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HERMITE-HADAMARD INEQUALITY FOR FRACTIONAL
INTEGRALS VIA 7)-CONVEX FUNCTIONS

M. A. KHAN, Y. KHURSHID anxp T. ALI

ABSTRACT. In this paper, we prove Hermite-Hadamard inequality for fractional in-
tegrals by using n-convex function. We give some inequalities for Hermite-Hadamard
type fractional integrals.

1. INTRODUCTION AND PRELIMINARIES

If f: I — R is a convex function on the interval I, then for any a,b € I with a # b,
we have the following double inequality

b
P By

This significant result was given in ([13], 1893) and is well known in the lit-
erature as the Hermite-Hadamard inequality. Since then, many researchers have
given considerable attention to the inequalities in (1) and a number of extensions,
generalizations and variants have appeared in the literature of convex analysis, for
example, see [1, 2, 4, 5, 6, 7, 8, 9, 10, 16, 17, 18, 19, 21, 22, 24, 26, 27, 28]
and the references cited therein.

In [12], M. E. Gordji et al. introduced the idea of n-convex functions as general-
ization of ordinary convex functions and gave the following definition for n-convex-
ity of functions.

Definition 1.1. A function f: [a,b] — R is said to be n-convex (or convex with
respect to ) if the inequality

(2) flte + (1 —=t)y) < f(y) +tn(f(x), f(y))

holds for all z,y € [a,b], t € [0,1], and 7 is defined by n: f([a,b]) x f([a,b]) = R.
In the above definition if we set n(x,y) = x —y, then we can directly obtain the
classical definition of a convex function.

Also in [12], the authors proved some important results but here we give only
one of them in the following theorem based on the above definition, which is also
known as n-convex version of Hermite-Hadamard inequality.
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Theorem 1.2 ([12]). Suppose that f: [a,b] — R is a n-convex function such
that n is bounded above on f([a,b]) x f([a,b]). Then the following inequalities hold.

b
a+b M, 1
f( D) >—2<b_a/f($)dx
(3) 1 1
5 @)+ f®)]+ 7 n(f(a), (b)) +n(f(b), f(a))]

L f@+10) M,

— 2 2 9
where M, is the upper bound of 1.

IN

In the following, we give the definition of fractional Riemann-Liouville integral,
which will be used in the later part of the paper. For more details, one can consult
11, 23].

Definition 1.3. Let f € L[a,b]. The left-sided and right-sided Riemann-
Liouville fractional integrals J& f and J* f of order o > 0 with a > 0 are defined
by

% f(x) = ﬁ / (@— )" f()dt  with > a

and

b
Jf(x) = %a) /(t —2)* (At with 2 < b,

x

respectively, where I'(«) is the Gamma function and its definition is

(4) Ia) = /000 e " u® tdu.

It is to be noted that J% f(z) = J_ f(z) = f(z). In the case of & = 1, the
fractional integral reduces to the classical integral.

In [25], M. Z. Sarikaya et al. presented the following Hermite-Hadamard’s
inequalities for fractional integrals.

Theorem 1.4 ([25]). Let f: I — R be a positive function with 0 < a < b and
f € Lla,b]. If f is a convex function on [a,b], then the following inequality for
fractional integrals holds.

O () < g e + g ) < L0

Also in the same paper, the authors established an important lemma and proved
the following Hermite-Hadamard’s type inequalities for fractional integrals.
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Theorem 1.5 ([25]). Let f: [a,b] = R be a differentiable function on (a,b)
with a < b. If |f'] is a convex function on [a,b], then the following inequality for
fractional integrals holds

Fa) + 1) Tt
I et )+ 51|

) .
< g (1= 35) (@1 + 1),

The following Hermite-Hadamard’s type inequalities for fractional integrals
given by M. Igbal et al. based on [15, Lemma 1].

Theorem 1.6 ([15]). Let f: [a,b] — R be a differentiable function on (a,b)
with a < b. If |f'] is convex on [a,b], then the following inequality for Riemann-
Liouwille fractional integrals holds for 0 < a <1

(550 + g 1)+ g s
b—a

< m(vl(aﬂ + |f/(b)|)

Theorem 1.7 ([15]). Let f: [a,b] — R be a differentiable function on (a,b)
with a < b. If |f|? (¢ = p%l) is m-convex on [a,b] for some fized p > 1, then the
following inequality for fractional integrals holds for 0 < a <1

(57 - Sempz 10+ g f(a)]

. b-a <3|f'<a>q+|f'<b>|q>i . (|f'<a>q+3|f’<b>|q>é |
T 20t (ap 4+ 1)7 4 4
Theorem 1.8 ([15]). Let f: [a,b] — R be a differentiable function on (a,b)

with a < b. If |f|? where ¢ = ﬁr is convex on [a,b] for some fized p > 1, then
the following inequality for fractional integrals holds for 0 < a <1

1(57) - a0+ @)

(7)

(8)

2 2(b—a)
b—a (@ + DO+ (@ + 3| (@)D *
(9) = 20+ (o + 1) ( 2(a +2) )
(@ + DI (@] + (a +3)| £/ B)1)\ «
*( 2(a+2) >

The main purpose of this paper is to establish a variant of Hermite-Hadamard
inequalities for Riemann-Liouville fractional integral using n-convex function (The-
orem 2.1). Then we give some interesting results (Theorems 3.2-3.9) connected
with the left hand side of Hermite-Hadamard inequalities for Riemann-Liouville
fractional integrals using the identities obtained for fractional integrals given in
[15, 25]. Also we discuss the importance of our results (Remarks 2.2-3.10).
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2. HERMITE-HADAMARD’S INEQUALITIES FOR FRACTIONAL INTEGRALS

n-convex version of Hermite-Hadamard’s inequalities can be represented in the
fractional integral form as follows.

Theorem 2.1. Suppose that f: [a,b] = R is an n-convex function such that n
is bounded above by M,, then for a > 0, the following inequalities for fractional
integrals hold:

(%57 -t < gt [0 + g (@)
£(@) + 1) ol (@), 1) + 07 (0). /(@)
(10) = 2 + 2(a+1)
@+ 10) | oM,
- 2 a+1

Proof. Since f: [a,b] — R is an n-convex function such that 7 is bounded above
by M,, so from (3), we have
(EEUY My J@)+ ) | My
2 2 2 2
where z,y € [a,b]. Let x = ta+ (1 —t)b and y = tb+ (1 — t)a, then from the above
we have

at+b\ M, f(ta+(1—-1)b)+ f(tb+(1—t)a) M,
f( ) < +

2 2 = 2 2

(11) 2f(a+b> — M, < f(ta+ (1 —t)b) + f(tb+ (1 — t)a) + M,).

Multiplying both sides of (11) by t*~! and then integrating the resulting inequality
with respect to t over [0, 1], we obtain

f(aﬂ)) M"S /ltalf(er(lt)b)dt

« 0

(12)

«

1
+/ b+ (1 — t)a)dt + My
0

Let ta + (1 —t)b = w and (1 — t)a + tb = v, then

/1 = fta+ (1 —t)b)dt + /1 t f(tb + (1 — t)a)dt

0 0

A du brv—a\*! dw
_/b (ba) f(u)afb +/a (ba) f(v)bfa
_ Ta) 14 o
“G—ar |:Ja+f(b) + Jb—f(a):|'
Therefore, the inequality (12) takes the following shape

2, ( s b) - s [0+ @)+
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and the rearrangement of terms provides

I'a+1)

20— a)° - M

s

a+b>

(13) Je FO) + - f(@)] =

which proves the first inequality in (10). Now we proceed to prove the second
inequality

(14) flta+ (1 =1)b) < f(b) +tn(f(a), f(b)),
(15) f(tb+ (1 =t)a) < f(a) +tn(f(b), f(a)).

Adding (14), (15) and multiplying both sides by t*~1, and then integrating the
resulting inequality with respect to t over [0, 1], yield the following

/t“*l (f(ta + (1 —=t)b) + f(tb+ (1 — t)a)>dt
(16) "

O/t“ ldt (a), f(b)) +n(f O/tadt

(by definition of n-convex function). By simplifying inequality (16), we have

N e 1) + g (@)

< @+ @) | n(f (@), f®) + (S (b). S (@)
- o a—+1

From inequalities (13) and (17), we have

~(a§v—wﬁéiﬁlﬁJ&ﬂw+ﬁjmﬂ
_ S+ f0) | alnlf (@), £() +n(f(). £(a)))

2 2(a+1)

Furthermore, since 1 is bounded above by M,, so from the above we can easily
obtain the desired result for (10). O

Remark 2.2. If f is n-convex with respect to n defined by n(z,y) = = — v,
then (10) reduces to the inequality of Theorem 1.4.

3. HERMITE-HADAMARD TYPE INEQUALITIES FOR FRACTIONAL INTEGRALS

In order to prove our next result, we need the following Lemma.
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Lemma 3.1 ([25]). Let f: [a,b] — R be a differentiable function on (a,b) with
a<b. If f’ € Lla,b], then the following equality holds

f@)+]() T(a+1) .
3 g e R S0+ f (@)

1
b; /[(1 — ) —t]f(at + (1 — t)b)dt.
0

IS

Theorem 3.2. Let f: [a,b] — R be a differentiable function on (a,b) with

)
a < b. If |f'| is an n-convex function on [a,b], then the following inequality for
fractional integrals holds

@ 1B Tt
(19) 2 T 2(b—a) [Ja, F(b) + T3 f(a)]

b—a 1 , ) /
m(l = 52) @O+ (@] 11 ©))-

IN

Proof. By using Lemma 3.1 together with the fundamental property of absolute
value of real numbers, we have

(20)
‘ o)+ £(b) ;((baja;}l [J2. F(6) + g f()]

IN
o>

- [l o0 =it @ - e

S

—a

5 /I[(l—t)a—ta]\(lf'(b)l+tn(|f’(a)|,|f’(b)l))dt (by 7-convexity of | f'])
0

S

5 . [/[(1 =) = U1 @)+ tn([f (@)l | ()])dt
0

1

+ /[ta =@ =0)*F O+ tn(f (a), If’(b)l))] dt

N|=

b

llf I{O/l—t —t“]dt}+n|f )W, 1/ (b {O/tl—t —to‘dt

1

1
1P / (1= 1)t} + (1 )l |0 /t (1— )9 1
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Hence the R. H. S of (20) is equivalent to

, 1 1 , , 1 1
1057 - gagm) @O T — )
10| - g @O [~ )

and furthermore, the simplification of the above terms provides the following

fla)+f(b)  T(a+1) ., o
2 - 2(b . a)a [Ja+f(b) + Jb,f<a’)] ‘

< 2&?1)(1 - 2%)(2If’(b)| (£ @), 1f ).

This completes the desired proof of the result. O

Remark 3.3. If |f'| is n-convex with respect to n defined by n(z,y) = = — ¥,
then (19) reduces to the inequality of Theorem 1.5.

The following lemma is needed in the proof of our next result, which given in
[15].

Lemma 3.4. Let f: [a,b] — R be a differentiable function on (a,b). If f' €
L'[a,b], then the following identity for Riemann-Liouville fractional integrals holds

4
(21) f <a+b> F(aﬂi [Jo4 f(D) + Jp= f(a)] = b_“ZIk,
k=1

2 ) 2(b—a) 2
where
L= [ tf'(tb+ (1 —t)a)dt, L= [ (—=t%)f'(ta+ (1 —t)b)dt,
/ /
]g:/ﬁa—DthHlfﬂwﬁ, ng/ﬁfﬁﬂf@a+afwm&.

Theorem 3.5. Let f: [a,b] = R be a differentiable function on (a,b) with
a <b. If|f'| is n-convex on [a,b] and 0 < o < 1, then the following inequality for
Riemann-Liouville fractional integrals holds:

(22)
(50 - g e f0) + I (o)
b—a

< !/ ! ! ! !/ ! .
S i (at1) (I @I+1F @)+ n(f (@ LF©)D +n(f O£ (@)
Proof. By using the well-known triangular inequality on Lemma 3.4, we have

(57 -~ eSO + I )] < 25 S0
k=1

2
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and then by applying the n-convexity of |f’|, we get

L)< [ 21f(th+ (1 = Da)lat

ol i \m\»-‘

< / @t + [ (o)L (@)

0

o
Nl

= s @+ germa (7 G @),
Similarly,
< e O+ gma g @L O

Again using the n-convexity of |f’| and the fact [t§ — t§| < |t1 — t2|* for all
a € (0,1] and ¢, € [0,1], leads to the following

/ a+3 ! !
S mv(a)“‘ 2a+2(a+2)(a+1)77(|f(b>|a|f(a)|)

|lo] <

|I3] <

and similarly

1 a+3
I — | f'(b ! "(b)]).
1 < g O g T gy @17 @)
The addition of the above inequalities take us to the required conclusion. O

Remark 3.6. If |f'| is n-convex with respect to n defined by n(x,y) = = — ¥,
then (22) reduces to the inequality of Theorem 1.6.

Theorem 3.7. Let f: [a,b] — R be a differentiable function on (a,b) with
a<b If|f|? (¢ = %) is n-convex on [a,b] for some firted p>1 and 0 < a < 1,
then the following inequality for fractional integrals holds

(550 - S e )+ g )]

a)
b—a (4|f’(a)|" +n(lf’
4

T 2atl(ap+1)r

NGO If’(a)lq)>"].

Proof. By using the well-known triangular and Holder inequalities on Lemma 3.4
in turn, we have

‘f (H b) ;iafaii [Jg f(0) + T f

B, [f/(@)])\ *
(23) )

B
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1
2 1

|| < (/étmdt);(/ f(tb+ (1 t)a)|th> ’
0 0

1

(217““(1pa+1)) % </2 |f/(a)|9dt +
0

<%M%;+D)TVyN+MW@%vqui

IN

tmf@mwwmwf

o — .

(by n-convexity of f). Similarly,

1 ST @ L B
1< (germgry) [+ e

and
1

|I3] < (/(1 —ta)”dt);(/l|f’(tb+ (1 —t)a)|th);.

2

Let a € (0,1] and for all t1,t2 € [0,1], [t§ — t3| < |t1 — t2]|®, therefore,

1 1
1
1—t*)Pdt < 1—-t)Pdt= ————.
Ja—eyas [a-ra g
1 1
2 2

Hence

|A<(WM%;+D>TUgM+mf@EUWWW{

analogously,

1
I <
'4—wam+n>

By adding the above four inequalities, we get the required result. This completes
the proof. 0

T =

_|_

[lf’(b)l n(lf’(a)q,lf’(b)l")]él
2 8

Remark 3.8. If \f|# is n-convex with respect to 7 defined by n(z,y) = z —y,
then inequality (23) becomes the inequality obtained in Theorem 1.7.

Theorem 3.9. Let f: [a,b] — R be a differentiable function on (a,b) with
a<b If|f|? (¢ = ﬁ) is n-convex on [a,b] for some fited p>1 and 0 < a < 1,
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then the following inequality for fractional integrals holds
(24)

HESHEE = O

2 ) 20b—a)e
<2<a +2)1f(a)|? + (a+ D)n(] £ (b)]4, |f’(a)|q)>‘11
2(a+2)

< b—a
= 2092(q + 1)
2a + 2| ()] + (o + V(| f (@), [/ (B)]9) ) *

*( 2(a+2) )
2(a+2)|f(a)]7 + (o + 3|/ B, |£(a)]7)\ *

+( 2(a+2) )

2(c + 211/ ()] + (@ + 3)n(1f (@]9, £/ B)]1) *
+( 2(a +2) )]

Proof. By using the triangular and power mean integral inequalities on
Lemma 3.4 in turn, we have

!fcgg;fiﬁwﬁﬂm+ﬁjwwgﬂf§ym,

1 1

1| < (]t‘“dt)lé(/ztﬂf’(tb—&- (1 —t)a)th)i
0 0

1

[N

<(WHé+Dy;(/WWWWM+/#“mf@%f%WMQ;
0 0

_ ( 1 )(2(a+2)|f'(a)|q+(a+1)Tl(|f'(b)|q’|f'(a)|q)>;
20t (v + 1) 2(a+2)
(by n-convexity of f). Similarly,

1 o+ 2 £/ ()] + (o + Vn(lf (a)|, | £(B)[7) ¥
|Io] < <2a+1(a+1)>< 2(a+2) >

and

2(c+2)| /(@) + (@ + 3)n(lf/ B)% | f/(@)]1) ) *

|I3<< 2+ 2) ) '
Analogously,

2(a + 2)| £/ (0|7 + (o + 3)n(| £(@)], [ £/(B)]7) \ *

] < ( 2(a + 2) ) '

By adding all the above inequalities, we can reach the conclusion. O
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Remark 3.10. If | f| 7T s n-convex with respect to n defined by n(x,y) = x—v,

then (24) reduces to the inequality of Theorem 1.8.
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