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RELATING THE ANNIHILATION NUMBER
AND THE ROMAN DOMINATION NUMBER

H. ARAM, R. KHOEILAR, S. M. SHEIKHOLESLAMI AxD L. VOLKMANN

ABSTRACT. A Roman dominating function (RDF) on a graph G is a labeling f:
V(G) — {0,1,2} such that every vertex with label 0 has a neighbor with label 2.
The weight of an RDF f is the value w(f) = >_,cy f(v). The Roman domination
number of a graph G, denoted by vr(G), equals the minimum weight of an RDF
on G. The annihilation number a(G) is the largest integer k such that the sum of
the first k£ terms of the non-decreasing degree sequence of G is at most the number
of edges in G. In this paper, we prove that for any tree T of order at least two,
4a(T)+2
Yr(T) < =5

1. INTRODUCTION

In this paper, G is a simple graph with vertex set V = V(G) and edge set E =
E(G). The order |V| of G is denoted by n = n(G). For every vertex v € V(G),
the open neighborhood Ng(v) = N(v) is the set {u € V(GQ) | uwv € E(G)} and the
closed neighborhood of v is the set Ng[v] = N[v] = N(v) U {v}. The degree of a
vertex v € V' is degq(v) = deg(v) = |N(v)].

We write P, for a path of order n. For a subset S C V(G), we define

> (8.G) =) degg(v).
veS

A leaf of a tree T is a vertex of degree 1, a support vertex is a vertex adjacent to
a leaf and a strong support verter is a vertex adjacent to at least two leaves. For
r,s > 1, a double star S(r, s) is a tree with exactly two vertices that are not leaves,
with one adjacent to r leaves and the other one to s leaves. For a vertex v in a
rooted tree T, let D(v) denote the set of descendants of v and D[v] = D(v) U {v}.
The mazimal subtree at v is the subtree of T induced by DIv], and is denoted
by T,.

A Roman dominating function (RDF) on a graph G = (V, E) is defined in
[16, 17] as a function f: V — {0,1,2} satisfying the condition that every vertex
v for which f(v) = 0 is adjacent to at least one vertex u for which f(u) = 2.
The weight of an RDF f is the value w(f) = > oy f(v). The Roman domination
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number of a graph G, denoted by vg(G), equals the minimum weight of an RDF
on G. A vr(G)-function is a Roman dominating function of G with weight yr(G).

The definition of the Roman dominating function was given implicitly by Stew-
art [17] and ReVelle and Rosing [16]. Cockayne, Dreyer Jr., Hedetniemi and
Hedetniemi [3] as well as Chambers, Kinnersley, Prince and West [2] gave a lot of
results on Roman domination. For more information on Roman domination, we
refer the reader to [4, 9, 10, 11, 12, 13].

Let dy,ds, ..., d, be the degree sequence of a graph G arranged in non-decreas-
ing order, so d; < ds < ... <d,. Pepper [15] defined the annihilation number of
G, denoted a(@G), to be the largest integer k such that the sum of the first k terms
of the degree sequence is at most half the sum of the degrees in the sequence.
Equivalently, the annihilation number is the largest integer k such that

k n
Yodi< Y d
=1 1=k+1

We observe that if G has m edges and annihilation number &, then Zle d; < m.
The relation between annihilation number and domination parameters were
studied in [1, 5, 6, 7, 8, 14].
Our purpose in this paper is to establish an upper bound on Roman domination
number in term of annihilation number for trees.

Proposition A ([3]). Forn > 2,

Corollary 1. Forn > 2,

with equality if and only if n = 2 (mod 6).
2. MAIN RESULT

A subdivision of an edge uv is obtained by removing the edge uv, adding a new
vertex w, and adding edges uw and wv. The subdivision graph S(G) is the graph
obtained from G by subdividing each edge of G. The subdivision star S(K7 ;) for
t > 2, is called a healthy spider S;. A wounded spider S; is the graph formed by
subdividing at most ¢ — 1 of the edges of a star K ; for ¢ > 2. Note that stars are
wounded spiders. A spider is a healthy or wounded spider.

Lemma 2. If T is a spider, then yg(T) < %3)-&-2_
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Proof. First let T = S; be a healthy spider for some ¢t > 2. Then obviously
Yr(T) =2+t and a(T) =t + [ %], and hence yp(T) =2+t < % < W.

Now let T be a wounded spider obtained from Kj, (¢ > 2) by subdividing
0 <s<t—1edges. If s =0, then T is a star, and we have yg(T) = 2 and
a(T) = t. Hence yg(T) =2 < W. Now assume that s > 0. If s = 1 and
t = 2, then T' = P; and the result follows from Corollary 1. Let s > 2 or s = 1 and
t > 3. Then yg(T) =2+ s and a(T) =t + | 5]. It follows that yr(7T) < %.
This completes the proof. ]

Theorem 3. If T is a tree of order n > 2, then vgr(T) < 4a(€)+2, and this
bound is sharp.

Proof. The proof is by induction on n. The statement holds for all trees of order
n = 2,3,4. For the the induction hypothesis, let n > 5 and suppose that for every
nontrivial tree T" of order less than n the result is true. Let T be a tree of order
n. We may assume that 7" is not a path otherwise the result follows by Corollary
1. If diam(T) = 2, then T is a star, and we have vg(T) < % by Lemma 2.
If diam(T) = 3, then T is a double star S(r,s). In this case, a(T) = r + s and
Yr(T) < 4. If r +s =3, then yr(T) = 3 and so yr(T') < %. Ifr+s >4,
then vr(T) < 4 and we have vr(T) < %. Hence, we may assume that
diam(T") > 4.

In what follows, we consider trees T’ formed from T by removing a set of

vertices. For such a tree T’ of order n’, let di,d,,...,d,, be the non-decreasing
degree sequence of T’, and let S’ be a set of vertices corresponding to the first
a(T") terms in the degree sequence of T'. In fact, if uy,us, ..., u, are the vertices

of T” such that deg(u;) = dj for each 1 < i < n', then S" = {uy,ug, ..., ug(r)}-
We denote the size of T” by m’. We proceed further with a series of claims that
we may assume satisfied by the tree.

Claim 1. T has no strong support vertex such as u that the graph obtained
from T by removing u and the leaves adjacent to u is connected.

Proof. Let T have a strong support vertex u such that the graph obtained from
T by removing u and the leaves adjacent to w is connected. Suppose w is a vertex
in T with maximum distance from u. Root T at w and let v be the parent of u.
Assume T =T — T,. Tt is easy to see that yr(T) < vr(T") + 2.

>(8,17) ifvg S,
S\ T) =
Z( ) { (ST +1 ifveld.
Thus,
DS T)-1<> (ST <m/ <m -3

and hence Y (S",T) < m — 2. Let 21, z2 be two leaves adjacent to u and assume
S = 8" U{z1,22}. Then Y (S, T) = >(S',T) + 2 < m, implying that a(T) >
a(T") + 2.
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By the induction hypothesis, we obtain
4a(T") + 2 4(a(T) —2) + 2 4a(T) + 2
Al +2 , _Aal)=2+2 , _da()+2
3 3 3
as desired. (]

YR(T) < Yr(T") +2 <

Let v1v2...vp be a diametral path in T and root T at vp (vy, respectively).
By Claim 1, we may assume any support vertex on a diametral path has degree 2.
In particular, degy(v2) = degp(vp—1) = 2. If diam(T") = 4, then T is a spider and
so vr(T) < % by Lemma 2. Assume diam(7T") > 5. It follows from Claim 1
that Ty, (T, _,, respectively) is a spider.

Claim 2. deg,(v3) < 3.

Proof. Let degp(v3) > 4. Let T =T — {v1,v2}. Then obviously there exists a
~vr(T")-function that assigns 2 to vs and hence can be extended to an RDF of T
by assigning 1 to v; and 0 to ve. Thus vg(T) < vr(T') + 1.

s : /
Z(S,’T):{zw,m g
SIS, T+ 1 ifvg e 8.
Thus,
DT <D (ST +1<m +1=m— 1.
Let S = S"U{v1}. Then > (S, T) = > (9, T) + degp(v1) < m, and hence

a(T) > 1S =15+ 1=a(T’) + 1. By the induction hypothesis, we obtain
4a(T’ —
a(T)—|—2+1S4(a(T) 1)+2+1<4a(T)+2’
3 3 3
as desired. (|

Yr(T) <r(T")+1<

Claim 3. degp(v3) = 2.

Proof. Assume that degp(vs) = 3. First let vs be adjacent to a support vertex
zo & {v2,v4}. By Claim 1, we may assume degp(z2) = 2. Suppose z; is the
leaf adjacent to zo and let T/ = T — T,,. Then every yr(T")-function can be
extended to an RDF of T by assigning 1 to vy, 21, 0 to v2, 29 and 2 to vz. Thus
Yr(T) < vr(T")+4. As above, we have Y (S, T) < > (S, T")+1 <m/4+1 =m—4.
Let S = 5" U{v1,v2,21}. Then

D (S, T) = (8',T) + degq(v1) + degy(va) + degp(21) < m,

implying that a(T) > |S| = |[9'| + 3 = a(T”) + 3. It follows from the induction

hypothesis that

4a(T") + 2 4(a(T) -3)+2 td= 4a(T) +2
3 3

Now let v3 be adjacent to a leaf w. Considering Claims 1, 2 and the first part of
Claim 3, we distinguish the following cases.

Yr(T) < yr(T") +4 < +4<
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Case 3.1. degp(vq) > 4.

Let 7" = T —T,,. Then every yr(T")-function can be extended to an RDF of T’
by assigning 1 to v1, 0 to ve,w and 2 to vs. Hence, ygr(T) < yr(T') + 3. Suppose
that vy € S’. In this case, let S = S" U {vy, vy, w}. Then

> (8.T) = (5, T) + degr(v1) + degp(v2) + degy (w)
=Y (8 T)+4<m' +4=m,

implying that a(T) > a(T’) 4+ 3. By the induction hypothesis, we have

, 4a(T") + 2 4(a(T) — 3) +2 4a(T) +2
1R(T) S R(T) +3 < ——F—— BT E— —3

Now let vy € S’. In this case, let S = (5" — {v4}) U{v1,v2,v3,w}. Then

Z(S, T):Z(S’, T') —degyy (va) +degy (v1) +degyp (v2) +degy(vs) +degyp (w) < m,
which implies that a(T) > |S| = |S'| +3 = a(T’) + 3. As above, it follows from
the induction hypothesis that yr(T) < %.

Case 3.2. degp(vq) = 2.
Assume T" =T —T,,. Then every yg(T")-function can be extended to an RDF of
T by assigning 1 to v1, 0 to vy, v4,w and 2 to vs. Hence, yr(T) < vr(T") + 3.

(S, T) if vs & S,
Z(SlvT) =
SSLTY+1 ifuse s
Thus, (8, T) < (S, T)+1<m' +1=m — 4.
Let S = 5" U{v1, v, w}. Then
D (S,T) = (8',T) + degp(v1) + degy(vz) + degy(w) < m.

Therefore, a(T) > |S| = |S’| +3 = a(T”) + 3. As above, it follows from the
induction hypothesis that vg(T) < %.

+3< +3<

Case 3.3. degp(vg) = 3 and vy is adjacent to a leaf, say w’.

Let T" =T — T,,. Then every yr(T’)-function can be extended to an RDF of T
by assigning 1 to vy, w’, 0 to ve,vs,w and 2 to vs. Hence, yr(T) < vr(T') + 4.
Clearly, we have (8", T) <> (8", T)+1<m/'+1=m—5.

Let S = 5" U{v1, v, w,w'}. Then

D (S, T) = (8, T) + degg (v1) + degg (v2) + degp(w) + degg (w') < m,

implying that a(T) > |S| = |S'| +4 = a(T’) + 4. It follows from the induction
hypothesis that
4a(T") + 2 4(a(T) —4) 4+ 2 4a(T) + 2

)42, AT -+2 | do(T)+2

3 3 3

Case 3.4. degp(vs) = 3 and vy is adjacent to a support vertex other than vs,
say wa.
By Claim 1, we may assume degy(w2) = 2. Let w; be the leaf adjacent to we and
let 7" =T —T,,. Then every vg(T")-function can be extended to an RDF of T by

Yr(T) <r(T') +4 <
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assigning 1 to vy, wy, wa, 0 to v, vg, w and 2 to vs. Hence, vg(T) < vr(T') + 5.
Obviously, > (S, T) < >2(8",T")+1 <m/+1 =m—6. Let S = S'U{vy, va, w,ws }.
Then

2(57 T) = Z(S’,T) + degyp(v1) + degp(v2) + degp(w) + degp(w1) < m,

which implies that a(T) > |S| = |S’| +4 = a(T") + 4. It follows from the induction
hypothesis that
!

Yr(T) < yr(T') +5 < 74“@3) T2 s e -4+ . D2 5 74“(1;) 2

Case 3.5. degp(vg) = 3 and there is a path vgwzwow; in T such that degy(ws3) =
deg(wq) = 2, degp(wy) = 1 and w3 # vs.
Let T = T — T,,. Then every vr(T")-function can be extended to an RDF
of T by assigning 1 to vy, 0 to vg, v, w, w3, w; and 2 to vz, wy. Hence, yr(T) <
Yr(T")+5. fus € ', then > (S, T) => (5", T"), and if vs € S’, then Y (5", T) =
SIS, T) + 1. Thus, (S, T) <> (9T)+1<m'+1=m—-7 Let S =
S" U {vy,v9, w, w1, ws}. Then

Z(S, T) = Z(S', T)+degy(v1)+degy (va)+degr (w)+degy (wy ) +degr(wse) < m,

implying that a(T) > |S| = || +5 = a(T") + 5. By the induction hypothesis, we
have

4a(T") + 2 A(a(T) — 5) +2 4a(T) + 2

Yr(T) < vr(T")+5 < %+5§ M+5< %'

Case 3.6. degp(vg) = 3 and there is a path wywswsw; in T such that vyws €
E(T), degp(ws) = 3,degyp(we) = 2, degyp(wy) = degyp(wyq) = 1 and w3 # vs.
Assume T" =T —T,,. Then every yg(T")-function can be extended to an RDF of
T by assigning 1 to vy, w1, 0 to v, vg, w, wa, wy and 2 to vs, ws. Hence, yr(T') <
Yr(T') + 6. As above, we have Y (5, 7) < > (8, 7)4+1<m'+1=m—28.
Suppose S = S’ U {v1, v, w, w1, wa, ws}. Then

S8 =>(8.T)+8 <m,
implying that a(T) > |S| = |5'| + 6 = a(T”) + 6. By the induction hypothesis,

4a(T’ 2 4(a(T) — 2 4a(T) + 2
'YR(T)S'YR(T/)+6§%+6§%+6<%~
O

So far, we have proved that we can assume deg(vy) = deg(vsz) = 2. Similarly,
we can assume that deg(vp_1) = deg(vp_2) = 2. Since T is not a path, we must
have diam(7T) > 6.

Claim 4. degp(vy) = 2.

Proof. Assume degy(v4) > 3 and let T/ = T —T,,,. Then every yr(T")-function
can be extended to an RDF of T by assigning 0 to vi,v3 and 2 to ve. Thus
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Yr(T) < yr(T") + 2. Suppose that vy & S’. Then > (5", T) = > (S',7"). In this
case, let S = S"U{v1,v2}. Then

Z(S, T) = Z(S'7T) +degp(v1) + degp(ve) <m' +3 =m,

implying that a(T") > |S| = |S’|4+2 = a(T")+2. Applying the induction hypothesis,
we obtain
4a(T") + 2 4(a(T) —2) + 2 4a(T) + 2
VR(T) < AR(T") +2 < %_}_Qg M+2< %7
as desired.
Now we assume vy € S’. In this case, let S = (S" — {v4}) U {v1,v2,v3}. Since
degy(vs) = 2 < degy/(v4), we have

Z(S, T) = Z(S’,T) — degy (v4) + degp(v1) + degy(v2) + degp(vs) < m.

Therefore, a(T) > |S| = |S'| +2 = a(T”) + 2. As above, it follows from the the
induction hypothesis that

Yr(T) < &3)”,

as desired. O

Similarly, we may assume that deg,(vp_3) = 2. Since T is not a path, we have
diam(T') > 8.

Claim 5. degy(vs) = 2.

Proof. Assume that degp(vs) > 3. By Claims 1, 2, 3 and 4, we distinguish the
following cases.
Case 5.1 degp(vs) > 4.
Assume that 7" = T — (T, UT,,_,), where T,,_, is the maximal subtree at
vp_o when T is rooted at vy. Then every yr(T')-function can be extended to
an RDF of T by assigning 1 to v1, 0 to ve,v4,vp,vp_2 and 2 to vs,vp_1. Thus
Yr(T) < vr(T")+5. If vs € S’, then obviously > (S, T) <> (5, 7)+1 < m—6.
In this case, let S = S" U {v1,vs,v3,vp}. Then

Z(S, T) = Z(S',T) + degp(v1) + degy(v2) + degyp(vs) + degp(vp) < m,

implying that a(T) > |S| = |S'| + 4 = a(T’) + 4. It follows from the induction
hypothesis that
4a(T") + 2 4(a(T)—4)+2 4a(T) + 2
dT)+2 AT -9+ da(T)+2
3 3 3
Let vs € S’. Then Y (5", T) < > (S, T") + 2. Suppose S = (8" — {vs}) U
{v1,v2,v3,v4,vp}. Then

D (S.T) <Y (8, T) — degps (v5) + degp(v1) + degp(v2)
+ degyp (vs) + degyp(vs) + degp(vp) < m,

Yr(T) <r(T') +5 <
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which implies that a(T) > |S| = |S’|+4 = a(T") +4. By the induction hypothesis,
4a(T) + 2
Yr(T) < %

as above.

Case 5.2.  degp(vs) = 3 and v is adjacent to a support vertex wy # vg.

By Claim 1, we may assume degp(ws) = 2. Suppose w; is the leaf adjacent to ws
and let 7" = T —T,,. Then every vg(T")-function can be extended to an RDF of T
by assigning 1 to vy, 0 to va,v4,v5, w; and 2 to vz, we. Thus Yr(T) < yr(T’) + 5.
Clearly, > (5", T) <> (58", 7") + 1. Let S = 5" U {v1,v9,v3,w1}. Then

D (S.T) = (8, T) + degy(vr) + degr(va) + degy (vs) + degy(wr)
=3 T+ T T =m,
implying that a(T) > a(T") + 4. It follows from the induction hypothesis that

4a(T’ 2 4(a(T) — 4 2 4a(T 2
’YR(T)S’YR(TI)""SS%+5SM+5<%-

Case 5.3 degp(vs) = 3 and there is a path wywswow; in T such that vsws €
E(T), degp(ws) > 3,degp(wa) = 2, degp(wy) = degp(wy) = 1 and w3 # vg.
Using an argument similar to that described in Claims 2 and 3, we may assume
that degp(ws) = 3. Let T/ =T — (T, U Ty, ). Then every vg(T")-function can be
extended to an RDF of T by assigning 1 to vy, w1, 0 to va, vq, wa, wy and 2 to vz, ws.
Thus vg(T) < vr(T’) + 6. Suppose that vs € S’. Then > (5", T) =>(5",7"). In
this case, let S = 5" U {w1, wy, v1,v2,v3}. Then

D (S, T)=) (S, T)+degy(v1)+degy (v2) +degy(vs)+degy (wr)+degy (wy) < m,

implying that (7)) > |S| = |S’| +5 = a(T") + 5. It follows from the induction
hypothesis that
4a(T") + 2 4(a(T) — 2 4a(T) + 2
oT") + (@T)-5)+2 __da(T)+2
3 3
Assume now that vs € S’. Then > (5", T) = > (5", T") + 1. Suppose S =
(8" — {ws}) U {v1, va, v3, w1, wa, wy}. Then

D (S, T) = (8',T) — degy. (vs) + degrp(v1) + degp(v2) + degy (vs)
+ degp(w1) + degy(we) + degy(wq) < m.

Therefore, a(T) > |S| =15’ +5 = a(T”) + 5 and the result follows as above.

Case 5.4 degp(vs) = 3 and there is a path vswswsew; in T such that deg (ws) =
deg(wy) = 2, degp(wy) = 1 and w3 # vg.

Suppose T = T — (Ty, U Tyw,). Then every ~yr(T’)-function can be extended
to an RDF of T by assigning 1 to v1, 0 to v, vy, wy,ws and 2 to vs, ws. Thus
Yr(T) < r(T") + 5. If vs € ', then let S = 5" U {wy,vy,v9,v3}, and if v5 € 57,
then let S = (5" — {vs}) U{v1, v2, v3, w1, w2}. In both cases, it is easy to see that

Yr(T) < vr(T') +6 < +6<
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>2(S,T) < m, which implies that a(T) > |S| = |S'| + 4 = a(T") + 4. It follows
from the induction hypothesis that
4a(T’ 2 4(a(T) — 4 2 4a(T 2

)42 _AT)-+2 . do(T)+2

3 3 3

Case 5.5 degp(vs)=3 and there is a path vswswswow; in T such that degp(wy) =
degr(w3) = degp(wg) = 2, degp(wy) = 1 and w4 # vg.
Let T/ = T —T,,. Then every vyg(T")-function can be extended to an RDF of T by

assigning 0 to vy, v3, vg, w1, w3, ws and 2 to va, vs, we. Thus vg(T) < Yr(T") + 6.
Obviously, > (5", T) <> (5',T") + 1. Let S = 8" U{w1, v1,v2,v3,04}. Then

Z(S, T) :Z(Slv T)+degyp(v1)+degyp(v2) +degp(vs) +degyp(vs) +degy (wi) <m,

implying that a(T) > |S| = |S'| +5 = a(T’) + 5. It follows from the induction
hypothesis that

Yr(T) <yr(T")+5 <

!/
da(T)+2 o Aa(T)=5)+2 o 4a(T)+2

3 3 3
Case 5.6. degp(vs) = 3 and vy is adjacent to a leaf w.
If diam(7T') = 8, then T is the tree obtained from a path Py by adding a pendant
edge to its center. In this case, we have yr(T') = a(T") = 6, and hence yr(T) <
1A Lot diam(T) > 9 and let T/ = T — (Ty, U Ty, ,), where T, , is the
maximal subtree at vp_o when T is rooted at v;. Then every vygr(T")-function
can be extended to an RDF of T by assigning 0 to w, v1,vs3,v4,vp,vp—2 and 2 to
v2,V5,vp—1. Thus ygr(T) < vr(T') + 6. Clearly, > (5',T) < > (S',T') + 2. Let
S =S8"U{vp,v1,vs,v3,w}. Then

Z(S, T)= Z(Sl>T)+degT(UD)+degT(U1)+degT(U2)+degT(U3)+degT(U’) <m,
implying that a(T) > a(7") 4+ 5. It follows from the induction hypothesis that

4a(T") + 2 4(a(T) —5)+ 2 4a(T) + 2
— tEs g+ —F—.

Yr(T) < vr(T') +6 <

Yr(T) < yr(T") +6 < +6<

Claim 6. degp(vg) = 2.

Proof. Assume that degp(vg) > 3 and let T/ = T — T,,.. Then every yg(T")-
function can be extended to an RDF of T by assigning 0 to vy, vs, v4 and 2 to ve, vs.
Thus vg(T) < vr(T’) + 4. Suppose that v € S’. Then > (S, T) =>(5",7). In
this case, let S = 5" U {vy,v2,v3}. Then

S (S.T) = D (S, T) + degr(vn) + degr(vz) + degz(vs) < m/ +5 = m,
implying that a(T") > |S| = |S’|4+3 = a(T")+3. Applying the induction hypothesis,

4 —
wR(T>sVR<T'>+4g%+4gw+4:%7

as desired.
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Now assume vg € S’. In this case, let S = (5" — {vg}) U {v1,v2,v3,v4}. Then

D (S.T)=) (8", T") —degr (vs) +degr(v1) +degy(v2) +degr(vs) +degg (va) <m.
Therefore, a(T) > |S| =|S'| +3 = a(T”) + 3. Again we obtain

4a(T) + 2

(1) < 202
as desired. O
We now return to the proof of Theorem. Let 7/ = T — T,,, hence m’ =

m — 6. Every vg(T")-function can be extended to an RDF of T by assigning 0 to
V1,03, V4, Vg and 2 to v, vs. Thus Yr(T) < vr(T') +4. Let S = 5" U {v1,v2,v3}.
Then

Z(S, T) < Z(S',T’) + 1+ degyp(v1) + degp(ve) + degp(vs) <m' +6 =m,

implying that a(T) > |S| = |5'|+3 = a(T")+3. Applying the induction hypothesis,

4a(T") + 2 4(a(T) — 3) +2 4a(T) + 2
() < ya(T) +a< W2y AAD D2, L)+
as desired. This completes the proof. O

For the rest of this section, we prove that for a tree T of order n > 2, if
vr(T) = %, then T' = P, or both ends of each diametral path in T are paths
of length at least four.

Proposition 4. Let T be a tree of order n > 2. If yr(T) = %, then
T = P or diam(T') > 5.

Proof. If T = Py, then vg(T) = 2 = %. Assume next that n > 3 and

vr(T) = %. By the proof of Claim 1 in Theorem 3, we may assume that the
degree of each support vertex on a diametral path of T is two. If diam(T") < 4,
then clearly T is a spider, which leads to a contradiction to Lemma 2. O

Proposition 5. If T is a tree of order n with diam(T") = 5, then

va(T) < 4a(T3) +2

Proof. If T is a path, then the result follows by Corollary 1. Suppose that T is
not a path and let v1vs...vg be a diametral path in T and root T at vg (at vy,
respectively). By a closer look at the proof of Theorem 3, we may assume that T,
(if T is rooted at vg) and T,, (if T is rooted at v1) are paths Ps. It is easy to see
that yr(T') = 8 and a(T") = 6 yielding yr(T) = % < w7 as desired. [

Proposition 6. If T is a tree of order n with diam(T") = 6,7, then

4a(T) + 2

’)/R(T) < 3
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Proof. As in Proposition 5, we assume T is not a path. Let vivs...vp be
a diametral path in T and root T at vp (at vy, respectively). By the proof
of Theorem 3, we may assume that T;,, and T, , are P; and deg(vs) = 2 if
diam(7T) = 6 and deg(vs) = deg(vs) = 2 when diam(7") = 7. Then obviously

vr(T) =8 and a(T) = 7, implying that vg(T) < M(gﬁ. O
Proposition 7. If T is a tree of order n with diam(T) > 8, then
4a(T) + 2
)< D42

unless both ends of each diametral path in T are paths of length at least four.

Proof. Let viva...vp be a diametral path in T and root T at vp (at vy, re-
spectively). By a closer look at the proof of Theorem 3, we need to consider three
Cases.

Case 1. T,,, is P5 = v102v3waw;.

First let degp(vg) = 2. If degp(vs) = 2, then let T/ = T — T,.. It is easy to
see that yr(T) < yr(T") +5 and a(T) > a(71”) + 4. Hence, the result follows by
Theorem 3. Let degp(vs) > 3 and let 7/ = T — T,,. Then obviously yr(T) <
Yr(T') +4. Tt vs € S, then let S = 5" U {v1,v9, w1, w2}, and if vs € S’, then let
S = (8" — {ws}) U{v1,v2,v4, w1, wa}. In both cases, we have > (S,T) < m, and
hence a(T) > a(T") + 4. It follows from Theorem 3 that vg(T) < vr(T") +5 <
a(T)+2 | 5 o 4(a(T)3—4)+2 L5 < da)42

Now let degr(vs4) > 3. We consider the following subcases.

Subcase 1.1.  degp(vs) = 3 and there is a path 2120232425 in T such that vyzz €
E(T), degr(z3) = 3,degr(22) = degp(z4) = 2 and degp(21) = degp(zs) = 1.

Let T" =T —T,,. It is easy to see that yg(T) < yr(T')+8 and a(T") > a(T") + 7,
implying that yr(T') < % by Theorem 3.

Subcase 1.2.  degp(vs) > 4 and there is a path z1 20232425 in T such that vyzz €
E(T), degp(z3) = 3,degp(22) = degp(z4) = 2 and degp(21) = degp(zs) = 1.
Assume T" =T — (T,, UT,,). As above, we have vg(T) < yr(T') + 8. If vy ¢ 5,
then let S = S" U {vy,v9, w1, wa, 21,22, 25}, and if vy € S, then let S = (S’ —
{v4}) U {v1,v9, w1, ws, 21, 22, 24, 25 }. Then clearly > (S,T) < m, implying that
a(T) > a(T") + 7. Now the result follows by Theorem 3.

Subcase 1.3. degp(v4) >3 and there is a path 21292304 in T such that deg,(23) =
degr(z2) = 2 and degp(z1) = 1.

Using Theorem 3 and an argument similar to that described in the proof of Claim
4, show that yg(T) < %.

Subcase 1.4.  degrp(vsa) = 3 and there is a path vyza2q in T such that degp(z2) =
2 and deg(z1) = 1.

Let T/ = T—T,,. It is easy to check that yg(T) < yr(T")+6 and a(T') > a(T")+5,
implying that vr(T') < % by Theorem 3.
Subcase 1.5.  degr(vsg) > 4 and there is a path v4zo2; in T such that deg;(22) =

2 and degy(z1) = 1.
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Let 7" =T — (T, UT.,). Clearly, yr(T) < yr(T")+6. If vy ¢ S’, then let S = S'U
{v1, v2, w1, wa, 21}, and if vy € S’ then let S = (5" —{vs})U{v1,v2, w1, wa, 21, 22}
Obviously, > (S,T) < m and so a(T) > a(T") + 5. It follows from Theorem 3 that
Tr(T) < %-

Subcase 1.6.  degp(vy) > 4 and all neighbors of vy, except vz, vs, are leaves.
Suppose T" = T — T,,. It is easy to see that vg(T) < vr(T”) + 6 and a(T) >
a(T") + 5. Now the result follows as above.

Subcase 1.7.  degr(vs) = 3, vy is adjacent to a leaf, say w, and degp(vs) = 2.
Let T/ = T—T,,. It is easy to check that yg(T) < yr(T")+6 and a(T") > a(T")+5,
implying that vg(T') < % by Theorem 3.

Subcase 1.8. degr(vyg) = 3, vy is adjacent to a leaf, say w, and degp(vs) > 3.
Let T =T — (T, UTy,_,), where T, _, is the maximal subtree at vp_o when T’

is rooted at vy. First let T,,, , = P3. It is easy to see that yr(T) < yr(T') + 7
and a(T) > a(T") + 6, implying that yr(T) < % by Theorem 3. Now let
Tvp_, = Ps = vpvp_1vp_suguy. Clearly, yr(T) < vg(T') +9. If vs & 5,
then let S = S U {vy,va, w1, wa, w,u1,vp,vp_1}, and if vs € S’, then let S =
(S" = {vs}) U {v1, v, w1, ws,w,u1,us,vp,vp—1}. Then > (S,T) < m and hence
a(T) > a(T") + 8. Now the result follows by Theorem 3.

Case 2. T, is a path and vs is adjacent to a leaf, say w.

Considering Case 1, we may assume that T,,,, , is a path Ps in the rooted tree T
at v1. Let T/ =T — (T,,, UT,,_,). It is easy to see that yr(T) < yr(T’) + 5. If
vs € S, then let S = 5" U{vy,ve,v3,vp} and if vs € S’, then let S = (5" — {vs})U
{v1,v2,v3,v4,vp}. Then > (S,T) < m and so a(T) > a(T") + 4. It follows from
Theorem 3 that yg(T) < %.

Hence, T, is a path when T is rooted at vp. In a similar fashion, we can prove
T,,_, is a path when T is rooted at v;. This completes the proof. O

We conclude this paper with an open problem.

Problem. Characterize all trees achieving the bound in Theorem 3.
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