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ON A QUARTER-SYMMETRIC METRIC CONNECTION
IN AN E-LORENTZIAN PARA-SASAKIAN MANIFOLD

A. HASEEB, A. PRAKASH anp M. D. SIDDIQI

ABSTRACT. In this paper, we consider a quarter-symmetric metric connection in an
e-Lorentzian para-Sasakian manifold. We investigate the curvature tensor and the
Ricci tensor of an e-Lorentzian para-Sasakian manifold with a quarter-symmetric
metric connection. Also we have shown that e-Lorentzian para-Sasakian manifolds
with a quarter-symmetric metric connection are 7-Einstein manifolds if they are
conformally flat, quasi conformally flat and &-conformally flat.

1. INTRODUCTION

In [3], A. Bejancu and K. L. Duggal introduced the concept of e-Sasakian mani-
folds. Later, it was shown by X. Xufeng and C. Xiaoli [16] that these manifolds are
real hypersurface of indefinite Kaehlerian manifolds. In 2007, R. Kumar, R. Rani
and R. K. Nagaich studied some interesting properties of e-Sasakian manifolds [7].
In 2010, Tripathi et al. studied e-almost paracontact manifolds and in particular,
g-para Sasakian manifolds [14]. On the other hand, the concept of e-Kenmotsu
manifolds was introduced by U. C. De and A. Sarkar [5] who showed that the exis-
tence of new structure on an indefinite metrics influences the curvatures. K. Mat-
sumoto introduced the notion of Lorentzian para-Sasakian manifolds [8] and this
was further studied by I. Mihai et al. [9], C. Ozgiir [10], A. A. Shaikh et al.
[12] and many others. Recently, LP-Sasakian manifolds with a quarter symmetric
metric connection have been studied by M. Ahmad et al. [1], R. N. Singh and
Shravan K. Pandey [13], Venkatesha et al. [15] and many others. U. C. De and
A. K. Mondal discussed quarter symmetric metric connection in a 3-dimensional
quasi-Sasakian manifold [4]. M. Ali and Z. Ahsan studied conformal curvature
tensor for the space time of general relativity [2].

A linear connection V in a Riemannian manifold M is said to be a quarter-
symmetric connection [6] if the torsion tensor T' of the connection V

T(X,Y)=VxY - VyX — [X,Y]

satisfies
T(X,Y) =n(Y)pX —n(X)eY,
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where 7 is a 1-form and ¢ is a (1,1) tensor field. If moreover, a quarter-symmetric
connection V satisfies the condition

(Vxg)(Y.2) =0
for all X,Y,Z € x(M), where x(M) is the Lie algebra of vector fields of the

manifold M, then V is said to be a quarter-symmetric metric connection, oth-
erwise it is said to be a quarter-symmetric non-metric connection. If we put
¢X = X and ¢Y =Y, then the quarter-symmetric metric connection reduces to
a semi-symmetric metric connection [17]. Thus the notion of quarter-symmetric
connection generalizes the idea of the semi-symmetric connection.

Motivated by the above studies, in this paper, we study some new results on a
quarter-symmetric metric connection in an e-Lorentzian para-Sasakian manifold.
The paper is organized as follows: In Section 2, we give a brief account of an
e-LP-Sasakian manifold and define quarter-symmetric metric connection. In Sec-
tion 3, we find the curvature tensor, the Ricci tensor and the scalar curvature in
an e-LP-Sasakian manifold with a quarter-symmetric metric connection. In Sec-
tion 4, we show that the conformally flat e-LP-Sasakian manifold with a quarter-
symmetric metric connection is an n-Einstein manifold of a quasi constant curva-
ture. Section 5 is devoted to the study of quasi conformally flat and &-conformally
flat e-LP-Sasakian manifold with a quarter-symmetric metric connection and in
both cases we have shown that such manifolds are 7-Einstein manifolds.

2. PRELIMINARIES

A differentiable manifold of dimension n is called an e-Lorentzian para-Sasakian
(briefly, e-LP-Sasakian), if it admits a (1, 1)-tensor field ¢, a contravariant vector
field &, a 1-form n and a Lorentzian metric g which satisfy

(2.2) 9(§:§) = —&, n(X) =e9(X,8), ¢¢=0, n(¢X)=0,

(2.3) 9(6X, 9Y) = g(X,Y) — en(X)n(Y)

for all vector fields X, Y € x(M), where ¢ is 1 or —1 according as ¢ is a space like
or time like vector field.
If an e-contact metric manifold satisfies

(2.4) (Vxo)(Y) = g(X,Y)E +en(Y)X + 2en(X)n(Y)¢,

where V denotes the Levi-Civita connection with respect to g, then M is called
an e-LP-Sasakian manifold.
An e-almost contact metric manifold is an e-LP-Sasakian manifold if and only if

(2.5) V€ = coX.

Moreover, the curvature tensor R, the Ricci tensor S and the Ricci operator @ in
an e-LP-Sasakian manifold M with respect to the Levi-Civita connection satisfy
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the following equations [11]:

(2.6) (Vxn)Y = g(¢X,Y),

(2.7) R(X,Y)E =n(Y)X —n(X)Y,

(2.8) R(&X)Y =¢eg(X,Y)§ —n(Y)X,

(2.9) R(§, X){ = —R(X,§){ = X +n(X)E,

(2.10) N(R(X,Y)Z) =e[g(Y, Z)n(X) — g(X, Z)n(Y)],
(2.11) S(X,8) =(—Dn(X), Q¢=en—1),

where X,Y,Z € x(M) and g(QX,Y) = S(X,Y).
We note that if ¢ = 1 and the structure vector field £ is space like, then an
e-LP-Sasakian manifold is an usual LP-Sasakian manifold.

Definition 2.1. An e-LP-Sasakian manifold called a manifold of quasi-constant
curvature if the curvature tensor R’ of type (0,4) satisfies the condition

R/(Xv Y, Z, W) = a[g(y, Z)g(X’ W) - g(Xa Z)Q(K W)]
(2.12) +og(X,WT(YV)T(Z) — g(X, Z2)T(Y)T(W)
+9(Y, Z)T(X)T(W) — g(Y,W)T'(X)T'(Z)],

where R'(X,Y,Z, W) = g(R(X,Y)Z,W), R is the curvature tensor of type (1, 3);
a,b are scalar functions and p is a unit vector field defined by

(2.13) 9(X,p) =T(X)
for any vector fields X, Y, Z, W € x(M).

Definition 2.2. An e-LP-Sasakian manifold is said to be an n-Einstein mani-
fold if its Ricci tensor S of type (0,2) satisfies

(2.14) S(X,)Y)=ag(X,Y)+ (X )n),
where a and b are scalar functions of €.
Contracting (2.14), we have
(2.15) r=mna—Db.
On the other hand, putting X =Y = ¢ in (2.14) and using (2.11), we also have

(2.16) —(n—1)=—as+0b.
Hence it follows from (2.15) and (2.16) that
=" =D o n-l)-er
n—e n—e

So the Ricci tensor S of an n-Einstein e-LP-Sasakian manifold is given by

rin(i; 1)g(X,Y)— n—e

n(n—1)—er

(2.17) S(X,Y) = n(X)n(Y).
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Let M be an n-dimensional e-LP-Sasakian manifold and V be the Levi-Civita
connection on M. The relation between the quarter-symmetric metric connection
V and the Levi-Civita connection V on M is given by

(2.18) VxY =VxY +n(Y)pX — g(¢X,Y)E.

3. CURVATURE TENSOR ON AN e-LP-SASAKIAN MANIFOLD
WITH A QUARTER-SYMMETRIC METRIC CONNECTION

Let M be an n-dimensional e-LP-Sasakian manifold. The curvature tensor R of
M with respect to a quarter-symmetric metric connection V is defined by

(3.1) R(X,Y)Z =VxVyZ - VyVxZ - VixyZ.
From (2.6), (2.18) and (3.1), we have
(3.2)

RX,Y)Z = (VxVyZ — VyVxZ
= Vixy1Z) +n(2)[(Vx9)Y — (Vy¢)X]
+9[(Vy o)X — (Vxo)Y, ZIE + [9(¢X, Z)VyE — g(8Y, Z)V x¢].
Using (2.4) and (2.5) in (3.2), we get
R(X,Y)Z = R(X,Y)Z +en(Y)X —n(X)Y|n(Z)
(3.3) +elg(Y, Z)n(X) — g(X, Z)n(Y)l¢
+elg(¢X, Z)pY — g(9Y, Z)pX],
where X,Y, Z € x(M) and
R(X,Y)Z =VxVyZ -~ VyVxZ - VixyZ

is the Riemannian curvature tensor of the connection V.
Now contracting X in (3.3), we get

(3-4) S(Y,2) =5, 2) +e(n—1)n(Y)n(2) —eg(oY, Z)1,

where S and S are the Ricci tensors of the connections V and V, respectively, on
M and 3 = trace ¢. This gives

(3.5) QY = QY + (n— 1)n(Y)§ — epYp.
Contracting again Y and Z in (3.4), it follows that
(3.6) F=r—ce(n—1)—ey?

where 7 and 7 are the scalar curvatures of the connections V and V, respectively,
on M.

Lemma 3.1. Let M be ann-dimensionale-LP-Sasakian manifold with a quarter-
symmetric metric connection, then
(3.7) R(X,Y)¢ = (1—e)n(Y)X —n(X)Y],
(3.8) R, X)Y = —R(X,§)Y = —(1 —¢)[X +n(X)¢]n(Y),

(3.9) R(§, X)¢ = (1 —)[X +n(X)¢],
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(3.10) S(X,€) = (1—¢g)(n - n(X),
(3.11) Q¢ =—(1—e)(n—1)¢
for any vector fields X,Y € x(M).
Proof. By replacing Z = £ and using (2.1), (2.2) and (2.7) in (3.3), we get (3.7).
(3.8) and (3.9) easily follow from (2.1), (2.2), (2.7) and (3.3). By taking ¥ = ¢

and using (2.1) and (2.2) in (3.4), (3.10) follows. By considering ¥ = &£ and using
(2.1), (2.2) and (2.11) in (3.5), we get (3.11). O

Lemma 3.2. Let M be ann-dimensionale-LP-Sasakian manifold with a quarter-
symmetric metric connection, then

(3.12) (Vxd)(Y) = —(1 = e)[X +n(X)¢n(Y),
(3.13) Vxé=—(1—-¢)¢pX
for any vector fields X,Y € x(M).
Proof. By the covariant differentiation of ¢Y with respect to X, we have
Vx¢Y = (Vx@)Y + ¢(VxY)
which by using (2.1), (2.2) and (2.18) takes the form
(Vx9)Y = (Vx9)Y — g(6X,0Y)E —n(Y)X — n(X)n(Y)E.

Using (2.3) and (2.4) in the last equation, we get

(Vxd)(Y) = —(1 = e)[X + n(X)En(Y).
To prove (3.13), we replace Y = £ in (2.18) and get

Vx€=VxE+n)X — g(¢X, )¢
which by using (2.1), (2.2) and (2.5), reduces to
Vxé=—(1-¢)pX.
O

Now, let R and R be the curvature tensors of the connections V and V, respec-
tively, on M given by

R(X,Y,Z, W) =g(R(X,Y)Z,W) and R(X, Y, Z, W) = g(R(X, Y)Z,W).
Therefore from (3.3), we have
R(X,Y,Z,U) = R(X,Y,Z,U) +lg(X, U)n(Y) — g(Y,U)n(X)]n(Z)
(3.14) + [9(Y, Z)n(X) — g(X, Z)n(Y)In(U)
+elg(9X, Z)g(8Y,U) — g(¢Y, Z)g(¢ X, U)].
Interchanging X and Y in (3.14), we have
R(Y,X,Z,U) = R(Y, X, Z,U) +¢[g(Y,U)n(X) — g(X,U)n(Y)]n(Z)
(3.15) + [9(X, Z)n(Y) — g(Y, Z)n(X)|n(U)
+elg(0Y, 2)g(¢ X, U) — g(¢X, Z)g(6Y, U)].
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By adding (3.14) and (3.15) and using the fact that R(X,Y, Z,U)+R(Y, X, Z,U) =0,
we get

(3.16) R(X,Y,Z,U)+ R(Y,X,Z,U) = 0.
Again interchanging U and Z in (3.14), we have
R(X,Y,U,Z) = R(X,Y,U,Z) +¢lg(X, Z)n(Y) — g(Y, Z)n(X)In(V)
(3.17) + gV, Un(X) = g(X, Un(Y)In(2)
+elg(o X, U)g(9Y, Z) — g(¢Y,U)g(¢X, Z)].

Now adding (3.14) and (3.17) and using the fact that R(X,Y,Z,U)+ R(X,Y,U,Z) =
we get

R(X,Y,Z,U) + R(X,Y.U,Z) = (1 - ¢)[g(Y. U)n(X) — g(X, U)n(Y)]n(2)
(3.18) + (1 =9)[g(Y, Z)n(X) — g(X, Z)n(Y)n(U).
Again interchanging pair of slots in (3.14), we have

R(Z,U,X,Y) = R(Z,U,X,Y) +lg(Z, Y )n(U) - (U, Y )i(Z)n(X)
(3.19) + 19U, X)n(2) — g(X, Z)n(U)In(Y)
+elg(0Z, X)g(¢U.Y) — g(oU, X)g(¢Z,Y)].

Now, subtracting (3.19) from (3.14) and using the fact that R(X,Y,Z,U) —
R(Z,U,X,Y) =0, we get

R(X,Y,Z,U) - R(Z,U,X,Y)
= (1 =8)[g(Y, 2)n(X)n(U) — g(X, U)n(Y)n(2)].
Thus in view of (3.16), (3.18) and (3.20), we can state the following theorem.

(3.20)

Theorem 3.1. In an e-LP-Sasakian manifold with a quarter-symmetric metric
connection, we have:
(i) R(X,Y,Z,U)+R(Y,X,Z,U) =0,
(i) R(X,Y,Z,U)+R(X,Y,U,Z) = (1-¢)[g(Y.U)n(X) — g(X,U)n(Y)]n(Z)

) ) (1 9)la(Y, Z)n( (Y ) n(v),

(i) R(X,Y,Z,U)=R(Z,U X,Y) = (1=¢)[g(Y, Z)n(X)n(U) —g(X,U)n(Y)n(Z)]
for any vector fields XY, Z,U € x(M).

Now, let R(X,Y)Z = 0, therefore from (3.3), we have
R(X,Y)Z = e[n(X)Y —n(Y)X]n(Z) — elg(Y, Z)n(X) — g(X, Z)n(Y)]§

+elg(dY, Z2)o X — g(¢X, Z)pY].

Taking inner product of the above equation (3.21) with &, we have

(3.21)

(3.22) 9(R(X,Y)Z,§) = —[g(Y, Z)n(X) — g(X, Z)n(Y)]
which can be written as
(3'23) g(R(X, Y)Z’ U) = _E[Q(Ya Z)g(X, U) - g(X, Z)g(Y7 U)]

Thus we can state the following theorem.
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Theorem 3.2. If the curvature tensor of a quarter-symmetric metric connec-
tion in an e-LP-Sasakian manifold M wvanishes, then the manifold is of constant
curvature (—e) and consequently it is locally isometric to the Hyperbolic space
H"(—e¢).

4. CONFORMALLY FLAT e-LP-SASAKIAN MANIFOLD
WITH A QUARTER-SYMMETRIC METRIC CONNECTION

Definition 4.1. The conformal curvature tensor C of type (1,3) of an n-dimen-
sional e-LP-Sasakian manifold with a quarter-symmetric metric connection V, is
given by [18]

_ _ 1 _ _ _
C(X,Y)Z=R(X,Y)Z — ﬂ[S(Y, )X - S(X,2)Y +¢9(Y,2)QX

(4.1) " .
-9 X, 2) QY] + —————

where @ is the Ricci operator with respect to a quarter-symmetric metric connec-
tion related by g(QX,Y) = S(X,Y) and 7 is the scalar curvature with respect to
a quarter-symmetric metric connection.

Y, 2)X - g(X,2)Y],

Let us assume that the manifold M with respect to a quarter-symmetric metric
connection is conformally flat, that is C = 0. Then from (4.1), it follows that

R(X,Y)Z = ! [S(Y,2)X — S8(X,2)Y + g(Y,Z)QX — g(X, Z)QY]
(4.2) (n=2) .
- m[g(ﬁ 2)X —y(X,2)Y].

Taking inner product of (4.2) with ¢ and using (2.2) and (3.10), we have
(4.3)

YR V)2, = ¢ = 5[50 2)n(X) = S(X, 2)n(Y)
—(1=¢&)(n=1)g(Y, Z)n(X) + (1 —¢&)(n - 1)g(X, Z)n(Y)]
ET
- m[g(Ya Z)n(X) — g(X, Z)n(Y)].

Putting X = ¢ and using (2.1), (2.2) and (3.8) in (4.3), we get

S5, 2) =[1-e)(n—-1)+—=]g9(\,2)

F
n—1

(4.4) .
+[2(1—-¢)(n—1)+

——In(Y)n(2).

Therefore, (4.4) is of the form

S(Y7 Z) = ag(Y7 Z) + b’l(Y)W(Z)a
where a = (1 —¢e)(n — 1)+ == and b= —2(1 —¢&)(n — 1) + ==

n—1 n—1"
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Next, using (4.4) in (4.2), we have

G(R(X,Y)Z,W) = ( i ) [(2(1 —e)n—1)+ 2_Fl>
(9(Y, Z)g(X, W) — g(X, Z)g(Y,W))
as) (50720 -9 —1) @Y InZ)g(X, W)
= (Y In(W)g (X, 2) +n(Xn(W)g (¥, Z) = n(X)n(Z)g(Y, W)|
- m[Q(Y, Z)9(X, W) —g(X, Z)g(Y,W)],
which by simplifying takes the form
; 2(1—¢e)(n—1)>+7
g(R(X,Y)Z,W) = SO

'(g(sz)g(XaW)fg(XvZ)g( ) ))

- —(leu 1_)(8,2(”2_) D (n(Y)n(2)g(X, W) —n(Y)n(W)g(X, Z)
+n(X)n(W)g(Y, Z) —n(X)n(Z)g(Y,W)).

(4.6)

Thus by virtue of (4.4) and (4.6), we can state the following theorem.

Theorem 4.2. An n-dimensional conformally flat e-LP-Sasakian manifold
with a quarter-symmetric metric connection is an n-Einstein manifold of quasi
constant curvature.

5. (QUASI CONFORMALLY FLAT AND &- CONFORMALLY FLAT £-LP-SASAKIAN
MANIFOLD WITH A QUARTER-SYMMETRIC METRIC CONNECTION

Definition 5.1. An e-LP-Sasakian manifold is said to be:
(i) quasi conformally flat with a quarter-symmetric metric connection if

(5.1) g(C(X.Y)Z,gW) =0, XY, Z,W € x(M),
(ii) &-conformally flat with a quarter-symmetric metric connection if
)

(5.2

First we consider quasi conformally flat e-LP-Sasakian manifold with a quarter-
symmetric metric connection. Therefore from (4.1) and (5.1), we have

C(X,Y)E=0, X,Y €x(M).

J(RX.Y)Z,0W) = s SV, 2)g(X,617) = S(X. Z)g(¥.oW)
(5.3) +9(Y, Z)g(QX, oW) — g(X, Z)g(QY, oW )]
+——————[g(Y, Z2)g(X, $W) — g(X, Z)g(Y, 6W)] = 0,

(n—1)(n-2)
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which by considering Y = Z = ¢ and using (2.2), (3.9)—(3.11) reduce to

(5.4) S(X, W) = {(1 )+ X, W),

(n— 1)}9 (
Now replacing W = ¢W and using (2.1), (2.2) and (3.10) in (5.4), we get
Jocw)+[-n(1-2)+ nXO(W).

_ r er
55) S(X,W)=|(1- — —_—
6:5) Sy = [a-2+ g o
Thus we can state the following theorem.

Theorem 5.2. An n-dimensional quasi conformally flat e-LP-Sasakian mani-

fold with a quarter-symmetric metric connection V is an n-FEinstein manifold.

Next, by virtue of (4.1) and (5.2), we can write

(5.6)
gUR(X, Y)E - ﬁ(S(Y’s)X — (XY +g(Y, QX — g(X.E)QY)
+m(g(Y7£)X _g(Xaf)Y)J/V] =

Now using (2.2), (3.7) and (3.10) in (5.6), we have
[F—i— 1-e)n—-12-1-¢)(n—1)(n-2)

(n—1) ) .
-((Y)g(X, W) = n(X)g(Y,W)) +n(Y)S(X, W) —n(X)S(Y,W) =0,
which by taking Y = £ and using (2.1), takes the form

(5.7)

sxw) = - [ 1)<n__(11>_6)(n_ 2= xw)
(58) s . n — 2 _ n — n —
B {5 21 —¢)( 1()nir (11) e)( 1( 2)}77(X)77(W)'

Thus we can state the following theorem.

Theorem 5.3. An n-dimensional §-conformally flat e-LP-Sasakian manifold
with a quarter-symmetric metric connection V is an n-FEinstein manifold.
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