S(¢X, Z)

' +n((VxQ)§)n(Z) = 0.

Replacing Z by ¢Z in (3.7) and applying (2.2), we get

2nkg(9pX, pZ) + 2nkg(phX, pZ) — S(phX, pZ)
~S(¢X,Z) = 0.

Replacing X by hX in (3.8) and using (2.1), (2.2) and (2.7), we have

2nkg(phX, ¢Z) — S(ohX, ¢Z)

= (= 1)S(6X, 62) — 20k(k — 1)g(6X, 7).

Using (3.9) in (3.8), we obtain

(3.8)

(3.9)

(3.10) (k= 2)[S(¢X, ¢Z) — 2nkg(¢X, ¢Z)] = 0.
Since in (k, 1)-contact manifold k& < 1, we get from (3.10)
(3.11) S(6X, 62) = 2nkg(6 X, 62).

Replacing X and Z by ¢X and ¢Z, respectively, in (3.11) and using (2.1) and
(2.10), we obtain

(3.12) S(X,Z) =2nkg(X, Z).
Hence the manifold is an Einstein manifold. Thus we state the following propo-
sition.

Proposition 3.1. A (2n + 1)-dimensional globally ¢-Ricci symmetric (k,p)-
contact metric manifold is an FEinstein manifold.
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Conversely, suppose that the manifold is an Einstein manifold. Then
(3.13) S(X,Y)=X(X,Y),
where S(X,Y) = g(QX,Y) and A is a constant. Therefore, we have
P*(VxQ)(Y) =0.
This helps us to conclude the following proposition.

Proposition 3.2. If a (2n + 1)-dimensional (k, u)-contact metric manifold is
Einstein, then the manifold is globally ¢-Ricci symmetric.

Combining Proposition 3.1 and 3.2, we can state the following theorem.

Theorem 3.1. A (2n+1)-dimensional (k, p)-contact metric manifold is globally
¢-Ricci symmetric if and only if it is an Finstein manifold.

Again in view of Lemma 2.1 we have next theorem.

Theorem 3.2. If a (2n+1)-dimensional (k, p)-contact metric manifold is glob-
ally ¢-Ricci symmetric, then it is of dimension 3 and flat.

Since a globally ¢-Ricci symmetric (2n + 1)-dimensional (k, u)-contact metric
manifold is three dimensional and flat, we therefore consider 3-dimensional locally
¢-Ricci symmetric (k, p)-contact metric manifolds in the next section.

4. THREE DIMENSIONAL LOCALLY ¢-RICCI SYMMETRIC
(k, 4)-CONTACT METRIC MANIFOLDS

In a 3-dimensional Riemannian manifold, we have

R(X,Y)Z =g(Y,Z)QX — g(X,Z)QY + S(Y, Z2)X
(4.1) ~S(X,2)Y + g[g(X, 2)Y — g(Y, Z)X].

Putting Z = ¢ in (4.1) and using (2.10) for n = 1, we get

R(X.Y)E = n(Y)QX — n(X)Q¥
- + @k D)X — ()Y

Using (2.6) in (4.2), we have
(k= 5) mO)X = n(X)Y] = uln(Y)hX —n(X)hY]

+n(Y)QX — n(X)QY = 0.
Putting Y = ¢ in (4.3) and using n(§) = 1, h€ = 0 and Q& = 2k, we obtain
(4.4) 0X = (g - k)X + (3k - g)n(X)g + uhX.

Differentiating (4.4) covariantly with respect to W, we obtain

(4.3)

(VwQ)(X) = Sdr(W)X — Sdr(W)n(X) + (3% — =) (Vwn) (X)¢

(4.5) ,
+ (8k = 5 )n(X) Vi€ + u(Vwh) (X).
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Using (2.15) in (4.5), we have

(VwQ)(X) = 5dr(W)X — Sar(Wn(X)e + (3t = 2 ) (Twn) (X)¢
(4.6) + (8k = 5 )nOO Ve + ul(1 = kg 6X)¢

+ 9(W, h¢ X)§ + n(X)h(¢W + W) — pun(W)phX].
Using (2.3), (2.7) and the relation ¢h = —h¢ in (4.6), we get

(VwQ)(X) = dr(W)X - Sar(W)n(x)E + (3 — 1) (Twn) ()¢
(4.7) - (3k - g)n(X)oﬁW - (3k — g + u)n(X)¢hW

+pu(1 = k)g(W, ¢ X)& + pg(W, hg X )€
— (1= k(X)W — p*n(W)phX.

Now applying ¢? on both sides of (4.7) and using (2.1) and (2.2), we obtain
(4.8)

FTwQ)(X) = —5dr(W)X + Sdr(W)n(X)& -+ [3k — =+ ul1 = )] n(X)oW
+ (3k— s+ 1) n(X)SRW + 2 (W)ghX.

If we consider a locally ¢-Ricci symmetric (k, u)-contact manifold, we have
n(X) = n(W) = 0 and using these into (4.8), we get

1
(4.9) P*(VwQ)(X) = —§d7"(W)~
In view of equation (4.9), we conclude that in the following theorem.
Theorem 4.1. A 3-dimensional (k, u)-contact manifold is locally ¢-Ricci sym-
metric if and only if the scalar curvature r is constant.

5. EXAMPLE

In this section we, construct an example of alocally ¢-Ricci symmetric 3-dimensio-
nal (k, p)-contact metric manifold.

We consider 3-dimensional manifold M = {(x,y,2) € R?}, where (z,vy,2) are
the standard coordinates in R?. Let eq, eq, es are three vector fields in R3 which
satisfy

[e1,e2] = (1 + ANes, [e2, e3] = 2e1 and [es,e1] = (1 — Nea,
where X is a real number.
Let g be the Riemannian metric defined by

gler,e3) = glea,e3) = gler,e2) =0,  gler,er) = g(ea, e2) = g(es, e3) = 1.

Let 1 be the 1-form defined by

n(U) = g(U,e1)
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for any U € x(M). Let ¢ be the (1,1)-tensor field defined by

per =0, pes = e3, pes = —ea.

Using the linearity of ¢ and g, we have

nler) =1,

¢*(U) = ~U +n(U)ex
and

9(@U, oW) = g(U, W) — n(U)n(W)
for any U, W € x(M). Moreover,
he; =0, hes = Aegy and hes = —\es.

The Riemannian connection V of the metric tensor g is given by Koszul’s formula
which is given by

29(VxY,Z) = Xg(Y, Z)+Yg(Z, X) — Zg(X,Y)
—9(X, [Y, Z]) - g(Y, [X, Z]) + 9(27 [X, Y])

Using Koszul’s formula, we get the following:

vel e; =0, vel ez =0, vel ez =0,
v62€1 = —(1 + )\)63, v6262 = 0, ve263 = (1 + )\)61,
Veser = (1 —Nea, Vesea = —(1 = Ney, Veses =0.

In view of the above relations, we have
Vxé=—¢X — ¢phX fore; =¢

Therefore, the manifold is a contact metric manifold with the contact structure

(0,61, 9)-

Now, we find the curvature tensors as follows:
R(e1,ez)es = (1 — )\2)61, R(es,ez)es = —(1 — /\2)63,
R(e1,e3)es = (1 — X)ey, R(eg,e3)es = —(1 — \?)ey,
R(ez,ez)e; =0, R(e1,ez)er = —(1 — \?)ey,
R(es,e1)er = (1 — \?)es.

In view of the expressions of the curvature tensors, we conclude that the man-
ifold is a (1 — A%, 0)-contact metric manifold.

Using the expressions of the curvature tensor, we find the values of the Ricci
tensors as follows:
5(61,61):2(1—)\2), 5(62762):0, 5(63763):0.

Hence, r = S(e1, e1) + S(ea, e2) + S(es, e3) = 2(1 — A\?).
Again we calculate the following;:

S(el,eg):S(el,eo):O, 5(62,61)25(62,63) :O, 5(63761)25(63762):0.
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Hence, we get he following:

Qe =2(1 — )\2)61, Qex =0 and Qesz = 0.

Let X and Y are any two vector fields given by

X = ajeq + ases + azes and Y = bie; + baeg + bses.

Then we get
(5.1) H*(VyQ)X =2(1 — A)[(1 + Narbaes — (1 — N)aybzes).

It is clear from (5.1) that for A = 1, the manifold is ¢-Ricci symmetric and also
we see that for A = 1, the scalar curvature r = 2, which is constant. Hence this
example verifies Theorem 4.1.

10.

11.
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