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ON TWO-a-CONVEX SEQUENCES OF ORDER THREE

XH. Z. KRASNIQI

ABSTRACT. The class of convex sequences came across in several branches of math-
ematics as well as their generalizations. The present paper introduces a new classes
of convex sequences, the class of two-a-convex sequences of order three. Moreover,
the characterization of sequences belonging to this class is shown.

1. INTRODUCTION

Convex sequences as entirety can be considered as one of the most important sub-
classes of the class of real sequences. This class is raised as a result of some efforts
to solve several problems in mathematics. Of course, the sequences that belong to
that class have useful applications in some branches of mathematics, in particular,
in mathematical analysis. For instance, such sequences are widely used in theory
of inequalities (see [16], [9], [10]), in absolute summability of infinite series (see
[1], [2]), and in theory of Fourier series, related to their uniform convergence and
the integrability of their sum functions (see as example [8], page 587). Here, in
this paper, we are going to introduce a new class of ”convex” sequences, which
indeed generalizes a class of sequences introduced previously by others. To do this,
we need first to recall some notations and notions as follows.
Let (an)22, be a real sequence. It is previously defined that

Aay, = apy — an, AN2a, = A(Day,), N3a, = A(A20Ln)7 n=20,1,...,

and throughout the paper, we shall write Aa,, instead of Ala,.
The following definition presents the concept of convexity of order three of a
sequence.

Definition 1.1. A sequence (a,)5 is said to be convex of order three if
Na, >0
for all n € {0,1,2,...}.
Next Lemma has been proved by Gh. Toader, which characterizes the convex

sequences of order three, and can be simplified as follows.

2010 Mathematics Subject Classification. Primary 26A51, 26A48, 26D15..
Key words and phrases. Convexity of order 3, a-convexity, (p, g;r)-convexity, 2-starshaped se-
quence of order 3.



74 XH. Z. KRASNIQI

Lemma 1.1 ([12]). The sequence (a,)22, is convex of order three if and only
if

1
anzﬁg(n—k—i—?)(n—kﬁ-l)bk

with b, > 0 and k > 3.

Various generalizations of convexity heve benn studied by many authors, for
instance, p-convexity (see [7]), (p,q)-convexity (see [6]), (p,q;r)-convexity, and
a-convexity of higher order (see [3]-[5]).

Two other classes of sequences, the so-called two-starshaped sequences of order
three and a-convex sequences were introduced in [13] and [11].

Indeed, throughout this paper be «a € [0, 1] be.

Definition 1.2. A sequence (a,)5, is called a-convex if the sequence

ap, — ap\>®
(a(anH —an) + (1 — a)u)
n n=1
is increasing.
Definition 1.3. A sequence (a,)02, is called two-starshaped of order three if

it satisfies the relation

Ap+3 — Ag > Ap+2 — A1
n+3 ~— n—+1
for n > 0.

Next Lemma characterizes sequences that are two-starshaped of order three.
Lemma 1.2 ([13]). The sequence (an)2e, s a starshaped two-starshaped of

order three if and only if

an =n(n—1) de +nd; — (n — 1)do,
k=2

where di, > 0 and k > 3.
Now we are able to introduce a new class of sequences by the following definition.

Definition 1.4. A sequence (a,)5, is called two-a-convex of order three if
the sequence

— — oo
(2% an+ (1 - ) (2200 - B2 20
n+3 n+1 n=0

is nonnegative for all n € {0,1,2,... }.
Remark 1.1. We note that for « = 1 ,a two-a-convex sequence of order three is

the same as its convexity of order three, while for a = 0, a two-a-convex sequence
of order three is the same as its two-starshapedness of order three.

The main aim of this paper is to characterize the two-a-convex sequences of
order three as well as to show some of their basic properties.
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2. MAIN RESULTS

At first, we begin with the following statement. It gives some equivalent conditions
under which a sequence is a two-a-convex sequence of order three.

Theorem 2.1. The sequence (a,)52, s two-a-conver sequence of order three
if and only if

(an — ap + an(an — 2an-1 + an—2) — (an — ao)]),—y (a—1 :=a_9:=0),
is a two starshaped sequence of order three and a1 > 2ag + AN2a,, n € {0,1,...}.
Proof. For the sake of brevity, we denote
Ay, i=an —ao + an(a, — 2an-1 + an_2) — (an — ap)], ne{0,1,...},

which can be rewritten as

A, =an(an —2ap-1 + an—2) + (1 — a)(a, — ap), ne{0,1,...}.
Since Ag =0, Ay = a1 — (1+ a)ag, and a; > 2ap + A2%a,, n € {0,1,...}, we have
Anis — Ao Any2 — A

>0
n+3 n+1 =
. o +3)(anis — 2ani2 + ani1) + (1 = a)(anis — ao)
n+3
~a(n+2)(ant2 = 2ap41 + an) + (1 — a)(any2 —ao) —a1 + (1 + @)ao >0
n+1 -
Up43 — Ao
= n+3 — 2ap n l—a)————
(ant3 = 2an42 + ang1) + (1 — @) nt3
Up+2 — 01
—a(apta — 2an4+1 +an) — (1 — )7‘:7“
~afan+2 = 2ap41 +an) + (1 —a)(a1 —ag) — a1 + (1 + aag >0
n+1 -
— ala,+(1—- )(an+3_a0—an+2_al) a1_2a0_A2a”20.
n+3 n+1 n+1
for all n € {0,1,2,...}.
The proof is completed. O

Next theorem characterizes a type of two-a-convex sequence of order three
under some natural conditions.

Theorem 2.2. The sequence (a,)32 ), is two-a-conver sequence of order three
if and only if it may be represented by

(1) anp =n(n—1) de +nd; — (n—1)dy forn > 2,
k=2
and ag = dp, a1 = do with

2 + 1
2) iz > 2 [1 _ et
«

an+2+1 (Adpy1),

and dy, >0, n € {3,4,...}.
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Proof. On one hand, taking (1) into account as in [13, page 4], we easily get

(3) A (an) = (04 2)(n 4+ 3)dpis — 2n(n 4 2)dp o +n(n — 1)d,yy
and
Ap+3 — Ao Qp42 — A1
4 — = 2 .
) n+3 ni1 - (T 2dnes

Based on (3) and (4), we obtain

Ap+43 — Qo Qp42 — A1
OzA3(an)—|—(1—Oé)< "t 3 — 1 )

= (n+2)[a(n+2) 4+ 1]dyts — 2an(n + 2)d,42 + an(n — 1)dy41-

Subsequently, it follows that

A3 (a,, 1— (an+3_a0_an+2_al>>0
“ (an) +(1-a) n+3 n+1 -

if and only if
200+ 1 ]d B an(n —1) d
aln+2)+ 117" m+Dan+2)+1] Y

Last condition can be estimated as

dmﬁz2ﬁ—

dnts = 2[1 - %} (dnt2 — dnt1)
since di, > 0 and
2[1_ 200+ 1 } an(n —1)
an+2)+11 7 (n+2)[a(n+2)+1]’

which can be simplified in the form n + 3 > 0, which is always true.
The proof is completed. O

Using the above statement, we are able to prove an inclusion theorem, pertain-
ing to a two-a-convex sequence of order three, and of course, based on different
values of a.

Theorem 2.3. Let the sequence (d, )22 5 in the representation (1) be increasing.
If the sequence (an)5 s a two-a-conver sequence of order three, then it is two-
B-convex sequence of order three for 0 < 8 < a.

Proof. The proof follows from Theorem 2.2. Indeed, let the sequence (a,)5
be a two-a-convex sequence of order three. Then, it may be represented by (1)
with

200+ 1

hy 2ot 2
= an+2)+1

] (dn+2 — dnt1)

and d, >0, n > 3.

Since 0 < 8 < a and (d,,)52 5 is increasing, we also have

28+ 1

> B
dn3 —2[1 Bn+2)+1

} (dn+2 - dn+1) )
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with the same conditions as above, which shows that the sequence (a,)22, is a
two-3-convex sequence of order three as well.
The proof is completed. O

The authors of [14] introduced the following mean

ap, + panJrl
5 Ap(p) = " Eontt
) ) ="

for an arbitrary real sequence a := (a,)22,, where p is a given nonnegative real
number.

Assume that P is a property which a sequence may or may not posse. It is
written P(a) to indicate that the sequence (a,)22, has the property P. There
exist s properties P such that the following implication

(6) P(a) = P(A(p))

holds true, where A(p) is defined by (5).
Just to give some examples, we have these two simple cases:
1) If a is a positive sequence, then A(p) is also a positive sequence;

2) If a is a convergent sequence and lim,_, . a, = s, then

o0

(An)psg = (%H i “m)n:o

is also a convergent sequence and lim,,_,~, A, = s.
Now, we are going to extend the class of properties P satisfying (6).

Theorem 2.4. Let the sequence (a,)22 be a two-a-conver sequence of order
three and
(7)

m+2)(n+3)(n+4)az— (n+1)(n+4)2n+5)a; + (n+1)(n+ 2)(n + 3)ag

> (n+3)(n+4)anys — (n+1)(n + 2)ana,

where n > 0. Then for any real number p > 0, the sequence (A, (p))se, is also a
two-a-convex of order three.

Proof. Using the assumption of Theorem 2.4, we get

a — Qa a —a
AS n 1 — n+3 07 n+2 1 >0
0 8% () + (1) (BT e T

and

Apiq — Qg Ap43 — A1
A3 (ay, 1— * - > 0.
o A7 (ant1) + ( a>< n+4 n+2 >—
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Subsequently, taking into account the last two inequalities, we obtain

W 7 () + (1) (A0 Ansalt) )

n+3 n+1
a{<ankpan+1 Ant1+ Pant2  ,Gng2 + Panys an+34pan+4)

p+1 p+1 p+1 p+1
an43+Pant4 _ ag+pay An4+2+Pan43 _ ai+pas
+ (1 _ a) ( p+1 p+1 p+1 p+1 )

n+3 n+1

!
Cp+1
p

+ m [a(_an+1 + 3an+2 — 3an+3 + an+4)]

1 pi3 — Ay OApy2 — Q1
—— 1= —
+p+1{< a)( n+3 n+1

R

[a(=an + 3ant1 — 3an42 + anys)]

p+1 n+3 n4+1
*'piil{OHAB(an+1)+-u,_(w (an;f+3al__an;%F1a2>}
e s - (- )
+ﬁ§§;{ @8 ) ) (an;%%4aoan2%+2al)]
p (1-a)

p+1(n+1)(n+2)(n+3)(n+4)
X ((n +1)(n+2)anra — (n+3)(n+4)anss + (n+2)(n + 3)(n + 4)az

—(n+1)(n+4)2n+5)a; + (n+1)(n+2)(n+ 3)a0) >0,

because of (7), p% >0 and 25 >0 (p=>0, a€(0,1]).

The proof is completed. U
The above theorem holds true also for a-convex sequences. Namely,

Theorem 2.5. Let the sequence (a,), be an a-convex sequence such that
Napt2 — (N4 2)ap41 > nag — (n+2)ay, n > 1. Then for any real number p > 0,
the (An(p))22, is also an a-conver sequence.

Proof. Since (a,,)22, is an a-convex sequence, then

Ap+1 — Ao an — Qg
A2 (a,) + (1 — * - >0
0 8 ) + (1) (S B
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and

An+2 — Ao An+1 — Ao
A2 (a, 1— + — >0
@ 57 (an ) +( <ﬂ< n+t2 nt1 )

hold true.
Whence, we have

o A2 (A () + (1 — ) (

Aps1(p) — Ao(p)  Anlp) — Ao(P))

n+1 n
. (an +Pant1  Gng1 +Panya | Gng2 + pan+3>
p+1 p+1 p+1
An41+Pani2 _ ao+tpay an+pPant1 _ aotpa
+(1-a) ( ptl p+l  ptl p+1 )
n+1 n
a ap
= —— A?(a,) + — A?(a,
S () + 1 22 (a)
l—a (apy1—a0  an—agp (1-—a)p (apni2 —a1  Gpi1—as
— + —
1+p n+1 n 1+p n+1 n
1 An+1 — Ao Qp — Ao
- |aA2(a)+ (- + -
1+p{a (an) +( a)( n+1 n )}
p 2 Ap+2 — A1 Ap4+1 — a1
2 lan?(a, 1 _
+1+p{a (1) - ( (w< n+1 n ﬂ
1 Gp41 — Qo apn — ag
1+p{a (an) +( a)( n+1 n
p 2 ap42 — A0 Ap41 — Ao
PR A n 1-— -
+1+p{a (@n2) + a)( n+ 2 n+1 )}
N p(1 — @) nany2 — (N4 2)ap+1 + (0 + 2)a; — nag >0
1+p n(n+1)(n+2) -
. 1
based on the assumptions of the theorem, 27 > 0 and pp? >0 (p >0,
a € [0,1]).
The proof is completed. (I

Putting @ = 1 in Theorem 2.5, we immediately obtain

Corollary 2.1 ([14]). If the sequence (an)5> is a convexr sequence, then for
any real number p > 0, the (A, (p))Se, is also a conver sequence.

Let us finish our study with a result connected to “convexity” of some weighted
arithmetic means. Indeed, let the sequence (X,,)52, be given by

(8) Xn _ DPoZo + -+ PpTn
Po+ -+ Dpn
for n > 0 and a given sequence ()5, where the sequence (p,)5, is a positive
one.
For some fixed sequences a,b,c,d,e: N — R, let

Tz, = a(n)Tpis + b(n)xni2 + c(N)xpt1 + d(n)z, + e(n)zo
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and
S% = {(2,)2% : Ty, > 0 for all n > 0}.

Theorem 2.6. If (kn)S2, € S? for any k € RT U {0}, and (X,,)%2, € S? for
any (2,)5%, € S?, then there exists u > 0 such that the weights p,, are of the form

) po=m(" 1Y),

where po,p1 > 0 and n > 0.

Proof. For the proof we will use mathematical induction. It is obvious that if
the condition
(10) a(n)(n+3)+bn)(n+2)+cn)(n+1)+dn)n=0
is satisfied, then (kn)5, € S? for any k € R U {0}.

For the same sequence, the relation (8) takes the form

X,=k- =0,

which by assumption, belongs to S2. We have

p1 (u—l—l—l)
P1=DpPo - — = PoU = Po )
Do 1

where we put u = p1/py > 0.
Putting n = 0 in (10) we find

(11) ¢(0) = —3a(0) — 2b(0),
and
2 2 3
Xo=0, Xy=h—t x,—p Ptz oy b+ 2P FSps
L+u po(1+u) + po po(L + u) + p2 + p3

Using (11) and above equalities, we obtain

TXy = CL(O)Xg + b(O)Xz + C(O)Xl

2 3 2
—k[a(O) upo + 2p2 + 3p3 upo + 2p2 +¢(0) u ]
po(1+u) + p2 + p3 po(1+4u) + po 14+u
2 3 3 2 2
:ka(o)[upoJr p2+9ps U}+k()[ upo +2p2 U]
po(l+u)+pa+ps 1+u po(l4+u)+p2 1+u
Therefore, if
upo+2p2 2u
po(l+u)+ps  1+u
upo + 2p2 + 3ps3 3u

po(l+u)+pa+ps 1+u
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then T X > 0 for any k € RT U {0}. Solving the above system of equations, for
p2 and p3, we easily find

u(l 4 u) ut+2-—1

P2 =Ppo——Fp— = Do and
2 2

w(l+ u)(u+2) <u+31)

——————————— = Do .

P3 = Po 3

Assume that (9) holds true for all n < m + 1. Following [15, page 4], we use the
following relations

um u(m+1)

Xy =k—:, X =k
u+1 et u+1

and
upo (u+m+1) + (m + 2)pm+2

m
u+m-+1

Xmao=k
" po( m )+pm+2

Now we note that

Dico i + (M + 2)pmia + (M + 3)pimss
S o Pi + Pmt2 + Pm+s

Yoo ipo (") 4 (m+ 2)pmi2 + (M4 3)pmys
> e Do (u+§_1) + Pm+2 + Pm+3

upo Yoito (“FTY) A+ (m+ 2)pmga + (m A+ 3)pmas
Do Yo (wfil) + Pm+2 + Pm+3

upo (u+z+1) + (M 4 2)pmg2 + (M4 3)pmq3

Po (uj:zi_l) + Dm+2 + Pm+3

Xm+3 =k

=k

=k

=k

)

which along with the above equalities and (10), implies
TX, = a(m)Xmps + b(m)Xpqo + ¢(m)Xpng1 + d(m) X,

(o) + (m ot 2Dpgs £ (- Bpnss
Do (uﬁ:ﬁl) + Pm+2 + Pm+3
upo (querl) 4 (m + 2)pm+2

po (") + P2

+ b(m)k

kg le(m) (m + 1) + d(m)m]
— oyt |2l + (4 oy + (m A Bpomes  u(m +3)
Do (u;r:ffl) + Pm+2 + Pm+3 u+1

oy | 2o 4 (04 Dpmss ulm +2)
Do (u+2+1) + Pm+2 u+1
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Consequently, TX,,, > 0 for any k € RT U {0}, if

upo (u—‘_;nl'—,—l) +(m+2)pmi2  u(m+2)
2o ("t ) + pto IR
upo (“Ti ) + (m + 2)ppyz + (m + 3)pmss _ u(m + 3)
po(“IIY) + Pt + P TR

Solving the first equation for p,,t2, we can find (after some appropriate calcula-
tions)
u+m+2-1
m+ 2 ) ’
while putting this into second equality of the last system of equations, we also find

Pm+2 = Po (

pova= o s (") e (M)
u—m —2
T Ty
Uupo u+m+1 u+m+1
m—|—3_(m+3)< m+ 1 >_(m+1)( m+ 1 )]
u—m —2 u+m-+1
R—— po( m+ 2 )

:upoé(u—i—m—&—l)_ﬁ_(u—l—m—!—l)}_m—|—2p0(u+m+1)
m+3 | m+1 m+ 2 m+3 m+ 2
upg [[u+m+1 u+m+2 upy (u+m+1

:m+3_< m+1 >+< m+ 2 )}_m+3< m+1 >
_upp [fu+m+2\ u+m+3—1
_m+3< m+2 )—p()( m+3 >’

which by induction, proves the assertion of our theorem.

The proof is completed. O

Corollary 2.2. If for any two-a-conver sequence (x,)5% of order three the
sequence, (X,)5% s a two-a-convex of order three, then there exists u > 0 such
that the weights p,, are of the form (9).

Proof. Since for the sequence (a, )52, = (kn)2%,, we have

a — Q Q. 2 — a1
AS . 1 n+3 O_ n+ -0
aban+( a)( n+3 n+1 ’

then it means that (a,)32, is a two-a-convex sequence of order three. Therefore,
the assertion of this corollary is an immediate result of the Theorem 2.6. O
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